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Abstract

This thesis presents a systematic investigation of heavy hadron lifetimes, focusing
on the B mesons, as a probe of both Standard Model (SM) dynamics and possible
effects of physics beyond the SM (BSM). Within the framework of the Heavy Quark
Expansion (HQE), we compute, at leading order in QCD, the complete dimension-
seven two-quark contributions, corresponding to the 1/m4

b corrections, for the CKM-
favoured non-leptonic decays b → cūd and b → cc̄s, providing the full analytical
expressions for the corresponding Wilson coefficients. These results, which reveal new
matrix elements unique to non-leptonic decays, lay the foundation for future numerical
studies and refined SM lifetime predictions. Having extended the SM calculation
to the next order in the HQE, we turn to the dimension-six Darwin contribution,
whose sizeable numerical impact in the SM motivates its generalization to a model-
independent BSM framework. In particular, we derive, at leading order in QCD,
the Wilson coefficients up to and including the dimension-six two-quark (Darwin)
operators, corresponding to the 1/m3

b corrections in the HQE, for non-leptonic decays
induced by a general effective Hamiltonian. We further determine the previously
missing dimension-six four-quark weak-annihilation contribution induced by the
same general operator basis. Since the SM QCD-penguin operators are contained
within this basis, our calculation also yields, as a special case, the previously missing
dimension-five and dimension-six contributions induced by the SM QCD-penguin
operators, thereby further improving the theoretical precision of HQE predictions.
Finally, we explore the phenomenological implications of the B-Mesogenesis model,
which links the matter–antimatter asymmetry of the universe and dark matter to
exotic B-meson decays. The model is tested through both inclusive and exclusive
decay channels: the inclusive analysis, performed within the HQE, quantifies the
impact of these new decay modes on the total decay rates and the lifetime ratios
τ(B+)/τ(Bd) and τ(Bs)/τ(Bd), while the exclusive analysis employs light-cone sum
rules to calculate the branching fraction for the exclusive decay B+ → pψ, involving
a proton and a dark-sector fermion in the final state. By comparing our predictions
with experimental limits from BaBar, Belle, and Belle II, we constrain specific
effective operators of the model. Furthermore, by examining power-suppressed terms,
we identify regions in the dark-sector mass parameter space where subleading effects
exceed the leading dimension-three contributions—offering new insight into the
applicability of the operator product expansion within the HQE. Together, these
studies advance the theoretical understanding of heavy-hadron lifetimes, strengthen
the bridge between precision flavour physics and physics beyond the SM, and open
new avenues for probing the interplay between heavy-quark dynamics and the dark
sector.
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Zusammenfassung

Diese Dissertation präsentiert eine systematische Untersuchung der Lebensdauern
schwerer Hadronen mit besonderem Schwerpunkt auf B-Mesonen als Sonden sowohl
für die Dynamik des Standardmodells (SM) als auch für mögliche Effekte von
Physik jenseits des Standardmodells (BSM). Im Rahmen der Heavy Quark Expan-
sion (HQE) berechnen wir die vollständigen führenden Zwei-Quark-Beiträge der
Dimension sieben, entsprechend den 1/m4

b-Korrekturen, für die CKM-begünstigten
nichtleptonischen Zerfälle b → cūd und b → cc̄s und bestimmen die vollständigen
analytischen Ausdrücke der zugehörigen Wilson-Koeffizienten. Diese Ergebnisse
identifizieren neue Matrixelemente, die ausschließlich bei nichtleptonischen Zerfällen
auftreten, und bilden die Grundlage für zukünftige numerische Untersuchungen sowie
präzisere SM-Vorhersagen der B-Mesonenlebensdauern.
Nach der Erweiterung der SM-Berechnung auf die nächste Ordnung der HQE un-
tersuchen wir den Darwin-Beitrag der Dimension sechs, dessen beträchtlicher nu-
merischer Einfluss im Standardmodell eine Verallgemeinerung auf einen modellun-
abhängigen BSM-Rahmen motiviert. Insbesondere bestimmen wir auf führender
Ordnung die Wilson-Koeffizienten bis einschließlich der Zwei-Quark-Operatoren der
Dimension sechs (Darwin-Operatoren), entsprechend den 1/m3

b-Korrekturen der
HQE, für nichtleptonische Zerfälle, die durch einen allgemeinen effektiven Hamilton-
operator beschrieben werden. Darüber hinaus berechnen wir erstmals die bislang
fehlenden Beiträge der Dimension sechs aus der Vier-Quark-Schwachen-Annihilation
für dieselbe allgemeine Operatorbasis. Da die QCD-Penguin-Operatoren des Stan-
dardmodells in dieser Basis enthalten sind, umfasst unsere Berechnung als Spezialfall
zugleich die bislang fehlenden Beiträge der Dimension fünf und sechs dieser Opera-
toren und verbessert damit die theoretische Präzision der HQE-Vorhersagen.
Abschließend untersuchen wir die phänomenologischen Konsequenzen des Mod-
ells B-Mesogenesis, das die Materie-Antimaterie-Asymmetrie des Universums und
Dunkle Materie mit exotischen B-Mesonen-Zerfällen verknüpft. Das Modell wird
anhand inklusiver und exklusiver Zerfallskanäle untersucht. Die inklusive HQE-
Analyse quantifiziert den Einfluss dieser Zerfälle auf die Gesamtzerfallsraten sowie
die Lebensdauerverhältnisse τ(B+)/τ(Bd) und τ(Bs)/τ(Bd). Die exklusive Analyse
basiert auf Light-Cone Sum Rules (LCSR) und berechnet Verzweigungsverhältnisse
in baryonische Endzustände mit Fermionen des dunklen Sektors. Durch den Ver-
gleich unserer Vorhersagen mit den experimentellen Grenzen von BaBar, Belle und
Belle II schränken wir spezifische effektive Operatoren des Modells ein. Darüber
hinaus identifizieren wir durch die Untersuchung potenzunterdrückter Beiträge Bere-
iche des Massenparameters des dunklen Sektors, in denen subführende Beiträge
die führenden Terme der Dimension drei übertreffen. Dies liefert neue Erkennt-
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nisse über den Anwendungsbereich der Operatorproduktentwicklung innerhalb der
HQE. Insgesamt vertiefen diese Arbeiten das Verständnis der Lebensdauern schwerer
Hadronen, stärken die Verbindung zwischen Präzisions-Flavourphysik und Physik
jenseits des Standardmodells und eröffnen neue Perspektiven für die Untersuchung
des Zusammenspiels von Schwerquarkdynamik und dem dunklen Sektor.
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Introduction

The Standard Model (SM) of particle physics [1–3] is a remarkably successful theory
that describes the electromagnetic, weak, and strong interactions of elementary
particles. It has withstood decades of experimental scrutiny, culminating in the
discovery of the Higgs boson by the ATLAS [4] and CMS [5] collaborations in 2012,
which confirmed the last missing element of the SM and provided direct evidence for
the origin of particle masses via the Brout-Englert-Higgs mechanism [6–8].
Despite its success, the SM is widely regarded as incomplete. It does not incorporate
gravity and fails to explain several key phenomena, such as the baryon asymmetry
of the universe [9] and the nature of dark matter [10, 11] and dark energy [12, 13].
Moreover, as experimental precision continues to improve, rare B-meson decays
provide some of the most sensitive tests of the SM. Examples include measurements
of angular observables in b→ sℓ+ℓ− transitions and tests of lepton flavour universal-
ity in rare semileptonic B decays, which have motivated extensive theoretical and
experimental scrutiny in recent years, see e.g. [14, 15].
To explore these unresolved mysteries, two complementary approaches can be pur-
sued. One is to refine SM predictions and compare them with increasingly precise
experimental measurements. The other is to construct and investigate extensions
of the SM that could provide solutions to these open questions and derive their
phenomenological consequences, see e.g. [16]. The former approach is valuable in
its own right, as it enables increasingly stringent tests of the SM and may reveal
deviations that point towards new physics. Meanwhile, the latter provides concrete
theoretical frameworks whose predictions can be tested both indirectly through preci-
sion observables and directly through the production of new particles at current and
future collider experiments. Furthermore, precise SM predictions play a central role
in interpreting indirect searches and constraining beyond the SM (BSM) scenarios by
allowing potential new-physics effects to be disentangled from the SM contribution.
One of the most powerful arenas for pursuing both approaches is the field of flavour
physics.
Flavour physics continues to be a highly active and central field in modern particle
physics. It provides a unique window into testing the SM at high precision and
probing potential new physics beyond it, see e.g. the review [17]. The field is driven
by a broad experimental programme, with dedicated measurements performed at
LHCb, Belle II, and BESIII, complemented by the ATLAS and CMS experiments at
the LHC. In particular, the study of B mesons plays a crucial role due to the rich
flavour structure of the quark sector and the wealth of precise experimental data
available.
While the SM successfully describes flavour-changing processes through the Cabibbo–
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Kobayashi–Maskawa (CKM) mechanism [18, 19], it does not explain the origin
of the fermion mass hierarchies, the pattern of quark mixing [20], or the observed
matter–antimatter asymmetry in the Universe. Furthermore, flavour-changing neutral
currents are highly suppressed within the SM through the Glashow–Iliopoulos–Maiani
(GIM) mechanism [21], making flavour observables particularly sensitive probes of
new physics. Indeed, many BSM scenarios introduce additional sources of flavour
violation, which can manifest themselves as subtle deviations from SM predictions,
as discussed in, for example, Ref. [22]. Precision measurements of observables such
as branching ratios and B-meson lifetimes therefore provide complementary indirect
probes of physics beyond the SM and are sensitive to new particles that may lie
beyond the direct reach of current collider experiments. Their interpretation relies
on equally precise theoretical predictions, motivating continued efforts to refine SM
calculations and to explore possible signatures of new physics in the flavour sector.
In this thesis, we pursue two complementary approaches. On the SM side, we im-
prove the theoretical description of inclusive non-leptonic B-meson decays within the
framework of the Heavy Quark Expansion (HQE) [23–26]. Specifically, we determine,
at leading-order QCD, the matching coefficients of the dimension-seven two-quark
operators, corresponding to the 1/m4

b corrections, for the CKM-favoured transitions
b→ cūd and b→ cc̄s. Furthermore, we calculate the previously missing leading-order
matching coefficients of the dimension-five and dimension-six two-quark operators
generated by the QCD-penguin operators [27–29], thereby further improving the
theoretical precision and completeness of HQE predictions. On the BSM side, we
extend the HQE for inclusive non-leptonic B decays to a generalised effective Hamil-
tonian by deriving the leading-order Wilson coefficients of all two-quark contributions
up to order 1/m3

b . In addition, we determine the previously missing dimension-six
four-quark weak-annihilation contribution for the same generalised effective Hamil-
tonian. Complementing the BSM model-independent analysis, we also perform a
model-specific study of the B-Mesogenesis scenario [30–33], which aims to explain
the matter–antimatter asymmetry of the Universe and the nature of dark matter.
This model predicts exotic B-meson decays into a dark-sector fermion ψ, which
would manifest as missing energy in detectors. We study the impact of these decays
on phenomenological observables of the B meson in both inclusive and exclusive
channels. The inclusive analysis is carried out using the HQE, while exclusive decays
are investigated within the framework of Light-Cone Sum Rules (LCSR), discussed
in Section 1.4.
The calculations presented in this thesis rely on two robust theoretical frameworks.
From a theoretical standpoint, the HQE has established itself as a powerful frame-
work for studying inclusive decays and lifetimes of heavy hadrons. Over the past
decades, the expansion in inverse powers of the b-quark mass has undergone signifi-
cant development, leading to increasingly precise predictions at higher orders. As
of the writing of this thesis, the state of the art includes the next-to-leading order
(NLO) calculations of the dimension-five contributions Γ5 in non-leptonic decays,
both for the b → cc̄s [34] and b → cūd [35] channels, the next-to-next-to-leading
order (NNLO) determination of the leading dimension-three contribution Γ3 [36], and
the NNLO calculation of the dimension-six four-quark spectator contribution Γ̃6 [37].
Significant progress has also been made on the non-perturbative side. In particu-

20



lar, Heavy Quark Effective Theory (HQET) sum-rule determinations of the matrix
elements of dimension-six ∆B = 0 four-quark operators, both within the SM and
for a general BSM operator basis, have recently become available [38]. Furthermore,
the first lattice-QCD determinations of dimension-six four-quark operator matrix
elements using the gradient-flow method have been achieved [39, 40]. Although
currently restricted to charmed mesons, they represent an important step towards
first-principles determinations of HQE matrix elements.
The precision of HQE predictions has improved substantially in recent years and,
for several observables, is now comparable to the experimental precision. For many
of these observables, the remaining theoretical uncertainties are dominated by the
non-perturbative matrix elements entering the HQE, highlighting the importance of
constraining them from experimental data and determining them using first-principles
methods such as lattice QCD or QCD sum rules. A detailed discussion of the HQE
formalism and its applications within the SM can be found in Refs. [41, 42].
In the context of exclusive decays, the LCSR approach has proven to be a reliable
and versatile tool, see e.g. the review [43]. It combines perturbative QCD with
non-perturbative hadronic input and allows for systematic improvements in accuracy
through the inclusion of higher-twist corrections and radiative effects [44,45].
The thesis is divided as follows. Chapter 1 introduces the theoretical framework used
throughout this work. It begins with the formulation of the Effective Weak Hamilto-
nian, which provides the foundation for describing weak decays of heavy hadrons.
The HQE is then presented as a systematic tool to compute inclusive observables
in powers of 1/mb. The chapter further outlines the Background Field Method and
the use of the Fock–Schwinger gauge, which are essential for generating the operator
product expansion at the field-theoretical level. Finally, the framework of LCSR is
introduced, providing the basis for the calculation of exclusive decay processes in
later chapters. In Chapter 2, we investigate the dimension-seven sector of the HQE
for inclusive non-leptonic B-meson decays. We derive the complete leading order
dimension-seven two-quark contributions, corresponding to the 1/m4

b corrections, for
the CKM-favoured decay channels b→ cūd and b→ cc̄s, providing the full analytical
expressions for the corresponding Wilson coefficients. In Chapter 3, we develop
a model-independent extension of the HQE for inclusive non-leptonic B decays
based on a generalised effective Hamiltonian. Within this framework, we derive the
leading-order Wilson coefficients of all two-quark contributions up to order 1/m3

b

and determine the previously missing dimension-six four-quark weak-annihilation
contribution. We further show that the SM QCD-penguin operators arise as a special
case of the general operator basis, allowing us to determine their previously missing
dimension-five and dimension-six contributions. In Chapter 4, we present a compre-
hensive phenomenological study of the B-Mesogenesis scenario. On the inclusive side,
we employ the HQE to determine the impact of baryon-number-violating operators
on B-meson lifetimes and derive constraints from lifetime ratios and collider searches.
On the exclusive side, we compute the hadronic matrix elements for B+ → pψ decays
using LCSR. Combining both approaches, we obtain stringent constraints on the
viable parameter space of the model. Finally, Chapter 5 summarizes the main results
and discusses directions for future work.
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Chapter 1

Theoretical Framework

“Our job requires a great deal of resilience, and losing is part of the game.”

— Alexander Lenz

1.1 Effective Weak Hamiltonian

One of the characteristic features of weak interactions is the presence of widely
separated energy scales. While weak decays occur at energies of order a few GeV,
they are mediated by much heavier particles, such as the electroweak gauge bosons
with masses of about 80–90GeV and the top quark with a mass of approximately
173GeV. Consequently, many weak-decay processes occur at energy scales far below
the masses of the particles that mediate the underlying interactions. A complete
description of such processes would require treating simultaneously both the light
degrees of freedom that actively participate in the dynamics and much heavier
particles. Moreover, the presence of these widely separated scales gives rise to large
logarithms of the form ln(MW/µ) in perturbative calculations, where MW denotes
the W -boson mass and µ the characteristic low-energy renormalisation scale of the
process. Such logarithms can spoil the convergence of fixed-order perturbation theory.

Effective Field Theories (EFTs) [46, 47], see also [48, 49], provide a systematic
framework to deal with this situation. By “integrating out” the heavy particles—i.e.,
removing them from the spectrum of active degrees of freedom—we obtain an effective
theory that describes the low-energy physics in terms of local operators composed
of light fields. The effects of the heavy particles are not lost but are encoded in
the so-called Wilson coefficients, which multiply these operators and capture the
short-distance (high-energy) physics. Importantly, the effective theory provides a
systematic expansion in inverse powers of the heavy scale, allowing higher-order
corrections to be incorporated in a controlled, order-by-order manner. Moreover,
the separation of scales permits the resummation of the large logarithms through
the renormalisation-group evolution of the Wilson coefficients, thereby restoring the
convergence of the perturbative expansion.

For weak decays of hadrons, the heavy particles that are integrated out are
primarily the electroweak gauge bosons and, depending on the process, the top quark.
As a result, the underlying electroweak interaction is replaced by an effective weak
Hamiltonian consisting of local operators multiplied by Wilson coefficients.

EFTs thus allow us to simplify complex interactions, perform consistent expan-
sions in small parameters (such as E/MW ), where E denotes the characteristic
energy or momentum transfer of the process, and compute observables with con-
trolled theoretical uncertainties. At the same time, they offer a model-independent
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Figure 1.1: Illustration of the construction of the effective weak Hamiltonian for
the transition b→ cūd. At energies well below the electroweak scale, the W boson is
integrated out, replacing the full SM interaction by a local four-fermion interaction.

description of possible BSM effects by parametrizing short-distance physics in terms
of higher-dimensional operators and their corresponding Wilson coefficients, without
requiring knowledge of the underlying ultraviolet (UV) completion. This framework
is the foundational first step for all subsequent calculations of weak decay amplitudes
in this thesis.

It will be instructive to illustrate the transition from the full Lagrangian to
the effective Hamiltonian with a concrete example. Consider the tree-level weak
decay b → cūd, which proceeds via the exchange of a virtual W boson in the SM,
see Figure 1.1. The second-order contribution to the Ŝ-operator from the weak
interaction is (see, Appendix A)

Ŝ(2) = −g
2

2
Vcb V

∗
ud

∫︂
d4x d4y T

{︂[︁
c̄i(x)γµPLb

i(x)
]︁
W−
µ (x)

[︁
d̄j(y)γνPLu

j(y)
]︁
W+
ν (y)

}︂
,

(1.1)
where i and j are colour indices. After performing the time-ordered product to
contract the charged gauge fields, one obtains the W -boson propagator in unitary
gauge. Explicitly in momentum space 1,

⟨0|T{W−
µ (x)W

+
ν (y)}|0⟩ =

∫︂
d4q

(2π)4
−i

q2 −M2
W + iε

(︃
gµν −

qµqν
M2

W

)︃
e−iq·(x−y). (1.2)

Performing the x- and y-integrations yields the overall momentum-conserving delta
function and the momentum-space amplitude

iTfi =
g2

2
Vcb V

∗
ud

1

q2 −M2
W

[︁
c̄iγµPLb

i
]︁[︁
d̄jγµPLu

j
]︁

(1.3)

At low energies, where q2 ≪M2
W , the propagator can be expanded as:

1

q2 −M2
W

≈ − 1

M2
W

(︃
1 +

q2

M2
W

+ · · ·
)︃
, (1.4)

keeping only the leading term, the amplitude reduces to

iTfi = −i 4GF√
2
Vcb V

∗
ud

[︁
c̄iγµPLb

i
]︁[︁
d̄jγµPLu

j
]︁
+O(q2/M2

W ) (1.5)

1In the low-energy limit, the longitudinal term proportional to qµqν/M
2
W gives a suppressed

contribution and is therefore neglected.
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where GF =
√
2g2

8M2
W

is the Fermi constant. To construct the corresponding low-energy

description, one introduces an effective interaction Hamiltonian Heff such that the
Ŝ-operator 2,

Ŝ = T exp

[︃
−i
∫︂
d4xHeff(x)

]︃
, (1.6)

reproduces the same transition amplitude in Eq. (1.5) as obtained from the full
theory. In this framework, the effect of the heavy W -boson exchange is encoded in a
local four-fermion operator, and the amplitude arises already at first order in Heff,
rather than from the second-order weak interaction in the full Lagrangian. This
transition from the full theory to the effective description is illustrated schematically
in Figure 1.1. From Eq. (1.5), the effective Hamiltonian then reads

H b→cūd
eff (x) =

4GF√
2
VcbV

∗
ud

[︁
c̄i(x)γµPLb

i(x)
]︁[︁
d̄j(x)γµPLu

j(x)
]︁
. (1.7)

This local four-fermion interaction encapsulates the short-distance effects of the
W -boson exchange and constitutes the leading-order term in the weak effective
theory.

The operator in Eq. (1.7) represents the first element in an infinite tower of
higher-dimensional operators, each suppressed by powers of 1/MW and multiplied by
short-distance Wilson coefficients that encode the effects of heavy degrees of freedom.
The general form of the Effective Weak Hamiltonian for a given decay process can
be written as

Heff =
4GF√

2

∑︂
i

V CKMCi(µ)Oi(µ), (1.8)

where V CKM denotes the appropriate combination of CKM matrix elements associated
with the process, Ci(µ) are the Wilson coefficients, encoding the short-distance
dynamics above the renormalisation scale µ; they are process-independent and can
be computed perturbatively, Oi(µ) are the local operators, built from light (quark,
gluon, photon) fields, which capture the long-distance physics. Their hadronic matrix
elements must be evaluated using non-perturbative methods.

The separation of short- and long-distance dynamics in the effective Hamiltonian
introduces an explicit dependence on the renormalisation scale µ. To ensure that
physical observables remain independent of this arbitrary scale, the Wilson coefficients
and operator matrix elements must evolve consistently under the Renormalisation
Group.

As illustrated above for the b→ cūd transition, the construction of the effective
theory begins with a matching calculation, in which the Green’s functions (or
scattering amplitudes) computed in the full SM are required to agree with those of
the effective theory at a matching scale µW ∼ MW . In this way, the effects of the
heavy degrees of freedom, such as the W boson and the top quark, are absorbed into
the Wilson coefficients, while the heavy particles themselves are removed from the
low-energy theory. The resulting Wilson coefficients Ci(µW ) are then evolved down
to a characteristic hadronic scale, µhad ∼ mb by solving the Renormalisation Group
Equations (RGEs). It is precisely this renormalisation-group evolution that resums

2The minus sign in the exponent arises from the simple relation Heff = −Leff.
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the large logarithms of the form ln(M2
W/m

2
b) arising from the hierarchy of scales

discussed above, thereby restoring the convergence of the perturbative expansion
and ensuring a consistent connection between the short-distance and low-energy
descriptions. For detailed discussions of the renormalisation-group evolution and
operator mixing in weak effective theories, see Refs. [29, 50].

Although the matching between the full SM and the effective theory can be
systematically improved by including higher-order perturbative QCD corrections,
the tree-level matching presented above is sufficient to illustrate the underlying
procedure. Since the calculations in this thesis are consistently performed at leading
order in QCD, we do not discuss the higher-order matching in detail. Nevertheless,
the numerical analyses throughout this thesis employ Wilson coefficients evaluated
at the appropriate perturbative precision available in the literature.

Having introduced the general structure of the effective weak Hamiltonian, we
now present its explicit form in the SM. For non-leptonic b-quark decays, it is given
by [29]

HSM
eff =

4GF√
2

∑︂
q3=d,s

{︄ ∑︂
q1,q2=u,c

Vq1b V
∗
q2q3

[︂
C1(µb)Q

q1q2q3
1 + C2(µb)Q

q1q2q3
2

]︂
− Vtb V

∗
tq3

6∑︂
k=3

Ck(µb)
∑︂

q=u,d,s,c

Qqq3
k

}︄
+ h.c. , (1.9)

where GF is the Fermi constant and Vqq′ denote the elements of the CKM matrix.
The operator basis relevant for the non-leptonic |∆B| = 1 transitions in Eq. (1.9)
comprises two current-current operators, Qq1q2q3

1,2 , together with the QCD-penguin
operators Qqq3

3,...,6. We adopt the following conventions:

Qq1q2q3
1 = (q̄i1 γµPL b

i)(q̄j3 γ
µPL q

j
2) , Qq1q2q3

2 = (q̄i1 γµPL b
j)(q̄j3 γ

µPL q
i
2) , (1.10)

for the current-current sector, while the QCD-penguin operators are

Qqq3
3 = (q̄i3 γµPL b

i)(q̄j γµPL q
j) , Qqq3

4 = (q̄i3 γµPL b
j)(q̄j γµPL q

i) , (1.11)

Qqq3
5 = (q̄i3 γµPL b

i)(q̄j γµPR q
j) , Qqq3

6 = (q̄i3 γµPL b
j)(q̄j γµPR q

i) . (1.12)

The indices i, j = 1, 2, 3 denote fundamental SU(3)c colour indices, and the left- and
right-handed chiral projectors are defined by PL,R = (1∓ γ5)/2.

In Eq. (1.9), the Wilson coefficients Ck(µb), with k = 1, . . . , 6, are evaluated
at the renormalisation scale µb ∼ mb and are known up to NNLO in QCD [51].
In the SM, these coefficients are real-valued, whereas in generic extensions with
heavy new degrees of freedom integrated out at a scale ΛNP, they can in general be
complex-valued. Additional operators, such as the electroweak penguin operators
Q7–Q10 and the electromagnetic and chromomagnetic dipole operators Q7γ and Q8g,
are omitted for brevity, as they only give subleading contributions to the processes
studied in this work.

While the discussion above introduces the SM |∆B| = 1 weak effective Hamil-
tonian, this thesis will employ different effective Hamiltonians depending on the
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physical application. In the study of model-independent BSM contributions in Chap-
ter 3, extended operator bases with different Dirac structures will be introduced. In
Chapter 4, the analysis of B-Mesogenesis employs the effective Hamiltonian with
charge-conjugated fields. Each Hamiltonian is presented explicitly in the correspond-
ing chapter.

1.2 Heavy Quark Expansion

All inclusive B-meson decay widths considered in this work are calculated within the
framework of the HQE. This section introduces the HQE formalism, its application
to B-meson decays, and the challenges associated with the determination of non-
perturbative matrix elements.

The HQE is a systematic effective field theory approach for describing inclusive
decay rates and lifetimes of hadrons containing a heavy quark, such as B mesons.
It is based on an operator product expansion (OPE) [47, 52, 53] in inverse powers
of the heavy-quark mass, 1/mb, which separates short-distance effects—encoded
in perturbatively calculable Wilson coefficients—from long-distance contributions,
contained in non-perturbative hadronic matrix elements.

Building upon the Effective Weak Hamiltonian introduced in the previous section,
the HQE provides a framework in which the total decay rate of a heavy hadron
can be expressed as a series of local operators of increasing dimension, suppressed
by corresponding powers of 1/mb. This formalism allows for precise theoretical
predictions of observables such as total B-meson decay widths and lifetime ratios, e.g.,
τ(B+)/τ(Bd) and τ(Bs)/τ(Bd), by systematically incorporating both perturbative
and non-perturbative QCD effects.

The HQE exploits the fact that the b-quark mass is much larger than the
typical QCD scale (mb ≫ ΛQCD), allowing the inclusive decay of a B meson to
be approximated as a free b-quark decay, corrected by systematic non-perturbative
contributions from the light degrees of freedom (quarks and gluons) inside the hadron.

According to the optical theorem, the inclusive decay rate can be expressed in
terms of the imaginary part of the forward scattering amplitude:

Γ(B → X) =
1

2mB

Im ⟨B| i
∫︂
d4x T{Heff(x),Heff(0)}|B⟩, (1.13)

where X denotes the sum over all hadronic final states accessible via the effective
Hamiltonian, and T denotes time ordering. Expanding the non-local time-ordered
product into a series of local operators through the OPE yields a systematic expansion
of the total decay rate in inverse powers of the heavy-quark mass:

Γ(B) = Γ3 + Γ5
⟨O5⟩
m2
b

+ Γ6
⟨O6⟩
m3
b

+ Γ7
⟨O7⟩
m4
b

+ . . .+ 16π2

[︄
Γ̃6

⟨Õ6⟩
m3
b

+ . . .

]︄
. (1.14)

Here, the terms proportional to Γ3, Γ5, Γ6, Γ̃6, and so on, correspond to con-
tributions from local ∆B = 0 operators of increasing mass dimension, namely
dimension-three, dimension-five, dimension-six two-quark, dimension-six four-quark
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Figure 1.2: Diagrammatic representation of the HQE for B-meson decays. The
two-quark and four-quark contributions originate from two-loop and one-loop forward-
scattering diagrams, respectively. Crossed vertices correspond to insertions of opera-
tors from the effective |∆B| = 1 Hamiltonian. The vertical dashed line denotes the
cut used to obtain the imaginary part of the forward amplitude. The particles f1, f2,
and f3 represent generic fermionic decay products of the b quark.

operators, and higher-dimensional operators, whose expectation values encode non-
perturbative information about the internal structure of the B meson.

The non-tilde operators, Oi, are two-quark operators that describe corrections
to the free heavy-quark decay, such as kinetic and chromomagnetic effects. In
contrast, the tilde operators, Õi, are four-quark operators that account for spectator
interactions between the heavy b-quark and the light valence quarks within the
meson. A diagrammatic illustration of the HQE is shown in Figure 1.2. The
spectator contributions, represented by Γ̃i, are enhanced by a factor of 16π2, reflecting
the transition from the two-loop topology of the non-spectator diagrams to a one-
loop topology in the corresponding forward-scattering diagrams. This phase-space
enhancement implies that, despite entering at order 1/m3

b , spectator effects can be
numerically comparable to or even dominate over some lower-order non-spectator
terms. Consequently, they play a crucial role in explaining the observed differences
in lifetimes between B+, Bd, and Bs mesons.

At leading order, the HQE starts with the dimension-3 operator O3 = b̄b, which
corresponds to the free b-quark decay. Its matrix element is normalized to unity up
to small corrections, so it does not induce any lifetime differences among B mesons.
The dimension-4 operator, O4 = b̄iD̸b, does not contribute independently because
it can be reduced to the leading operator by the equations of motion of the heavy
quark, and is therefore absent in the final expansion. At order 1/m2

b , two dimension-
5 operators appear: the kinetic operator Oπ = b̄(iD)2b and the chromomagnetic
operator OG = gs

2
b̄ σµνG

µνb. Their matrix elements parameterize the motion of the
heavy quark inside the hadron and its interaction with the gluon field, respectively.
At order 1/m3

b , one encounters the dimension-6 contributions. These include both
two-quark operators, such as the Darwin and spin–orbit terms, and the four-quark
operators that describe spectator effects. The Darwin operator encodes information
about the spatial variation of the gluon field inside the hadron, while the spin–orbit
term represents the interaction between the heavy-quark spin and the background
chromomagnetic field. The four-quark operators, on the other hand, describe nonper-
turbative corrections sensitive to the flavour and colour of the spectator quark. These
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contributions dominate the lifetime differences between B+, Bd, and Bs mesons.

Going beyond this order, the HQE includes dimension-7 operators, which arise
at O(1/m4

b). While numerically suppressed by an additional power of 1/mb, such
contributions can become relevant in precision studies of inclusive observables and
play a central role in the analyses presented later in this thesis.

The HQE framework is general and not limited to SM calculations. In Chapter 3,
it is applied to include BSM contributions, such as those affecting the Darwin term, in
a model-independent way. Chapter 4 applies the HQE to the study of B-Mesogenesis,
where decays into a dark-sector fermion ψ contribute to the total inclusive decay
rate and modify the B-meson lifetime ratios. Therefore, in this work, we apply the
HQE in both SM and BSM contexts, where all perturbative contributions, Γi and
Γ̃i, associated with the operators shown in Eq. (1.14), are explicitly calculated. In
both cases, however, the operator expansion remains the same in structure, with
additional operators3 or modified Wilson coefficients capturing the effects of new
physics. All operators that contribute to the observables studied here are presented
explicitly along with their Wilson coefficients in the sections where they are relevant.

1.3 Quark Propagator in an External Gluon Field

The evaluation of many quantities in the HQE and LCSR requires the quark prop-
agator in the presence of an external gluon field. A systematic expansion of this
propagator can be obtained by treating the gluon field as a slowly varying classical
background. This approach was pioneered in the context of QCD sum rules by
Shifman, Vainshtein, and Zakharov [54], where it provided the foundation for the
OPE in external gluonic fields.

A particularly convenient choice is the Fock–Schwinger (FS) gauge [55, 56], in
which the gauge potential is expressed directly in terms of the gluon field-strength
tensor and its covariant derivatives. This establishes a transparent connection between
quark-level Feynman diagrams and the local operators appearing in the HQE. The
same formalism also forms the basis of the derivation of the LCSR discussed in the
following section.

The expansion of the quark propagator relies on the hierarchy of scales between
the soft external gluon field and the hard momentum carried by the propagating
quark. The characteristic momentum carried by the external gluon field is of order
ΛQCD, which is small compared to the virtuality or external momentum of the quark
line appearing in the short-distance expansion. Consequently, the gluon field can
be treated as a slowly varying, or “soft” background, while the quark propagator
is expanded perturbatively in powers of this background field. To implement the
expansion, we begin by recalling the definition of the free quark propagator,

⟨0|T
{︁
ψ(x), ψ̄(y)

}︁
|0⟩ = iS0(x, y) , (1.15)

3Here, additional operators refer to operators in the effective weak Hamiltonian. New-physics
contributions are matched onto the same HQE operator basis defined in Section B.1.
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Figure 1.3: Diagrammatic representation of a quark propagating from y to x in an
external gluon field, with zero, one, two, . . . soft-gluon insertions.

with

S0(x, y) =

∫︂
d4p

(2π)4
S0(p) e

−ip·(x−y), S0(p) =
/p+m

p2 −m2 + iε
, (1.16)

which describes the propagation of a quark in the absence of any gluonic background.
When a soft background gluon field is present, the full propagator can be expressed
as an expansion around the free propagator,

iS(x, y) = iS0(x, y) + iS1(x, y) + iS2(x, y) + . . . . (1.17)

S1(x, y) and S2(x, y) denote the first and second order corrections, describing the
interaction of the quark with one and two gluon fields, respectively, while the ellipsis
stand for higher order terms with more than two gluons. Explicitly,

iS1(x, y) =

∫︂
d4z iS0(x− z) i /A(z) iS0(z − y). (1.18)

iS2(x, y) =

∫︂
d4zd4z′ iS0(x− z) i /A(z) iS0(z − z′) i /A(z′) iS0(z

′ − y). (1.19)

A schematic representation of Eq. (1.17) is shown in Figure 1.3.
In the FS gauge, defined by the condition xµAµ(x) = 0, the gauge potential at

a point x can be expressed in terms of the field–strength tensor and its covariant
derivatives at the origin as

Aaµ(x) =
1

2
xρGa

ρµ(0) +
1

3
xρxσDσG

a
ρµ(0) +

1

8
xρxσxηDσDηG

a
ρµ(0) + . . . , (1.20)

where Aaµ denotes the gluon field, Ga
µν the gluon field-strength tensor, and Dµ the

covariant derivative. Their explicit definitions are collected in Appendix A. The
ellipsis denotes terms involving higher covariant derivatives. This representation
ensures manifest gauge covariance of the expansion and makes explicit the connection
between the propagator corrections and the local gluonic operators appearing in the
OPE. A notable feature of the FS gauge is that translational invariance is no longer
manifest—the expansion is fixed around the reference point (commonly chosen as
x0 = 0) where the field–strength tensor is evaluated.

A variant of the background field method in FS gauge was first introduced in
Refs. [57–59]. For comprehensive discussions of the technique and its applications, we
refer the reader to the lecture notes [60], the technical review [61], and the references
therein. For the purposes of this work, we present the explicit form of the quark
propagator to the accuracy required, while a full derivation, following the same
procedure without fundamentally new steps, is available in Ref. [62].
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In this work, the quark propagator will be expanded to generate operators up to
dimension seven. This requires including terms with up to two covariant derivatives
acting on the gluon field-strength tensor, as well as contributions containing two
field-strength tensors.

At this stage it is useful to note that, owing to the purely left-handed (V − A)
structure of the SM current–current operators, only propagator terms containing an
odd number of Dirac matrices contribute to the matching. Contributions involving an
even number of gamma matrices vanish after being contracted with the weak vertices
and therefore do not contribute to the two-quark matching coefficients. Consequently,
throughout this chapter only the terms with an odd number of Dirac matrices are
retained in the propagator expansion.

The quark propagator can be written in momentum space as

S(x, 0) =

∫︂
d4p

(2π)4
S(p) e−ip·x, (1.21)

with
S(p) = S0(p) + S1(p) + S2(p) + · · · , (1.22)

where S0(p) denotes the free propagator, while S1(p) and S2(p) contain one and two
insertions of the background gluon field, respectively. The expression for S1(p) up to
terms involving one covariant derivative on the field-strength tensor is known e.g.
from Refs. [62, 63]. Here, it is extended to include the contributions proportional to
DσDηGρµ required for the dimension-seven matching, yielding

S1(p) =
˜︁Gση p

σγηγ5

(p2 −m2 + iε)2
− 2

3

DαGρµ γ
µpαpρ

(p2 −m2 + iε)3
+ 2i

Dα
˜︁Gτη p

αpτγηγ5

(p2 −m2 + iε)3

+
2

3

DαGαµ

(p2 −m2 + iε)3

[︂
γµ(p2 −m2)− pµ/p

]︂
− i

8
DσDηGρµ S(7)µρση

1 (p) + . . . ,

(1.23)

where ˜︁Gµν =
1
2
ϵµναβG

αβ denotes the dual gluon field-strength tensor. The last term in
Eq. (1.23) contains the genuinely new dimension-seven contribution. For compactness,

the corresponding Dirac–Lorentz structure has been collected in S(7)µρση
1 (p), which

is given by

S(7)µρση
1 (p) = − 2

/p γµ

(p2 −m2)3
(γσgηρ + γρgησ + γηgρσ)

+ 8
/p γµ

(p2 −m2)4
(γσpηpρ + γρpηpσ + γηpρpσ)

+ 8
2pµ/p− γµ(p2 −m2)

(p2 −m2)4
(pηgρσ + pρgησ + pσgηρ)

− 48
2pµ/p− γµ(p2 −m2)

(p2 −m2)5
pηpρpσ. (1.24)

Similarly, for the propagator with reversed arguments we write

S(0, x) =

∫︂
d4p

(2π)4
˜︁S(p) eip·x, (1.25)
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with ˜︁S(p) = ˜︁S0(p) + ˜︁S1(p) + ˜︁S2(p) + . . . . (1.26)

The one-gluon contribution is obtained analogously to Eq. (1.23). It takes the form

˜︁S1(p) =
G̃ση

(p2 −m2 + iε)2
pσγηγ5 − 2

3

pαDαGρµ

(p2 −m2 + iε)3
γµpρ − 2i

DαG̃τη p
αpτ

(p2 −m2 + iε)3
γηγ5

+
2

3

DαGαµ

(p2 −m2 + iε)3

[︂
γµ (p2 −m2)− pµ/p

]︂
− i

8
DσDηGρµ

˜︁S(7)µρση
1 (p) + . . . .

(1.27)

As in the case of S1(p), the genuinely new dimension-seven contribution has been

collected into the Dirac–Lorentz structure ˜︁S(7)µρση
1 (p), defined by

˜︁S(7)µρση
1 (p) =

2

(p2 −m2)3
(γσgηρ + γρgησ + γηgρσ) /p γ

µ

− 8

(p2 −m2)4
(γσpηpρ + γρpηpσ + γηpρpσ) /p γ

µ

− 8

(p2 −m2)4
(pηgρσ + pρgησ + pσgηρ)

(︁
2pµ/p− γµ(p2 −m2)

)︁
+

48

(p2 −m2)5
(︁
2pµ/p− γµ(p2 −m2)

)︁
pηpρpσ. (1.28)

The contribution with two external-gluon insertions is obtained from S2(p). Retaining
only the leading term in the FS expansion of the gauge field, namely the first term in
Eq. (1.20), and substituting it into Eq. (1.19) yields the propagator terms containing
two field-strength tensors. The corresponding momentum-space expression with
finite quark mass is

S2(p) = − /pγµγργνγσ

4(p2 −m2)3
GµρGνσ −

γµgνρ

(p2 −m2)3
pηGµρGνη −

γµγνγρ

(p2 −m2)3
pηGνρGµη

+
1

4

(︃
2i γρ γ5ϵµνρη pη − 2/p gµν

(p2 −m2)3
+

4m2 γνpµ

(p2 −m2)4

)︃
GµλGνλ

+
1

4

(︃−8i γρ γ5ϵµνρη pη + 8/p gµν

(p2 −m2)4
+

24m2 γνpµ

(p2 −m2)5

)︃
pαpβGµαGνβ

+
p2γν

(p2 −m2)4
pηGνρGρη −

2/p gνρ

(p2 −m2)4
pαpβGναGρβ

+
2/p

(p2 −m2)4
pαpβGσαGσβ . (1.29)

Similarly, for the propagator with reversed arguments one obtains
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˜︁S2(p) = − γργµγσγν/p

4(p2 −m2)3
GµρGνσ −

γνgµρ

(p2 −m2)3
pηGνρGµη −

γργµγν

(p2 −m2)3
pηGµρGνη

+
1

4

(︃
2i γρ γ5ϵµνρη pη − 2/p gµν

(p2 −m2)3
+

4m2 γνpµ

(p2 −m2)4

)︃
GµλGνλ

+
1

4

(︃−8i γρ γ5ϵµνρη pη + 8/p gµν

(p2 −m2)4
+

24m2 γνpµ

(p2 −m2)5

)︃
pαpβGµαGνβ

+
p2γν

(p2 −m2)4
pηGνρGρη −

2/p gµσ

(p2 −m2)4
pαpβGµαGσβ

+
2/p

(p2 −m2)4
pαpβGσαGσβ. (1.30)

In the massless limit, m→ 0, the propagator expressions in Eqs. (1.24) and (1.29),
restricted throughout to terms containing an odd number of Dirac matrices, reduce
to the corresponding results of Ref. [61]. For finite quark masses, our results can be
compared with the background-field propagators derived in Refs. [64, 65].

Rusov [64] derived the massive background-field propagator both in coordinate
space, where the coefficients are expressed in terms of the modified Bessel functions
Kn, and in the corresponding momentum-space representation. In both representa-
tions, the gluon field strength is kept in the nonlocal form Gµν(ux), which is suitable
for applications to LCSR. For the HQE, however, a local operator expansion about a
single spacetime point is required. This is obtained by performing a covariant Taylor
expansion of the background field,

Gµν(ux) = Gµν(0) + u xαDαGµν(0) +
u2

2
xαxβDαDβGµν(0) + · · · , (1.31)

followed by replacing the coordinate factors with momentum derivatives acting on the
propagator and integrating by parts. Restricting to terms linear in the background
gluon field, the resulting local expression is equivalent, after standard tensor and
Dirac-algebra identities, to Eq. (1.24), including the terms proportional to DσDηGρµ.

An independent check of the terms containing two field-strength tensors (GG) is
provided by Ref. [65], where the massive quark propagator is expanded to multiple
insertions of the background gluon field. The corresponding two-gluon contribution
agrees, after standard Dirac and tensor identities, with Eq. (1.29). Thus, the DDG
and GG contributions to the massive propagator are independently confirmed by
Refs. [64, 65], respectively.

The reversed orientation S(0, x) requires separate consideration. Since the FS
gauge singles out the origin, translational invariance is not manifest and S(0, x)
cannot be obtained from S(x, 0) by a simple translation. As both orientations
appear naturally in the HQE, we derive the corresponding local expansion for S(0, x)
explicitly (see Eq. (1.25)).

1.4 Light-Cone Sum Rules

In Chapter 4, we study exclusive B-meson decays within the framework of LCSRs.
This approach provides a powerful nonperturbative tool for calculating hadronic
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matrix elements in processes where both short-distance QCD dynamics and long-
distance hadronic effects play an important role, such as exclusive heavy-meson
decays, see e.g. [66].

The LCSR framework originated as an extension of the traditional QCD sum
rule approach developed by Shifman, Vainshtein, and Zakharov [54,67] in the late
1970s. In that method, hadronic observables were related to QCD parameters and
vacuum condensates through a short-distance OPE. In the 1980s, Balitsky, Braun,
and Kolesnichenko [68,69] reformulated this framework near the light-cone, where
vacuum-to-hadron matrix elements of nonlocal quark–gluon operators are expanded in
terms of hadronic distribution amplitudes (DAs) instead of vacuum condensates. This
light-cone expansion enabled a systematic description of the longitudinal momentum
structure of hadrons and established a direct connection between perturbative QCD
and exclusive hadronic observables.

Since then, the LCSR approach has become an essential framework for the study
of exclusive processes involving heavy hadrons, combining the advantages of the
OPE with the flexibility of light-cone factorization. In the following, we describe the
LCSR framework in a generic form in order to outline the main conceptual steps
and the general workflow of the method before turning to the specific applications
considered in this thesis.

The starting point of the practical calculations in the LCSR approach is the
analysis of suitably chosen correlation function involving an interpolating current
for the hadron of interest and the relevant weak transition current. For a generic
B-meson decay into a light hadron, one considers the correlator

Πµ(p, q) = i

∫︂
d4x eiq·x⟨0|T{jlight(x), Jweak

µ (0)}|B̄(p)⟩, (1.32)

where Jweak
µ denotes the relevant weak current and jlight is an interpolating current

that couples to the light hadronic final state. The external B meson in this setup
carries momentum p, while q is the momentum transferred through the weak current.

The essential idea of the LCSR method is that the correlation function in Eq. (1.32)
admits two complementary representations, each valid in a different kinematical
regime. For large spacelike virtualities of the currents, the correlator is dominated by
short light-cone distances (x2 ≈ 0) and can be expanded using the light-cone OPE.
In this representation, the short-distance part of the correlation function is calculable
perturbatively in QCD, whereas the long-distance dynamics are encoded in universal
nonperturbative light-cone distribution amplitudes (LCDAs). The nonlocal quark–
gluon operators appearing in the expansion are systematically organized according to
their twist, defined as the difference between the canonical dimension and the Lorentz
spin of the operator. Operators with lower twist provide the leading contributions
in the large-energy or heavy-mass limit, while higher-twist terms are suppressed by
additional powers of the scale. The corresponding LCDAs describe the longitudinal
momentum distribution of the partons inside the hadron and provide the essential
nonperturbative input of the LCSR framework.

On the other hand, for physical timelike momenta the same correlator admits
a hadronic representation. Using the unitarity relation, its imaginary part in the
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variable (p− q)2 can be written as

1

π
ImΠµ(p, q) = δ

(︁
(p− q)2 −m2

H

)︁
⟨0|jlight|H(p− q)⟩⟨H(p− q)|Jweak

µ |B̄(p)⟩
+ ρhad

(︁
(p− q)2, q2

)︁
, (1.33)

where H denotes the lowest hadronic state carrying the quantum numbers of the
interpolating current jlight. The second term, described by the spectral density
ρhad((p − q)2, q2), contains the contributions of all higher excited hadronic states
and multiparticle continuum configurations with the same quantum numbers. In
general, the hadronic representation is therefore not composed solely of isolated pole
contributions, but also contains continuous spectral distributions associated with
broad resonances and multiparticle states.4

A fundamental ingredient at the heart of the sum-rule method is the dispersion
relation, which follows from the analyticity properties of the correlation function
in the variable (p − q)2. Exploiting this analytic structure, the correlator can be
represented as

Πµ(p, q) =
1

π

∫︂
ds

ImΠµ(s, q
2)

s− (p− q)2
. (1.34)

As discussed above, the same correlator can be evaluated in two different kine-
matical regimes. In the physical timelike region, the imaginary part of the correlator
is expressed in terms of hadronic intermediate states using the unitarity relation in
Eq. (1.33). On the other hand, in the deep Euclidean region, where (p− q)2 ≪ 0, the
same correlation function is calculated within QCD using the light-cone OPE. Its
corresponding spectral density is then obtained from the imaginary part of the OPE
result, yielding a perturbative spectral density convoluted with the relevant LCDAs.

At this stage, an important conceptual difference between the two representations
becomes apparent. In the hadronic representation, the spectral density is expressed
in terms of physical hadronic states, such as mesons, resonances, and multiparticle
continuum configurations. In contrast, in the deep Euclidean region, the correlation
function is calculated in terms of quark and gluon degrees of freedom using the light-
cone OPE, from which the corresponding perturbative spectral density is obtained
by taking its imaginary part.

The central assumption allowing one to relate these two descriptions is quark–
hadron duality. More specifically, above an effective continuum threshold s0, the
hadronic spectral density is assumed to be sufficiently well approximated by its
perturbative QCD counterpart:

ImΠhad
µ (s, q2) = ImΠOPE

µ (s, q2), s > s0. (1.35)

Substituting the hadronic spectral representation from Eq. (1.33) into the disper-
sion relation Eq. (1.34), one obtains the hadronic representation of the correlator,

Πhad
µ (p, q) =

⟨0|jlight|H(p− q)⟩⟨H(p− q)|Jweak
µ |B̄(p)⟩

m2
H − (p− q)2

+

∞∫︂
sh

ds
ρhad(s, q2)

s− (p− q)2
. (1.36)

4For example, if jlight is an interpolating current with the quantum numbers of a pion, the
hadronic spectral density contains not only the pion pole, but also excited pion resonances, such as
π(1300) and π(1800), together with multiparticle continuum states (e.g. 3π, ρπ, etc.) carrying the
same quantum numbers.
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Here sh denotes the physical threshold at which the higher-state contribution in the
channel of jlight starts.

5

In the Euclidean region, the same correlator is calculated from the light-cone
OPE. Its dispersion representation can be written as

ΠOPE
µ (p, q) =

1

π

∞∫︂
sOPE

ds
ImΠOPE

µ (s, q2)

s− (p− q)2
, (1.37)

where sOPE is the partonic threshold determined by the masses and approximations
used in the OPE calculation.6

Applying the quark–hadron duality approximation in Eq. (1.35) to the continuum
parts of the dispersion relations, one identifies the hadronic spectral density above
the effective threshold s0 with the corresponding OPE spectral density. This allows
the higher-state contribution in Eq. (1.36) to be replaced by

∞∫︂
sh

ds
ρhad(s, q2)

s− (p− q)2
≃ 1

π

∞∫︂
s0

ds
ImΠOPE

µ (s, q2)

s− (p− q)2
. (1.38)

As discussed above, the same correlation function admits both a hadronic and an
OPE description, corresponding to the physical timelike and deep spacelike regions,
respectively. Writing the correlator in the form of the dispersion relation in Eq. (1.34)
allows one to connect both kinematical domains through the analyticity of the
correlation function in the variable s = (p − q)2. While the hadronic and OPE
calculations are each valid only in their corresponding kinematical regions, the
dispersion relation itself represents the analytic continuation of the same correlator
and is therefore valid throughout the complex s-plane up to the physical singularities.
In this way, the hadronic and OPE representations correspond to the same underlying
analytic function and can therefore be matched:

Πhad
µ

(︁
(p− q)2, q2

)︁
= ΠOPE

µ

(︁
(p− q)2, q2

)︁
, (1.39)

Using the explicit hadronic and OPE representations in Eqs. (1.36) and (1.37),
one obtains

1

π

∞∫︂
sOPE

ds
ImΠOPE

µ (s, q2)

s− (p− q)2
=

⟨0|jlight|H(p− q)⟩⟨H(p− q)|Jweak
µ |B̄(p)⟩

m2
H − (p− q)2

+

∞∫︂
sh

ds
ρhad(s, q2)

s− (p− q)2
. (1.40)

5For example, if jlight carries the quantum numbers of the pion, the lowest multiparticle
continuum starts at the three-pion threshold, sh = (3mπ)

2 = 9m2
π.

6If jlight carries the π+ quantum numbers, the perturbative spectral density corresponds to
the production threshold of the underlying ud̄ quark pair, sOPE = (mu +md)

2. In the massless
light-quark limit, this reduces to sOPE = 0.
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Applying the quark–hadron duality approximation in Eq. (1.38) and subtracting the
continuum contribution from both sides of Eq. (1.40) isolates the ground-state pole
contribution. This yields

1

π

s0∫︂
sOPE

ds
ImΠOPE

µ (s, q2)

s− (p− q)2
=

⟨0|jlight|H(p− q)⟩⟨H(p− q)|Jweak
µ |B̄(p)⟩

m2
H − (p− q)2

. (1.41)

It is important to emphasize that the duality relation in Eq. (1.38) is weaker than the
local duality relation introduced in Eq. (1.35). The latter corresponds to a pointwise
equality between the hadronic and OPE spectral densities at each value of s above
the effective threshold s0. In practice, however, such a local equality is not expected
to hold because of the resonance structure of the physical hadronic spectrum. Instead,
the duality assumption employed in QCD sum rules is understood in a semi-local
(or averaged) sense: after integration over a sufficiently broad energy interval, the
hadronic spectral density is approximated by its perturbative QCD counterpart. It
is this semi-local duality that underlies the continuum subtraction in Eq. (1.38).

At this stage, the continuum contribution has been subtracted, but the relation
in Eq. (1.41) still contains possible subtraction terms from the dispersion relation
and depends explicitly on the external variable (p− q)2. To remove these subtraction
terms, improve the convergence of the OPE, and suppress the sensitivity to the
region close to the continuum threshold, one performs a Borel transformation with
respect to (p− q)2.

The Borel transformation is defined by its action on the dispersion kernel,

BM2

[︃
1

s− (p− q)2

]︃
=

1

M2
e−s/M

2

, (1.42)

where M2 is the Borel parameter. Applying this transformation to both sides of
Eq. (1.41) gives

1

π

s0∫︂
sOPE

ds e−s/M
2

ImΠOPE
µ (s, q2) = e−m

2
H/M

2⟨0|jlight|H(p− q)⟩⟨H(p− q)|Jweak
µ |B̄(p)⟩.

(1.43)

Eq. (1.43) represents the generic structure of a LCSR. The left-hand side contains
the OPE representation of the correlation function, calculated in QCD in terms of
perturbative kernels and LCDAs. The right-hand side is expressed through hadronic
quantities associated with the lowest physical state, such as decay constants and
form factors. In this way, the sum rule connects the quark–gluon description of QCD
with observable hadronic parameters.7

To summarize, the LCSR method starts from a suitably chosen correlation function
involving the weak transition current and an interpolating current for the hadronic

7The name “sum rule” originates from the unitarity relation in Eq. (1.33), where the correlation
function is expressed as a sum over hadronic states and their corresponding spectral densities. After
applying quark–hadron duality and the Borel transformation, one obtains a relation (or “rule”)
that allows this spectral sum to be evaluated in terms of QCD quantities.
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state of interest. Using the unitarity relation, the correlator is expressed in terms of
hadronic states, thereby relating it to the desired hadronic matrix element. The same
correlation function is then calculated in the deep Euclidean region using the light-
cone OPE within QCD. Assuming quark–hadron duality, the contributions of higher
hadronic states and continuum configurations are approximated by the corresponding
OPE spectral density above an effective threshold. Finally, a Borel transformation
is applied to suppress the higher-state contributions and improve the convergence
of the expansion. The resulting sum rule relates the perturbatively calculable OPE
expression to the desired hadronic parameters, such as decay constants and form
factors.

The main theoretical uncertainties in the LCSR approach typically originate
from the choice of the continuum threshold s0, the Borel parameter M2, and the
nonperturbative input entering the LCDAs. The continuum threshold and Borel
window are not arbitrary, but are chosen according to the standard criteria of QCD
sum rules. In practice, the continuum threshold s0 is typically determined from the
corresponding two-point sum rule and reflects the onset of excited hadronic states
and the continuum. The Borel parameter is then chosen such that the light-cone
OPE remains convergent while the ground-state contribution is sufficiently enhanced
relative to higher-state and continuum contributions. Residual variations with respect
to s0 and the Borel parameter are included in the uncertainty estimate of the final
results.

Having introduced the LCSR approach, it is instructive to briefly compare it
with another major first-principles non-perturbative method, namely lattice QCD,
originally introduced by Wilson [70]. In this framework, spacetime is discretized into
a finite Euclidean lattice, allowing hadronic observables to be computed numerically
from first principles; for a recent review, see [71]. In contrast, LCSR is based on the
light-cone OPE and combines perturbatively calculable coefficient functions with
universal LCDAs. Although lattice QCD is systematically improvable and, for many
observables, provides the most precise theoretical predictions, it is computation-
ally demanding, requiring large-scale numerical simulations on high-performance
computing facilities. Consequently, the calculation of a new hadronic quantity or
the inclusion of additional operator structures often represents a substantial com-
putational effort. By comparison, LCSR provides analytic expressions that can be
adapted more readily to new processes and BSM operator structures. Moreover,
in the context of hadronic form factors, lattice QCD and LCSR are applicable in
complementary kinematic regimes. Lattice QCD provides the most precise results at
low hadronic recoil (large momentum transfer, large q2), whereas LCSR is naturally
suited to the large-recoil region (small momentum transfer, small q2), where the light-
cone expansion converges most effectively. Although lattice QCD is applicable to a
much broader class of non-perturbative observables, including hadron masses, decay
constants, bag parameters, and matrix elements of local operators, the comparison
here is restricted to form-factor calculations. In this context, LCSR and lattice QCD
should be regarded as complementary rather than competing approaches. Their
predictions are frequently combined to obtain reliable form-factor determinations
over the full kinematic range, while providing valuable cross-checks in the region
where both methods are applicable.
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The explicit form of the correlation functions, the choice of interpolating currents,
and the relevant distribution amplitudes employed in this work will be introduced
and discussed in detail in Chapter 4, where the general LCSR framework described
above will be applied to the study of the B → p transition form factors.
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Chapter 2

SM Dimension-Seven Two-Quark
Contributions

“I do not like that we get these new matrix elements.”
“Then complain.”

“To whom?”
“To God. Why did you make nature this way?”

— A Discussion with Alexey Pivovarov

In this chapter, the complete two-quark contributions to the dimension-seven term
Γ
(0)
7 in the HQE are derived at leading order in QCD, corresponding to corrections

of order O(1/m4
b) to the inclusive non-leptonic decay width. These contributions

constitute the 1/mb corrections to the dimension-six two-quark Darwin term Γ6.
The analysis is restricted to the CKM-favoured transitions b → cūd and b → cc̄s,
which provide the dominant contributions to the total decay width of B mesons.
The calculation is performed within the framework introduced in Chapter 1, and the
complete analytical matching coefficients for the dimension-seven two-quark operator
basis are presented.
The chapter begins with a discussion of the HQE operator basis and the matching
procedure, followed by the derivation of the corresponding Wilson coefficients. The
resulting analytical expressions constitute the first complete determination of the
dimension-seven matching coefficients for the CKM-favoured non-leptonic channels
and provide an important ingredient for future precision studies of heavy-hadron
lifetimes and related observables.

2.1 Outline of the Calculation

The starting point of the calculation is the transition operator entering Eq. (1.13),

T = Im i

∫︂
d4xT{Heff(x)Heff(0)} , (2.1)

whose forward matrix element determines the inclusive decay width within the HQE.
The effective weak Hamiltonian is given by the SM Hamiltonian in Eq. (1.9). The
calculation presented in this chapter is restricted to the current–current sector of
the SM effective Hamiltonian for the generic non-leptonic transition b → q1q̄2q3.
Accordingly, only the operators Q1 and Q2 are considered. For completeness, they
are given by

Qq1q2q3
1 = (q̄i1γµPLb

i)(q̄j3γ
µPLq

j
2), Qq1q2q3

2 = (q̄i1γµPLb
j)(q̄j3γ

µPLq
i
2). (2.2)
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Throughout this chapter, the operators are evaluated for the b→ cūd and b→ cc̄s
transitions.

The transition operator can be decomposed according to the insertion of the
current–current operators as

T (q1q̄2q3) = C2
1 T (q1q̄2q3)

11 + 2C1C2 T (q1q̄2q3)
12 + C2

2 T (q1q̄2q3)
22 , (2.3)

where T (q1q̄2q3)
ij denotes the contribution originating from the insertion of the operator

pair Qq1q2q3
i and Qq1q2q3

j .
Substituting the current–current operators into the time-ordered product in

Eq. (1.13) and performing the Wick contractions yields the following expressions for
the two-quark contributions:

T (2q)
11 = − G2

F

2
|Vq1b|2|Vq3q2 |2 i

∫︂
d4x b̄jγν(1− γ5) iS

(q1)
jk (0, x)γµ(1− γ5)b

k(x)

× Tr

[︄
γν(1− γ5)iS

(q3)
lm (0, x)γµ(1− γ5)iS

(q2)
ml (x, 0)

]︄
+ (x↔ 0) , (2.4)

T (2q)
12 = − G2

F

2
|Vq1b|2|Vq3q2 |2 i

∫︂
d4x b̄jγν(1− γ5) iS

(q1)
lk (0, x)γµ(1− γ5)b

k(x)

× Tr

[︄
γν(1− γ5) iS

(q3)
jr (0, x)γµ(1− γ5)iS

(q2)
rl (x, 0)

]︄
+ (x↔ 0) , (2.5)

T (2q)
22 = − G2

F

2
|Vq1b|2|Vq3q2 |2 i

∫︂
d4x b̄jγν(1− γ5) iS

(q1)
lm (0, x)γµ(1− γ5)b

k(x)

× Tr

[︄
γν(1− γ5)iS

(q3)
jk (0, x)γµ(1− γ5)iS

(q2)
lm (x, 0)

]︄
+ (x↔ 0) , (2.6)

The overall minus sign in Eqs. (2.4) to (2.6) originates from the closed light-quark
fermion loop. The notation (x↔ 0) denotes the contribution obtained by interchang-
ing the spacetime coordinates x and 0, corresponding to the second ordering of the
effective Hamiltonians in the time-ordered product.

To obtain the two-quark contributions at dimension seven, the matching must
be performed up to operators containing four covariant derivatives acting on the
heavy-quark fields, schematically of the form

b̄ iDµ iDν iDρ iDσ b .

Using the commutation relations of the covariant derivatives, these operators can be
expressed in terms of structures containing either two field-strength tensors,

GµνGρσ, Gµν = i[iDµ, iDν ],
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Figure 2.1: Representative diagrams for dimension-7 two-quark contributions to
b → q1q̄2q3 decays: (a) two gluons attached to different quark lines, (b) a single
gluon with two covariant derivatives DµDνGρσ, (c) two gluons attached to the same
propagator. Shown here are representative topologies; the gluons can be attached to
different quark propagators depending on the colour structure (see text). Dashed
blue lines indicate the cut for forward matrix elements.

or a single field-strength tensor accompanied by two additional covariant derivatives,

DµDνGρσ = i
[︁
iDµ, [iDν , [iDρ, iDσ]]

]︁
.

Such structures are generated by expanding the quark propagators in the external
gluon field (see Section 1.3). At dimension seven, three distinct classes of propagator
expansions contribute:

1. Different-propagator insertion (Fig. 2.1a): One background gluon is
emitted from each of two different propagators, giving rise to operators con-
taining two field-strength tensors (GµνGρσ). These operators are generated
by combining the first two terms of Eq. (1.23) (or Eq. (1.27)), one from each
propagator.

2. Single-gluon insertion (Fig. 2.1b): A single background gluon is emitted
from one propagator. The relevant terms arise from the DµDνGρσ structures
in the one-gluon propagator expansion, see Eqs. (1.23), (1.24) and (1.27).

3. Double-gluon insertion (Fig. 2.1c): Two background gluons are emitted
from the same propagator through the double-gluon term in the propaga-
tor expansion. The relevant GµνGρσ structures are contained in Eqs. (1.29)
and (1.30).

Before proceeding with the explicit evaluation, we first analyse the colour structure
of the three classes of propagator expansions. The colour algebra determines which
external-gluon emissions give rise to non-vanishing contributions and which diagrams
vanish identically. Consequently, only the allowed colour structures need to be
considered in the matching calculation. The momentum-space propagators introduced
above can be decomposed according to the number of background-gluon insertions as

S(qi)
jk (p) = S(qi)

0 (p) δjk + S(qi) a
1 (p) tajk + S(qi) ab

2 (p) (tatb)jk + . . . , (2.7)
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Contribution
Different

propagators
(GG)

Single
insertion
(DDG)

Double
insertion
(GG)

T11 (Q1⊗Q1) (q2, q3) q1 q1, q2, q3

T22 (Q2⊗Q2) (q1, q2) q3 q1, q2, q3

T12 (Q1⊗Q2) (q1, q2), (q1, q3), (q2, q3) q1, q2, q3 q1, q2, q3

Table 2.1: Allowed gluon-emission topologies for the different operator products.
The ordered pairs indicate the propagators from which the two gluons are emitted.

where i = 1, 2, 3 labels the quark flavour. The quantities S(qi)
0 , S(qi)

1 , and S(qi)
2 denote

the propagator contributions (see Eqs. (1.16), (1.21), (1.22), (1.25) and (1.26)), while
the explicit colour matrices have been factored out. To illustrate the role of the
colour decomposition, consider the contribution T (q1q̄2q3)

11 in Eq. (2.4). The allowed
propagator expansions are determined entirely by the associated colour contractions:

• Different-propagator insertion. When one background gluon is emitted
from each of the q1 and q2 propagators, the colour structure becomes

S
(q1)
jk S

(q3)
lm S

(q2)
ml −→ tajk δlm t

b
ml = tajk Tr(t

b) = 0, (2.8)

and therefore this topology does not contribute.

• Single-gluon insertion. If the background gluon is emitted from the q1
propagator while the remaining propagators are taken at leading order, one
finds

S
(q1)
jk S

(q3)
lm S

(q2)
ml −→ tajk δlm δml = Nc t

a
jk, (2.9)

which is non-vanishing.

• Double-gluon insertion. If both background gluons are emitted from the q1
propagator, the colour structure becomes

S
(q1)
jk S

(q3)
lm S

(q2)
ml −→ (tatb)jk δlm δml = Nc (t

atb)jk, (2.10)

which is likewise non-vanishing.

Applying the same procedure to the remaining gluon-emission topologies and the
other operator products yields the allowed gluon-emission patterns summarized in
Table 2.1.

The calculation of the dimension-seven matching coefficients follows the same
general strategy as the determination of the Darwin-term contribution at dimension
six presented in Ref. [62]. The individual steps can be summarized as follows:

1. Insertion of the propagator expansion. The appropriate terms of the
external-field propagator discussed in Section 1.3 are substituted into the
transition operators in Eqs. (2.4) to (2.6), according to the gluon-emission
topology under consideration.
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2. Coordinate-space integrations. The heavy-quark field is written as

b(x) = e−ipb·x b(0), (2.11)

where pb denotes the momentum of the external b quark.1 The subsequent
x-integration generates momentum-conserving δ-functions, allowing the loop
momenta to be introduced.

3. Loop-integral reduction. After performing the coordinate-space integration
and using the resulting δ-functions to eliminate the constrained momenta, the
remaining amplitudes can be expressed in terms of scalar loop integrals of the
generic form

In1n2n3 =

∫︂
d4l1
(2π)4

∫︂
d4l2
(2π)4

f(pb, l1, l2)[︁
l21 −m2

1

]︁n1
[︁
l22 −m2

2

]︁n2
[︁
(l1 + l2 − pb)2 −m2

3

]︁n3
,

(2.12)
where ni ∈ N0 and f(pb, l1, l2) denotes a polynomial in the independent scalar
products. The Feynman prescription +iε is understood for all propagator
denominators and is suppressed throughout the following.

4. IBP reduction. Since the integrals are UV finite, the calculation is performed
directly in four dimensions. The loop integrals are reduced to a small set of
master integrals using integration-by-parts (IBP) identities [72, 73]. The corre-
sponding master integrals are defined in Section B.2; in particular, the sunrise
master integrals are introduced in Eqs. (B.5) and (B.6). Their imaginary parts
are known analytically [74] (see also Refs. [62, 63]). The corresponding master
integrals admit compact analytical expressions whenever at most two internal
masses are non-vanishing. For the general case with three massive propagators,
however, the analytic structure becomes considerably more involved and is
known to involve elliptic functions [75–78]. In the present calculation, finite
light-quark masses are introduced where required and are taken to zero only
after the corresponding expressions have been combined. Consequently, all
master integrals can be expressed analytically in terms of the known results
with at most two massive propagators, with the exception of the b→ cc̄s tran-
sition. In this case, all three internal masses are non-vanishing, such that the
individual master integrals are not available in closed analytical form. As dis-
cussed in Section B.2, the relevant combination entering the physical matching
coefficients becomes analytic only after combining the two-quark contributions
with the corresponding gluon corrections to the four-quark operators.

5. Matching onto the HQE operator basis. After evaluating the loop integrals
and taking the imaginary part, the resulting amplitudes assume the generic
form

G(pb) ⟨B(pB)|b̄v(0)Mµ1···µ4 (iDµ1) · · · (iDµ4) bv(0)|B(pB)⟩, (2.13)

1This follows from translation invariance of the free field and reflects that the external b quark
is described by a plane-wave state with momentum pb.
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where G(pb) contains the kinematic dependence on the internal quark masses and
the external b-quark momentum pb, while Mµ1···µ4 denotes the corresponding
Dirac-Lorentz structure. The field bv is the HQET heavy-quark field introduced
in Eq. (B.2). At order O(1/m4

b), operators containing up to four covariant
derivatives are retained. Furthermore, employing the decomposition

pµb = mbv
µ + iDµ, (2.14)

lower-dimensional operators generate additional contributions at O(1/m4
b)

through the expansion in powers of the covariant derivative. A detailed
discussion of this procedure can be found in Appendix A of Ref. [62]. Finally,
the resulting matrix elements are projected onto the HQE operator basis
collected in Eqs. (B.1), (B.3) and (B.4) using the trace formulas of Ref. [79]. In
the non-leptonic case, additional colour-singlet matrix elements arise, requiring
the supplementary trace relations derived in Section B.3.

Following the procedure outlined above, the explicit evaluation reveals several
general features of the dimension-seven matching. For the contributions T (q1q̄2q3)

11

and T (q1q̄2q3)
22 , all different-propagator (GG) topologies and all single-gluon (DDG)

emissions vanish identically. For the mixed contribution T (q1q̄2q3)
12 , only a subset of

the possible topologies survives: among the different-propagator emissions, only the
(q1, q3) configuration gives a non-vanishing result, while for the single-gluon topology
only emission from the q2 propagator contributes. In contrast, the double-gluon
(GG) topology contributes for all propagator attachments in T (q1q̄2q3)

11 , T (q1q̄2q3)
12 , and

T (q1q̄2q3)
22 . These cancellations are not a consequence of the colour structure alone,

but arise from the interplay between the Dirac algebra and the antisymmetry of the
gluon field-strength tensor. Similar patterns were already observed in the dimension-
five (O(1/m2

b)) HQE calculation in coordinate space; see, for example, Ref. [62].
Furthermore, although the FS gauge explicitly breaks translational invariance, such
that S(x, 0) ̸= S(0, x) (see Section 1.3), the contributions involving S(x, 0) and
S(0, x) always combine to produce an overall factor of two in the decay rate. This
behaviour is identical to that observed in previous tree-level HQE calculations at
lower dimensions.

2.1.1 Mixing with Four-Quark Operators

Soft gluon emissions from massless light-quark propagators give rise to infrared (IR)
divergences in the matching calculation. In the present work, these singularities are
regulated by retaining finite light-quark masses. Consequently, the IR divergences
are represented by logarithmic terms of the form log(mq/mb) , where mq serves solely
as an IR regulator. These IR divergences cancel through the mixing of the gluon
corrections to the dimension-seven four-quark operators, illustrated in Figure 2.2,
into the dimension-seven two-quark operators. Consequently, the resulting matching
coefficients are IR finite.

In this work, we adopt the conventional normalized operator basis introduced
in Ref. [80] to parameterize the matrix elements of the dimension-seven four-quark
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b b

q q

(a)

b b

q q
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Figure 2.2: Diagrams for the mixing between two-quark and four-quark dimension-
seven operators in the HQE. (a) Single gluon emission from a light quark propagator,
corresponding to the D2G term. (b) Double gluon emission from a light quark
propagator, corresponding to the G2 term.

HQE operators. The corresponding operators are

Rq
0 =

2

m2
b

b̄iγ
µγ5D⃗

αbi q̄jγµPLD⃗αqj, Rq
1 =

4

m2
b

b̄iγ
µPLD⃗

αbi q̄jγµPLD⃗αqj,

Rq
2 =

4

m2
b

b̄iγ
µPLD⃗

νbi q̄jγνPLD⃗µqj, Rq
3 =

4mq

mb

b̄iPLbi q̄jPLqj, (2.15)

where q = u, d, s. The corresponding colour-rearranged operators, denoted by ˜︁Rq
i ,

are obtained from Rq
i by interchanging the colour indices of the b- and q-quark fields.

To evaluate the mixing diagrams shown in Figure 2.2, we consider the one-loop
matrix elements of the four-quark operators in Eq. (2.15) in the presence of a soft
background gluon field Aµ(x). These are obtained by computing the time-ordered

product of the operators Rq
i (and analogously ˜︁Rq

i ) with the interaction part of the
QCD Lagrangian in Eq. (A.7),

Lint
QCD(x) =

∑︂
q

q̄(x) /A(x)q(x), (2.16)

which yields

⟨Rq
i ⟩1−loop =

⟨︃
i

∫︂
d4zT

{︁
Rq
i , Lint

QCD(z)
}︁⟩︃

+
i2

2

⟨︃∫︂
d4z d4z′ T

{︁
Rq
i , Lint

QCD(z)Lint
QCD(z

′)
}︁⟩︃

+ . . . . (2.17)

The first term generates the single-gluon diagrams shown in Figure 2.2a, whereas the
second term gives rise to the corresponding double-gluon diagrams in Figure 2.2b .
The ellipsis denotes higher-order insertions of the interaction Lagrangian involving
three or more gluon fields, which do not contribute at the order considered in this
work.

The loop integrals generated by both the single- and double-gluon insertions
contain UV as well as IR divergences. The UV divergences are regularized using
dimensional regularisation, working in D = 4 − 2ϵ dimensions. Throughout the
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calculation, the Dirac algebra is performed in the naive dimensional regularisation
(NDR) scheme, satisfying

{γµ, γν} = 2gµν , gµνg
µν = D, {γµ, γ5} = 0. (2.18)

To ensure a consistent cancellation of the IR singularities with the corresponding
two-quark contributions, the IR divergences are regularized by retaining finite masses
for the light quarks, following the same prescription adopted in the two-quark
matching. Consequently, the intermediate expressions contain logarithms of the form
log(mq/mb), which cancel in the final matching coefficients.

Before evaluating the one-loop matrix elements, it is convenient to rewrite the
heavy-quark field in terms of the HQET field according to

b(x) = e−imbv·xbv(x). (2.19)

Hence, a covariant derivative acting on the heavy-quark field becomes

iDαb(x) = e−imbv·x (mbvα + iDα) bv(x). (2.20)

Moreover, in the FS gauge, the gauge potential vanishes at the origin, Aµ(0) = 0
(see e.g. Eq. (1.20)). Since all local operators are evaluated at the expansion point
x = 0, the covariant derivative acting on the heavy-quark field reduces to

iDαb(0) = (mbvα + i∂α) bv(0). (2.21)

This decomposition is applied throughout the evaluation of the dimension-seven
four-quark operator matrix elements. At the order considered in this work, the
derivative acting on the HQET field generates higher-order corrections and can
therefore be neglected, such that

Dαb(0) → −imbvαbv(0). (2.22)

Using the decomposition in Eq. (2.22) considerably simplifies the heavy-quark
structures appearing in the operators Rq

i . A further simplification is achieved by
performing a Fierz transformation of the four-quark operators. This avoids the
appearance of Dirac traces containing γ5, allowing the Dirac algebra to be carried
out entirely within the NDR scheme. Only the operators Rq

0 and Rq
1 are Fierz

transformed. The operators Rq
2 and Rq

3 are treated in their original form. Since the
Dirac indices in these operators are not part of the closed Dirac traces arising in the
loop calculation, the corresponding Dirac algebra is identical in four and D = 4− 2ϵ
dimensions. A Fierz transformation is therefore unnecessary. The resulting operators
read

Rq
0 =

2i vα

mb

b̄v,iγµPLDαqj q̄jγ
µPL bv,i +

4i vα

mb

b̄v,iPRDαqj q̄jPL bv,i +O
(︃

1

m2
b

)︃
, (2.23)

Rq
1 = − 4i vα

mb

b̄v,iγµPLDαqj q̄jγ
µPL bv,i +O

(︃
1

m2
b

)︃
, (2.24)

Rq
2 = − 4i vν

mb

b̄v,iγ
µPLbv,i q̄jγνPLDµqj +O

(︃
1

m2
b

)︃
, (2.25)
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Rq
3 = 4

mq

mb

b̄v,iPLbv,i q̄jPLqj. (2.26)

The O(1/m2
b) terms shown for R0,1,2 originate from neglecting the residual derivative

acting on the HQET field in Eq. (2.20). No analogous term appears for R3, since
this operator contains no derivative acting on the heavy-quark field.

To illustrate the calculation of the mixing diagrams, we consider the single-
gluon contribution generated by the colour-rearranged operator ˜︁Rq

1. The remaining
operators and topologies are treated analogously.⟨︂ ˜︁Rq

1

⟩︂
1−loop

=

⟨︄
i

∫︂
d4zT

{︄
−4i vα

mb

b̄v,iγµPLDαqi q̄jγ
µPLbv,j, q̄l(z) /Alm(z) qm(z)

}︄⟩︄
.

(2.27)

Contracting the light-quark fields gives⟨︂ ˜︁Rq
1

⟩︂
1−loop

=
4vα

mb

∫︂
d4z

⟨︂
b̄v,iγµPL

[︂
DαS

(q)
il (0, z)

]︂
/Alm(z)S

(q)
mj(z, 0)γ

µPLbv,j

⟩︂
.

(2.28)

Using the FS gauge, where Aα(0) = 0, the covariant derivative acting on the endpoint
of the propagator reduces to an ordinary derivative,

DαS
(q)(0, z) = ∂αS

(q)(x, z)
⃓⃓
x=0

. (2.29)

Using the momentum-space representation of the propagator, this becomes

DαS
(q)(0, z) =

∫︂
dDp

(2π)D
(−ipα)S(q)(p) eip·z. (2.30)

Therefore, at the level of the momentum-space integrand, the action of the derivative
amounts to inserting a factor −ipα on the corresponding propagator line,[︂

DαS
(q)
il (0, z)

]︂
−→ −ipα S(q)

il (0, z). (2.31)

Using this replacement in Eq. (2.28), one obtains⟨︂ ˜︁Rq
1

⟩︂
1−loop

= − 4i vα

mb

∫︂
d4z

⟨︂
b̄v,iγµPL pα S

(q)
il (0, z) /Alm(z)S

(q)
mj(z, 0)γ

µPLbv,j

⟩︂
.

(2.32)

We recognize the combination∫︂
d4z iS

(q)
0 (0, z) i /A(z) iS

(q)
0 (z, 0) = lim

x→0
iS

(q)
1 (x, 0), (2.33)

as the limit of the one-gluon contribution to the quark propagator, cf. Eq. (1.18). In
the FS gauge, the latter admits the Fourier representation

lim
x→0

iS
(q)
1 (x, 0) =

∫︂
dDl

(2π)D
iS(q)

1 (l), (2.34)
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where S(q)
1 (l) is given in Eq. (1.23). Inserting the explicit propagator expression in

Eq. (2.34), evaluating the resulting loop integrals using the scalar tadpole formula
of Eq. (B.14), and simplifying the Dirac algebra in dimensional regularisation, the
matrix element is reduced to local two-quark operators. Finally, using the trace
formulas of Ref. [79] to express these operators in terms of the HQE basis (s4B, s

4
qB,

r4E, r
4
G, . . .) defined in Eqs. (B.1), (B.3) and (B.4), one obtains

⟨ ˜︁Rq
1⟩1−loop =

mB

mb

(︁
s4B − s4qB

)︁
48π2

[︃
−1

ϵ
+ γE − 1− log(4π) + log

(︃
m2
q

µ2

)︃]︃
. (2.35)

The UV divergence appearing in the matrix element Eq. (2.35) is removed by
the standard renormalisation procedure in the MS scheme. The corresponding
divergence is absorbed into the renormalisation constant of the dimension-seven
four-quark operator, from which the associated anomalous dimension is obtained.
The renormalised matrix element is then evaluated at the matching scale µ = mb.
For further details on the renormalisation procedure and the derivation of the
anomalous dimensions, we refer the reader to Ref. [62]. The same procedure applies
to all remaining dimension-seven four-quark operators, for both the single- and
double-gluon topologies. The resulting renormalised matrix elements read

⟨Rq
0⟩ren = 0, ⟨Rq

1⟩ren =
mB

24π2mb

[︃
log

(︃
m2
b

m2
q

)︃
− 1

]︃ (︁
2r

(1)
E − 3r

(1)
G

)︁
, (2.36)

⟨Rq
2⟩ren =

mB

24π2mb

log

(︃
m2
b

m2
q

)︃ (︁
2r

(1)
E − 3r

(1)
G

)︁
, (2.37)

⟨Rq
3⟩ren =

mB

12π2mb

(︁
2r

(1)
E − r

(1)
G

)︁
, (2.38)

and for the colour-rearranged operators we obtain

⟨ ˜︁Rq
0⟩ren =

mB

96π2mb

[︂
− 2 log

(︃
m2
b

m2
q

)︃(︁
4s4B − 4s4E + s4qB

)︁
+ 8r4E − 2r4G − 4s4B + 4s4E − s4qB

]︂
, (2.39)

⟨ ˜︁Rq
1⟩ren =

mB

48π2mb

[︂
log

(︃
m2
b

m2
q

)︃(︁
8r4E − 2r4G + 4s4B − 4s4E + s4qB

)︁
− 8r4E + 2r4G + 4s4B − 4s4E + s4qB

]︂
, (2.40)

⟨ ˜︁Rq
2⟩ren =

mB

48π2mb

log

(︃
m2
b

m2
q

)︃[︂
8r4E − 2r4G − 4s4E − s4qB

]︂
, (2.41)

⟨ ˜︁Rq
3⟩ren =

mB

12π2mb

r4G. (2.42)

Note that the operators Ri receive contributions only from the colour-singlet two-
quark operators defined in Eq. (B.4), while the colour-rearranged operators ˜︁Ri contain
contributions from the combined colour-singlet and colour-octet structures given in
Eq. (B.3).
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The cancellation of the IR logarithms is implemented at the level of the physical
dimension-seven contribution to the width. The four-quark contributions at order
1/mb are first written in terms of the operators Rq

i and
˜︁Rq
i , following Ref. [80]. In a

second step, the renormalised gluonic matrix elements of these operators, derived
above, are inserted into the corresponding expressions for δq1/m. This generates
additional contributions to the same dimension-seven two-quark HQE matrix elements
that appear in the direct two-quark matching.

The finite coefficients quoted in the next section are obtained by adding these
induced four-quark contributions to the direct two-quark contributions from T (q1q̄2q3)

11 ,

T (q1q̄2q3)
12 , and T (q1q̄2q3)

22 . In this sum, the logarithms depending on the auxiliary
light-quark masses cancel, leaving regulator-independent matching coefficients for
the dimension-seven two-quark operator basis.

In addition to the renormalised matrix elements of the dimension-seven four-quark
operators discussed above, the expansion of the dimension-six Darwin contribution,
parameterized by the HQE matrix element ρ3D, to O(1/m4

b) also induces mixing into
the dimension-seven HQE basis. Consequently, the renormalised matrix elements of
the corresponding dimension-six four-quark operators are likewise required. Following
Ref. [81], we employ the operator basis

Oq
1 = 4 (b̄ γµPL q)(q̄ γ

µPL b), Oq
2 = 4 (b̄ PL q)(q̄ PR b), (2.43)

whose renormalised matrix elements, expanded through the dimension-seven HQE
basis, are given by

⟨Oq
1⟩ren =

mB

3π2

[︃
log

(︃
m2
b

m2
q

)︃
− 1

]︃
ρ3D

+
mB

24π2mb

[︃
log

(︃
m2
b

m2
q

)︃
− 1

]︃ (︁
4r4G + 4s4B − s4qB

)︁
+O

(︃
1

m2
b

)︃
, (2.44)

⟨Oq
2⟩ren = −mB

6π2
log

(︃
m2
b

m2
q

)︃
ρ3D − mB

48π2mb

log

(︃
m2
b

m2
q

)︃(︁
4r4G − 4s4B + s4qB

)︁
+O

(︃
1

m2
b

)︃
.

(2.45)

As for the dimension-seven four-quark operators, the renormalised matrix elements
given above are first inserted into the corresponding expressions of Ref. [81]. The
contributions generated by the expansion of the dimension-six Darwin term are then
added to these expressions. Finally, combining the resulting four-quark contributions
with the direct two-quark matching leads to the cancellation of all logarithms
depending on the auxiliary light-quark masses, yielding the finite analytical results
presented in the following section.

2.2 Analytical Results

The dimension-seven two-quark contributions to the inclusive non-leptonic decay
width b→ q1q̄2q3 can be written as

Γ
(q1q̄2q3)

1/m4
b

(B) = Γ̃0
1

m4
b

[︂
NcC

2
1 W (q1q̄2q3)

11 (ρ) + C1C2 W (q1q̄2q3)
12 (ρ) +NcC

2
2 W (q1q̄2q3)

22 (ρ)
]︂
,

(2.46)
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where

Γ̃0 =
G2
Fm

5
b |Vq1b|2|Vq2q3 |2
192π3

, (2.47)

Nc = 3 denotes the number of colours and ρ = m2
c/m

2
b . The functions W (q1q̄2q3)

ij (ρ)
encode the contributions associated with the operator products Qi ⊗Qj. Each of
them can be expressed as a linear combination of the dimension-seven HQE matrix
elements introduced in Eqs. (B.3) and (B.4). The explicit expressions are given
below.

2.2.1 Results for the b→ cūd Transition

W(cūd)
11 = − 8

9
r4E
(︁
9ρ4 − 20ρ3 + 9ρ2 + 6 log ρ+ 2

)︁
+

4

9
r4G
(︁
3ρ4 − 7ρ3 + 9ρ2 − 21ρ+ 12 log ρ+ 16

)︁
− 2

9
s4E
(︁
9ρ4 − 20ρ3 + 36ρ− 12 log ρ− 25

)︁
+

2

3
s4B(ρ− 1)3(5ρ+ 1)

− 1

36
s4qB

(︁
3ρ4 − 16ρ3 + 36ρ2 − 48ρ+ 12 log ρ+ 25

)︁
+

2

9Nc
r
(1)
E

(︂
−26ρ3 − 24ρ3 log ρ+ 48(ρ3 − 1) log(1− ρ) + 57ρ2 − 12ρ− 19

)︂
− 1

Nc
r
(1)
G

(︂
−8ρ3 log ρ+ 16(ρ3 − 1) log(1− ρ)− (ρ− 1)2(6ρ+ 1)

)︂
. (2.48)

W(cūd)
22 = −8

9
r4E

(︂
9ρ4 − 62ρ3 + 66ρ2 − 6(4ρ− 3)ρ2 log ρ+ 12(4ρ3 − 3ρ2 − 1) log(1− ρ)− 12ρ− 1

)︂
+

2

9
r4G

(︂
6ρ4 − 23ρ3 − 6ρ3 log ρ+ 12(ρ3 + 3ρ− 4) log(1− ρ) + 3ρ2 − 9ρ+ 23

)︂
− 2

9
s4E

(︂
9ρ4 − 68ρ3 + 102ρ2 + 12(3− 2ρ)ρ2 log ρ− 12ρ

+ 24(ρ− 1)2(2ρ+ 1) log(1− ρ)− 31
)︂

+
2

3
s4B

(︂
5ρ4 − 23ρ3 + 30ρ2 − 6(ρ− 2)ρ2 log ρ− 5ρ+ 12(ρ− 1)2ρ log(1− ρ)− 7

)︂
− 1

36
s4qB

(︂
3ρ4 − 94ρ3 + 96ρ2 − 12(ρ− 3)ρ2 log ρ− 18ρ+ 24(ρ− 1)3 log(1− ρ) + 13

)︂
+

4

9Nc
r
(1)
E

(︂
18(ρ2 − 1) log(1− ρ) + (3− 9ρ2) log ρ+ 2(7ρ3 − 18ρ2 + 18ρ− 7)

)︂
− 2

3Nc
r
(1)
G

(︂
18(ρ2 − 1) log(1− ρ) + (3− 9ρ2) log ρ+ (5ρ+ 1)(ρ− 1)2

)︂
. (2.49)

W(cūd)
12 = −16

9
r4E

(︂
9ρ4 − 76ρ3 + 84ρ2 + (−24ρ3 + 36ρ2 + 6) log ρ

− 12ρ+ 24(ρ− 1)2(2ρ+ 1) log(1− ρ)− 5
)︂

+
8

9
r4G

(︂
24(ρ3 − 3ρ+ 2) log(1− ρ) + (3− 12ρ3) log ρ+ (3ρ2 − 20ρ− 10)(ρ− 1)2

)︂
− 4

9
s4E

(︂
48(ρ3 − 1) log(1− ρ)− 12(2ρ3 + 1) log ρ+ (9ρ+ 11)(ρ− 1)3

)︂
+

4

9
s4B

(︂
15ρ4 − 92ρ3 + 6ρ2 + 12(2ρ3 + 9ρ2 − 12ρ+ 1) log(1− ρ)

− 6(2ρ3 + 9ρ2 + 1) log ρ+ 96ρ− 25
)︂

− 1

6
s4qB(ρ− 1)

(︂
ρ3 + ρ2 + 31ρ− 96 log(1− ρ) + 87

)︂
. (2.50)
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2.2.2 Results for the b→ cc̄s Transition

For the b→ cc̄s channel, we define ξ1 =
√
1− 4ρ and ξ2 = log

(︂
1−ξ1
1+ξ1

)︂
, which will be

used throughout the following expressions.

W(cc̄s)
11 =

16

9

r4E
ξ31

[︂
ρ(80ρ2 − 19ρ− 7)ξ1ξ2 − (54ρ3 + 39ρ2 − 4ρ+ 1)ξ41

− (432ρ5 + 132ρ4 − 52ρ3 − ρ2 − 19ρ+ 3)ξ1ξ2

]︂
+

2r4G
9ξ1

[︂
−288ρ4 − 144ρ3 + 74ρ2 − 133ρ+ 32− 144ξ1ρ

4ξ2 + 180ξ1ρ
3 log(1 + ξ1)

+ 96ξ1ρ
3ξ2 − 18ξ1ρ

2 log(1 + ξ1) + 14ξ1ρ
2ξ2 − 9ξ1(20ρ

3 − 2ρ2 + 2ρ+ 1) log(1− ξ1)

− 8ξ1(4ρ+ 5)ρξ2 + 18ξ1ρ log(1 + ξ1) + 40ξ1ρξ2 + 9ξ1 log(1 + ξ1) + 33ξ1ξ2

]︂
− 2s4E

9ξ1

[︂
−432ρ4 − 348ρ3 + 218ρ2 + 74ρ− 25

− 4ξ1(54ρ
4 + 48ρ3 − 2ρ2 + 2ρ+ 3)ξ2 + 8ξ1(8ρ+ 1)ρξ2

]︂
+

2s4B
9ξ1

[︂
−720ρ4 − 156ρ3 + 264ρ2 − 33ρ− 3

− 360ξ1ρ
4ξ2 − 60ξ1ρ

3 log(1 + ξ1)− 168ξ1ρ
3ξ2

+ 18ξ1ρ
2 log(1 + ξ1) + 34ξ1ρ

2ξ2 + 3ξ1(20ρ
3 − 6ρ2 − 6ρ− 1) log(1− ξ1)

+ 4ξ1(14ρ− 5)ρξ2 + 18ξ1ρ log(1 + ξ1) + 20ξ1ρξ2 + 3ξ1 log(1 + ξ1) + 3ξ1ξ2

]︂
−
s4qB
36

[︂
−72ρ4ξ2 + 36ξ1ρ

3 − 120ρ3 log(1 + ξ1)− 144ρ3ξ2 + 18ξ1ρ
2 + 36ρ2 log(1 + ξ1)

+ 60ρ2ξ2 + 6(20ρ3 − 6ρ2 − 6ρ− 1) log(1− ξ1)− 52ξ1ρ+ 25ξ1

+ 48(ρ− 1)ρξ2 + 36ρ log(1 + ξ1) + 48ρξ2 + 6 log(1 + ξ1) + 18ξ2

]︂
+

2r
(1)
E

9Nc ξ51

[︂
−ξ41

(︂
48ρ3 − 44ρ2 + 40ρ+ 1 + 24(4ρ2 − 2ρ+ 1) log ξ1

− 12(4ρ2 − 2ρ+ 1) log ρ
)︂

+ 2ξ1(200ρ
4 − 12ρ3 + 90ρ2 − 44ρ+ 9)ξ2

− 4ξ1(96ρ
5 + 340ρ4 − 144ρ3 + 39ρ2 − 10ρ+ 3)ξ2

]︂
− r

(1)
G

3Nc ξ51

[︂
−3ξ41

(︂
16ρ3 + 4ρ2 + 28ρ− 5 + 8(4ρ2 − 2ρ+ 1) log ξ1

− 4(4ρ2 − 2ρ+ 1) log ρ
)︂

+ 2ξ1(176ρ
4 − 24ρ3 + 138ρ2 − 56ρ+ 9)ξ2

− 4ξ1(96ρ
5 + 328ρ4 − 150ρ3 + 63ρ2 − 16ρ+ 3)ξ2

]︂
. (2.51)

W(cc̄s)
22 = −8r4E

9ξ51

[︂
2ρ(356ρ3 − 66ρ2 + 27ρ+ 7)ξ1ξ2 − ξ41

(︁
432ρ4 + 156ρ3 − 98ρ2 + 22ρ+ 1

+ 24(4ρ2 − 2ρ+ 1) log ξ1 − 12(4ρ2 − 2ρ+ 1) log ρ
)︁

− 2(1728ρ6 − 96ρ5 + 368ρ4 − 162ρ3 + 141ρ2 − 41ρ+ 6)ξ1ξ2

]︂
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+
2r4G
9ξ51

[︂
8ρ(−16ρ3 + 6ρ2 + 9ρ+ 1)ξ1ξ2 + ξ41

(︁
−288ρ4 − 24ρ3 + 116ρ2 − 112ρ+ 29

+ 12ξ1ξ3ρ− 12ξ1ξ3 − 48(2ρ2 − 7ρ+ 2) log ξ1 + 24(2ρ2 − 7ρ+ 2) log ρ
)︁

− 8(288ρ6 − 96ρ5 − 22ρ4 − 135ρ3 + 177ρ2 − 56ρ+ 6)ξ1ξ2

]︂
− 2s4E

9ξ1

[︂
−432ρ4 − 156ρ3 + 338ρ2 + 38ρ− 31 + 24(8ρ2 + 2ρ− 1) log

(︂ ρ

1− 4ρ

)︂
− 8ξ1(27ρ

4 + 12ρ3 + 17ρ2 + ρ− 3)ξ2 + 8ξ1(8ρ+ 1)ρξ2

]︂
+

2s4B
3ξ1

[︂
−240ρ4 − 28ρ3 + 110ρ2 − 16ρ− 3 + 12ξ1ρ

2ξ2 + 24ρ(1− 4ρ) log
(︂ ρ

1− 4ρ

)︂
− 12ξ1(10ρ

3 + 2ρ2 + 3ρ− 2)ρξ2 + 4ξ1ξ3(ρ− 1)
]︂

−
s4qB
36ξ1

[︂
−144ρ4 − 84ρ3 + 310ρ2 − 182ρ+ 37 + 24(4ρ− 1)2 log

(︂ ρ

1− 4ρ

)︂
+ 24ξ1ξ3(ρ− 1)

− 8ξ1(9ρ
4 + 6ρ3 + 10ρ2 − 19ρ+ 3)ξ2 + 8ξ1(ρ− 1)ρξ2

]︂
− 4r

(1)
E

9Nc ξ31

[︂
−(228ρ2 − 16ρ− 5)ξ41 + (608ρ3 − 76ρ2 − 10ρ− 9)ξ1ξ2

− (1824ρ4 − 280ρ3 + 32ρ2 − 58ρ+ 3)ξ1ξ2

]︂
+

2r
(1)
G

3Nc ξ31

[︂
−2(6ρ2 + ρ+ 5)ξ41 + (32ρ3 − 16ρ2 + 20ρ− 9)ξ1ξ2

− (96ρ4 + 8ρ3 − 16ρ2 − 28ρ+ 3)ξ1ξ2

]︂
. (2.52)

W(cc̄s)
12 = −32r4E

9ξ51

[︂
−ξ41

(︁
216ρ4 + 486ρ3 − 155ρ2 − 14ρ+ 7 + 12(4ρ2 − 2ρ+ 1) log ξ1

− 6(4ρ2 − 2ρ+ 1) log ρ
)︁

+ (1444ρ4 − 366ρ3 − 90ρ2 + 74ρ− 9)ξ1ξ2

− (1728ρ6 + 3168ρ5 − 752ρ4 + 30ρ3 + 84ρ2 − 22ρ+ 3)ξ1ξ2

]︂
+

8r4G
9ξ51

[︂
−2304ρ6 − 5568ρ5 + 5648ρ4 − 164ρ3 − 936ρ2 + 268ρ− 22

+ 6(64ρ4 − 64ρ3 + 36ρ2 − 10ρ+ 1) log
(︂ ρ

1− 4ρ

)︂
+ ξ1(−576ρ5 + 864ρ4 − 612ρ3 + 468ρ2 − 162ρ+ 18) log(1 + ξ1)

+ 18ξ51(2ρ
3 − 2ρ2 + ρ− 1) log(1− ξ1)

+ ξ1(−1152ρ6 − 3456ρ5 + 584ρ4 − 516ρ3 + 318ρ2 − 20ρ− 6)ξ2

]︂
+

4s4E
9ξ31

[︂
−1728ρ5 + 1728ρ4 + 868ρ3 − 162ρ2 − 174ρ+ 35 + 24(32ρ3 − 6ρ+ 1) log

(︂ ρ

1− 4ρ

)︂
+ 144ξ1ρ

3(4ρ− 1) log(1 + ξ1) + 144ξ31ρ
3 log(1− ξ1)

+ ξ1(−864ρ5 + 1368ρ4 − 576ρ3 + 72ρ2 + 192ρ− 48)ξ2

]︂
+

4s4B
9ξ1

[︂
−720ρ4 − 84ρ3 + 26ρ2 + 164ρ− 43 + 12(8ρ2 + 2ρ− 1) log

(︂ ρ

1− 4ρ

)︂
+ ξ1(−360ρ4 − 72ρ3 − 144ρ2 + 36ρ+ 6)ξ2

]︂
−
s4qB
6ξ1

[︂
−48ρ4 + 292ρ3 + 18ρ2 + 258ρ− 67 + ξ1(−24ρ4 + 144ρ3 + 24ρ− 48)ξ2

]︂
. (2.53)
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2.3 Closing Remarks

In this chapter, we have completed the leading-order calculation of the dimension-
seven two-quark contribution Γ

(0)
7 to inclusive non-leptonic b-hadron decays for the

CKM-favoured channels b → cūd and b → cc̄s. The resulting analytical matching
coefficients provide the complete O(1/m4

b) two-quark corrections for these channels
and extend the non-leptonic HQE by one order beyond the dimension-six Darwin
contribution.

A distinctive feature of the non-leptonic calculation at leading order in QCD is
the separate appearance of the colour-singlet matrix elements r

(1)
G and r

(1)
E defined in

Eq. (B.4). In the semileptonic case, the colour-singlet and colour-octet components
enter only through specific combinations, whereas the non-leptonic contributions
probe r

(1)
G and r

(1)
E individually. These matrix elements contribute only to the terms

proportional to C2
1 and C2

2 and are absent from the interference term proportional
to C1C2 at O(1/m4

b).
As an important consistency check, the corresponding semileptonic result (see,

e.g., Ref. [79]) is recovered directly from the b→ cūd expressions by taking Nc → 1,

C1 → 1, and C2 → 0, setting r
(1)
G = r

(1)
E = 0, and replacing the CKM factors

accordingly. In particular, the semileptonic contribution follows from W (cūd)
11 after

omitting the terms proportional to r
(1)
G and r

(1)
E .

The results derived here provide the perturbative input required to incorporate
dimension-seven two-quark effects systematically into precision predictions for B-
meson decay widths and lifetime ratios. Together with improved determinations of
the corresponding non-perturbative matrix elements, they will allow the numerical
impact of the O(1/m4

b) corrections to be assessed and provide a direct test of the
convergence of the HQE for inclusive non-leptonic decays at this order.
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Chapter 3

Model-Independent BSM
Contributions up to the Darwin
Term

“These BSM calculations are getting rather involved.
After all, the Standard Model is not so bad, right?”

— Thomas Mannel

The previous chapter focused on the SM description of inclusive non-leptonic b-hadron
decays within the HQE. We now turn to the complementary question of how the
same framework can be used to search for BSM physics. In particular, new heavy
degrees of freedom—too massive to be produced directly—can leave imprints at low
energies by modifying the short-distance structure of the effective weak Hamiltonian.
This framework also provides a powerful and model-independent tool for BSM
searches: new heavy particles manifest as either modified Wilson coefficients Ci
of existing SM operators or as entirely new local operators OBSM

i that respect the
symmetries of the low-energy theory. These additional operators can contribute to
observables such as the total inclusive width or lifetime ratios, allowing one to probe
new-physics effects indirectly.
In this chapter, we extend the HQE to include the most general dimension-six
|∆B| = 1 four-fermion operators contributing to non-leptonic b-hadron decays. We
determine their leading-order contributions to the inclusive decay width, comprising
the leading free-quark contribution Γ3, the dimension-five chromomagnetic correction
Γ5, and the dimension-six two-quark Darwin term Γ6. This study is motivated by
the sizable numerical contribution of the Darwin term in the SM, suggesting that
the corresponding contributions arising from a generalised effective Hamiltonian may
likewise have an important phenomenological impact. We further derive the previously
uncalculated weak-annihilation (WA) topology of the dimension-six ∆B = 0 four-

quark contribution ˜︁Γ6. As a direct consequence of this general analysis, we also
obtain new results for the contributions of the SM QCD-penguin operators at
dimension five and dimension six, which follow from the general BSM operator
basis after appropriate Fierz transformations. The resulting expressions provide a
model-independent parametrisation of short-distance new-physics effects that can
be readily applied to a broad class of ultraviolet completions and used to constrain
their Wilson coefficients through precision measurements of inclusive b-hadron decay
widths and lifetime ratios.
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3.1 Generalised Effective Hamiltonian

To parameterise possible BSM contributions in a model-independent manner, we
consider the most general effective Hamiltonian describing non-leptonic |∆B| = 1
transitions b → q1q̄2q3, with q1, q2 = u, c and q3 = d, s. It is obtained by sup-
plementing the SM operator basis with all additional dimension-six four-fermion
operators [82, 83]:

Heff =
4GF√

2
Vq1bV

∗
q2q3

10∑︂
i=1

[︂
Ci(µb)Qq1q2q3

i + C ′
i(µb)Qq1q2q3′

i

]︂
+ h.c. . (3.1)

Here, the four-quark operators Qq1q2q3
i are defined as

Qq1q2q3
1 = (q̄i1γµPL b

i)(q̄j3γ
µPL q

j
2) , Qq1q2q3

2 = (q̄i1γµPL b
j)(q̄j3γ

µPL q
i
2) , (3.2)

Qq1q2q3
3 = (q̄i1γµPR b

i)(q̄j3γ
µPL q

j
2) , Qq1q2q3

4 = (q̄i1γµPR b
j)(q̄j3γ

µPL q
i
2) , (3.3)

Qq1q2q3
5 = (q̄i1PL b

i)(q̄j3PR q
j
2) , Qq1q2q3

6 = (q̄i1PL b
j)(q̄j3PR q

i
2) , (3.4)

Qq1q2q3
7 = (q̄i1PR b

i)(q̄j3PR q
j
2) , Qq1q2q3

8 = (q̄i1PR b
j)(q̄j3PR q

i
2) , (3.5)

Qq1q2q3
9 = (q̄i1σµνPR b

i)(q̄j3σ
µνPR q

j
2) , Qq1q2q3

10 = (q̄i1σµνPR b
j)(q̄j3σ

µνPR q
i
2) , (3.6)

where i, j denote colour indices and σµν = (i/2)[γµ, γν ]. The corresponding primed
operators, Qq1q2q3′

i , are obtained by interchanging the left- and right-handed chiral
projectors,

Qq1q2q3′
i = Qq1q2q3

i

⃓⃓⃓
PL↔PR

. (3.7)

The Wilson coefficients C(′)
i in Eq. (3.1) encode the short-distance dynamics and are,

in general, complex-valued. Their dependence on the flavour combination (q1q2q3) is
understood and will be suppressed throughout this chapter whenever no ambiguity
arises.

The generalised effective Hamiltonian in Eq. (3.1) contains the SM Hamiltonian
in Eq. (1.9) as a special case. In particular, the operators Qq1q2q3

1 and Qq1q2q3
2 coincide

with the SM current–current operators Qq1q2q3
1 and Qq1q2q3

2 ,

Qq1q2q3
1 = Qq1q2q3

1 , Qq1q2q3
2 = Qq1q2q3

2 . (3.8)

The SM QCD-penguin operators Qqq3
3−6 in Eq. (1.9) with q = u, c can likewise be

mapped onto the generalised operator basis. Using Fierz transformations, one finds

Qqq3
3 = Qqqq3

2 , Qqq3
4 = Qqqq3

1 , (3.9)

Qqq3
5 = −2Qqqq3

6 , Qqq3
6 = −2Qqqq3

5 . (3.10)

The remaining penguin contributions with q = d, s are obtained from the q = u coef-
ficient functions upon neglecting the light-quark masses, as discussed in Section C.4.

Correspondingly, the Wilson coefficients C(′)
i can be decomposed into their SM

and BSM contributions,
C(′)
i = C(′)

i,SM + C(′)
i,BSM , (3.11)
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where the SM part is fixed by the underlying theory, while the BSM contribution is,
in general, a complex quantity encoding the effects of new short-distance physics. For
example, C1,SM = C1 and C ′

1,SM = 0. With this decomposition, the double insertion of
the generalised effective Hamiltonian in Eq. (3.1) into Eq. (1.13) naturally generates
all contributions to the inclusive decay width: the purely SM terms, the purely BSM
terms, and the SM–BSM interference terms. We therefore adopt the generalised
effective Hamiltonian in Eq. (3.1) as the starting point of our analysis, and all results
presented in this chapter are expressed in terms of this operator basis.

Despite the considerable progress achieved in recent years, a complete HQE
analysis based on the generalised effective Hamiltonian in Eq. (3.1) has not yet been
available. Existing studies have focused primarily on the leading-power contributions
and on the dimension-six spectator effects. In particular, the matching coefficients
of the four-quark operators, Γ̃

(0)
6 , have been determined for the b→ cc̄s transition in

Refs. [81, 84,85] and for the b→ cūd transition in Ref. [81]. The leading free-quark
contribution to the generalised operator basis was subsequently derived for the
b → cūd channel at leading order in QCD in Ref. [86], while the corresponding
hadronic matrix elements of the dimension-six four-quark operators were obtained in
the HQET limit using three-loop sum rules in Ref. [38].

The results presented in this chapter complete the HQE matching for the gener-
alised effective Hamiltonian through O(1/m3

b), thereby providing the missing ingredi-
ents required for a complete model-independent description of inclusive non-leptonic
b-hadron decays.

3.2 Calculation Procedure

The matching calculation follows the same methodology presented in detail in
Chapter 2, and we only summarize the main steps here. We start from the time-
ordered product in Eq. (1.13) and evaluate the forward-scattering amplitude by
expanding the internal quark propagators in the external gluon field using the FS
gauge.1 Since the present analysis is restricted to operators up to dimension six, the
background-field expansion is truncated accordingly. After evaluating the resulting
master loop integrals (see Section B.2), the amplitudes are expanded in the external
momenta and matched onto the HQE operator basis defined in Section B.1. The
matching onto the local HQE operators is performed using the trace formalism of
Refs. [79, 87], yielding the Wilson coefficients of the dimension-three, dimension-five,
dimension-six two-quark, and dimension-six four-quark operators.

As discussed in Chapter 2, the master loop integrals entering the matching
calculation are UV finite and can therefore be evaluated directly in four dimensions.
Starting at the dimension-six two-quark level, however, IR singularities arise from
the massless light-quark propagators. We regulate these singularities by retaining
finite light-quark masses throughout the calculation, which gives rise to logarithmic

1In contrast to the SM calculation in Chapter 2, where only terms containing an odd number of
Dirac matrices in the propagator expansion contribute, the general BSM operator basis involves
different Dirac structures for which both odd and even contributions are relevant. We therefore
employ the full background-field expansion of the quark propagator, retaining terms with up to one
covariant derivative acting on the gluon field-strength tensor, as given, e.g., in Refs. [62,63].
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Figure 3.1: Diagrammatic representation of the ∆B = 0 four-quark operator
contributions in the HQE for the transition b→ q1q̄2q3: weak exchange (WE), Pauli
interference (PI), and weak annihilation (WA).

terms of the form log(m2
q/m

2
b) in the matching coefficients. The appearance of

these IR logarithms reflects the mixing of the dimension-six two-quark operators
into the ∆B = 0 dimension-six four-quark operators under renormalisation. To
obtain IR-finite Wilson coefficients, we explicitly compute the corresponding one-loop
renormalisation of the four-quark operators and combine it with the bare matching
coefficients. The logarithmic dependence on the light-quark masses then cancels
exactly, yielding finite matching coefficients for the dimension-six HQE operators.

The ∆B = 0 four-quark operators required for the renormalisation of the
dimension-six two-quark matching coefficients were determined in Ref. [81]. Em-
ploying the same generalised effective Hamiltonian in Eq. (3.1), they obtained the
operator basis

O1 = 4 (b̄ γµPL q) (q̄ γ
µPL b) , O2 = 4 (b̄PL q) (q̄PR b) , (3.12)

O3 = 4 (b̄ γµPL t
aq) (q̄ γµPL t

ab) , O4 = 4 (b̄PL t
aq) (q̄PR t

ab) , (3.13)

O5 = 4 (b̄ γµPL q) (q̄ γ
µPR b) , O6 = 4 (b̄PL q) (q̄PL b) , (3.14)

O7 = 4 (b̄ γµPL t
aq)(q̄ γµPR t

ab) , O8 = 4 (b̄PL t
aq) (q̄PL t

ab) , (3.15)

Together with the corresponding chirality-flipped operators O′
i, obtained from Oi by

the replacement PL ↔ PR, these operators constitute the complete ∆B = 0 operator
basis.2

The generalised effective Hamiltonian in Eq. (3.1) contributes to the four inclusive
non-leptonic transitions b → cūd, b → cc̄s, b → uc̄s, and b → uūd. Although the
matching procedure is identical for all channels, the cancellation of IR singularities
depends on the underlying spectator topology.

For the b → cūd and b → cc̄s transitions, the IR logarithms are completely
cancelled by including the one-loop renormalisation of the ∆B = 0 four-quark
operators arising from the Pauli interference (PI) and weak exchange (WE) topologies
shown in the left and middle panels of Figure 3.1. These contributions were calculated

2In principle, tensor four-quark operators may also be included. At dimension six, however,
they are not independent: using the b-quark equations of motion, they can be reduced to the
remaining Dirac structures up to O(1/mb) corrections [81]. Moreover, their renormalised soft-gluon
corrections vanish.
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q q

b b

Figure 3.2: One-gluon corrections to the matrix elements of the dimension-six
∆B = 0 four-quark operators. Through mixing into the Darwin operator, these
contributions cancel the infrared divergences arising in the two-quark matching
calculation.

in Ref. [81] for the generalised effective Hamiltonian in Eq. (3.1), and we make use
of the corresponding results.

The situation is different for the b→ uc̄s and b→ uūd channels. In these cases,
the PI and WE topologies alone are insufficient to remove the IR logarithms. The
cancellation is completed only after including the WA topology, shown in the right
panel of Figure 3.1. The corresponding WA contributions have not previously been
determined for the generalised effective Hamiltonian in Eq. (3.1). We therefore
compute these contributions in this work. Since the calculation follows the same
methodology as that presented in Section 4.2 (see also [62]), differing only in the
underlying operator basis, we do not repeat the technical details here and instead
quote the final matching coefficients.

As discussed in the Chapter 2, the one-loop diagram shown in Figure 3.2 is
both UV and IR divergent. The UV divergences are regulated using dimensional
regularisation and renormalised in the MS scheme. To regulate the IR divergences,
we employ the same prescription as in the matching calculation of the two-quark
operators, namely by keeping the light quark propagating in the loop massive. This
gives rise to logarithms of the form ln(m2

q/m
2
b), which cancel exactly against the

corresponding logarithms in the bare two-quark matching coefficients.

The renormalisation of the generalised ∆B = 0 operator basis in Eqs. (3.12)
to (3.15) is particularly simple. Only O1−4 and the corresponding chirality-flipped
operators O′

1−4 mix into the Darwin operator at one loop. As these operators already
occur in the SM, their renormalised matrix elements are unchanged and can be taken
directly from the SM calculations. At the renormalisation scale µ = mb they are
given by

⟨O1,2⟩ren = ⟨O′
1,2⟩ren =

a1,2
12π2

[︃
log

(︃
m2
b

m2
q

)︃
+ b1,2

]︃
⟨OρD⟩+O

(︃
1

mb

)︃
,

⟨O(′)
3,4⟩ren = − 1

2Nc

⟨O(′)
1,2⟩ren ,

(3.16)

The numerical coefficients are given by a1 = 2, a2 = −1, b1 = −1, and b2 = 0, in
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agreement with the corresponding SM results [62,63].3 The remaining operators O5−8

and their chirality-flipped counterparts O′
5−8 do not contribute to the Darwin operator

through the one-loop diagrams of Figure 3.2, as their renormalised matrix elements
vanish identically. Nevertheless, these operators are not irrelevant at dimension six:
they contribute at tree level through the WA topology.

3.3 Analytical Results

Having established the generalised effective Hamiltonian, the matching procedure,
and the renormalisation of the relevant operators, we are now in a position to present
the corresponding HQE matching coefficients. Throughout this section, we consider
the two-quark contributions to the inclusive non-leptonic decay b→ q1q̄2q3 up to and
including dimension six.

The decay width can be written in the compact form

Γ(b→ q1q̄2q3) = Γ0|Vq1b|2|Vq2q3 |2
20∑︂

i,j=1

CiC∗
jNijF (q1q2q3)

ij (ρ) +O(1/m4
b), (3.17)

where

Γ0 ≡
G2
Fm

5
b

192π3
, (3.18)

and, for convenience, we relabel the primed Wilson coefficients according to C11 ≡
C ′
1, . . . , C20 ≡ C ′

10. The coefficient functions F (q1q2q3)
ij (ρ) encode the short-distance

dynamics associated with the operator product Qq1q2q3
i Q† q1q2q3

j . Their HQE expansion
is parameterised as

F (q1q2q3)
ij =

(︃
1− µ2

π

2m2
b

)︃
P

(q1q2q3)
ij (ρ) +

µ2
G

m2
b

G
(q1q2q3)
ij (ρ) +

ρ3D
m3
b

D
(q1q2q3)
ij (ρ), (3.19)

where ρ = m2
c/m

2
b . The coefficient of the kinetic-energy operator µ2

π has been fixed
using reparametrisation invariance [88], implying that it is identical to the leading-
power coefficient up to the universal factor −1/2. The colour factors Nij entering
Eq. (3.17) are

Nij =

{︄
1, if j − i odd

Nc, if j − i even .
(3.20)

The coefficient functions F (q1q2q3)
i,j (ρ) satisfy the universal relations

F (q1q2q3)
i,j = F (q1q2q3)

j,i , F (q1q2q3)
i+10,j+10 = F (q1q2q3)

i,j , (3.21)

F (q1q2q3)
i,j (ρ) = 0, 1 ≤ i ≤ 10, 11 ≤ j ≤ 20, (3.22)

which hold for all operator combinations. Consequently, it is sufficient to present
only the independent coefficient functions F (q1q2q3)

i,j (ρ) with 1 ≤ i ≤ j ≤ 10.

3The numerical values of these coefficients are basis dependent. In particular, Ref. [63] employs
a ∆B = 0 operator basis constructed from colour-rearranged operators rather than the colour-octet
basis adopted here, leading to different values for these constants.
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The calculation is performed for all inclusive non-leptonic b-quark decay channels
by considering the distinct choices of massive and massless final-state quarks listed in
Table 3.1. To avoid interrupting the presentation with lengthy analytical expressions,

Mass configuration Corresponding transitions
m1 ̸= 0, m2 = m3 = 0 b→ cūd, b→ cūs

m1 = m2 ̸= 0, m3 = 0 b→ cc̄s, b→ cc̄d

m2 ̸= 0, m1 = m3 = 0 b→ uc̄s, b→ uc̄d

m1 = m2 = m3 = 0 b→ uūd, b→ uūs

Table 3.1: Mass configurations considered in the matching calculation.

we restrict the discussion below to the CKM-favoured transitions b → cūd and
b → cc̄s. The analytical results for the additional decay channels are collected
in Appendix C; the complete set of results is also available in Ref. [89] and the
accompanying ancillary files.

As discussed in Section 3.1, the operator identities in Eqs. (3.8) to (3.10) relate
the generalised operator basis to the SM QCD-penguin operators through Fierz trans-
formations. Consequently, once the matching coefficients P

(q1q2q3)
ij (ρ), G

(q1q2q3)
ij (ρ),

and D
(q1q2q3)
ij (ρ) have been determined, the corresponding SM QCD-penguin contribu-

tions follow immediately. Since the light-quark masses are neglected, only the mass
configurations with m1 = m2 = mc and m1 = m2 = m3 = 0 are relevant. While the
leading-power penguin contributions were already known [90,91], the dimension-five
and dimension-six corrections presented here constitute new results and are discussed
in Section C.4.

3.3.1 Results for the b→ cūd Transition

Dimension-three contribution (Γ3): We begin with the leading-power contribu-

tion to the transition b→ cūd. Among the coefficient functions P
(cud)
ij (ρ) defined in

Eq. (3.19), only two are independent. They are given by

P
(cud)
1,1 (ρ) = 1− 8ρ− 12ρ2 log ρ+ 8ρ3 − ρ4 , (3.23)

P
(cud)
1,3 (ρ) = −2

√
ρ
(︁
1 + 9ρ+ 6ρ(1 + ρ) log ρ− 9ρ2 − ρ3

)︁
. (3.24)

The remaining non-vanishing coefficient functions are obtained from the following
symmetry and proportionality relations:

P
(cud)
2,2 = P

(cud)
3,3 = P

(cud)
4,4 = P

(cud)
1,1 , P

(cud)
5,5 = P

(cud)
6,6 = P

(cud)
7,7 = P

(cud)
8,8 =

1

4
P

(cud)
1,1 ,

P
(cud)
9,9 = P

(cud)
10,10 = 12P

(cud)
1,1 , P

(cud)
2,4 = P

(cud)
1,3 , P

(cud)
5,7 = P

(cud)
6,8 = −1

2
P

(cud)
1,3 ,

P
(cud)
i,j = P

(cud)
i,j−1 for odd i and even j ,

(3.25)
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All other coefficient functions vanish identically.4

Dimension-five contribution (Γ5): In view of the relation in Eq. (3.19), only the
chromomagnetic matching coefficients need to be given explicitly. The independent
non-vanishing functions G

(cud)
i,j (ρ) are

G
(cud)
1,1 (ρ) = −1

2

(︁
5ρ4 − 24ρ3 + 24ρ2 + 12ρ2 log ρ− 8ρ+ 3

)︁
, (3.26)

G
(cud)
1,2 (ρ) = −1

2

(︁
5ρ4 − 40ρ3 + 72ρ2 + 12ρ2 log ρ− 56ρ+ 19

)︁
, (3.27)

G
(cud)
1,3 (ρ) =

1

3

√
ρ
(︁
13ρ3 − 27ρ2 − 6(3ρ2 − 3ρ+ 2) log ρ+ 27ρ− 13

)︁
, (3.28)

G
(cud)
2,4 (ρ) =

√
ρ
(︁
5ρ3 − 3ρ2 − 6(1 + ρ)ρ log ρ+ 3ρ− 5

)︁
, (3.29)

G
(cud)
4,4 (ρ) = −1

2

(︁
5ρ4 − 8ρ3 − 24ρ2 + 12ρ2 log ρ+ 40ρ− 13

)︁
, (3.30)

G
(cud)
5,5 (ρ) = −1

8

(︁
5ρ4 − 32ρ3 + 72ρ2 + 12(ρ− 4)ρ log ρ− 32ρ− 13

)︁
, (3.31)

G
(cud)
5,7 (ρ) = −3

2

√
ρ
(︁
ρ3 − 3ρ2 − 2(ρ2 − 5ρ− 2) log ρ− 9ρ+ 11

)︁
, (3.32)

G
(cud)
6,8 (ρ) =

3

2
(1− ρ)

√
ρ (ρ2 − 2ρ log ρ− 1) , (3.33)

G
(cud)
6,10 (ρ) = −4

√
ρ (ρ3 − 6ρ log ρ+ 3ρ− 4) , (3.34)

G
(cud)
8,10 (ρ) = 8(1− ρ)3, (3.35)

G
(cud)
9,9 (ρ) = −2

(︁
15ρ4 − 64ρ3 + 24ρ2 + 12(3ρ+ 4)ρ log ρ+ 25

)︁
, (3.36)

G
(cud)
10,10(ρ) = −2

(︁
15ρ4 − 40ρ3 − 24ρ2 + 36ρ2 log ρ+ 72ρ− 23

)︁
. (3.37)

The remaining non-vanishing coefficient functions are obtained from the relations

G
(cud)
3,3 = G

(cud)
2,2 = G

(cud)
1,1 , G

(cud)
7,7 = G

(cud)
5,5 , G

(cud)
8,8 = G

(cud)
6,6 =

1

4
G

(cud)
1,1 ,

G
(cud)
3,2 = G

(cud)
1,4 = G

(cud)
1,3 , G

(cud)
3,4 = G

(cud)
4,4 , G

(cud)
5,6 = G

(cud)
5,5 ,

G
(cud)
5,8 = G

(cud)
5,7 , G

(cud)
5,10 = 2G

(cud)
6,10 , G

(cud)
9,6 = 2G

(cud)
6,10 ,

G
(cud)
7,8 = G

(cud)
7,7 , G

(cud)
7,10 = 2G

(cud)
8,10 , G

(cud)
7,6 = G

(cud)
5,7 ,

G
(cud)
9,8 = G

(cud)
7,10 , G

(cud)
9,10 = G

(cud)
9,9 ,

(3.38)

while all other coefficient functions vanish identically.

4After translating between the two operator bases and setting Nc = 3, we find complete agreement
with the dimension-three results of Ref. [86].
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Dimension-six contribution (Γ6): For the Darwin operator, the independent

non-vanishing coefficient functions D
(cud)
i,j (ρ) in Eq. (3.19) are

D
(cud)
1,1 (ρ) = −2

3

(︁
5ρ4 − 16ρ3 + 12ρ2 + 16ρ− 17− 12 log ρ

)︁
, (3.39)

D
(cud)
1,2 (ρ) = −2

3

(︁
5ρ4 − 54ρ3 + 90ρ2 − 50ρ+ 9

)︁
− 16(ρ− 1)3 log(1− ρ)

+ 8(ρ3 − 3ρ2 + 1) log ρ , (3.40)

D
(cud)
1,3 (ρ) =

8

3

√
ρ
(︁
2ρ3 − 9ρ2 + 18ρ− 11− 6 log ρ

)︁
, (3.41)

D
(cud)
1,4 (ρ) =

16

3

√
ρ
(︁
ρ3 − 6ρ2 + 12ρ− 7− 3 log ρ

)︁
, (3.42)

D
(cud)
2,2 (ρ) =

2

3
(1− ρ)

(︁
5ρ3 − 25ρ2 + 11ρ+ 9 + 24(ρ2 − 1) log(1− ρ)− 12ρ2 log ρ

)︁
,

(3.43)

D
(cud)
2,4 (ρ) =

4

3

√
ρ
(︁
5ρ3 − 24ρ2 + 27ρ− 8 + 12(ρ− 1)2 log(1− ρ)− 6ρ(ρ− 2) log ρ

)︁
,

(3.44)

D
(cud)
3,4 (ρ) = −2

3

(︁
5ρ4 + 18ρ3 − 78ρ2 + 118ρ− 63 + 24(1− ρ)3 log(1− ρ)

+ 12(ρ3 − 3ρ2 − 1) log ρ
)︁
, (3.45)

D
(cud)
4,4 (ρ) = −2

3

(︁
5ρ4 + 8ρ3 − 66ρ2 + 112ρ− 59 + 48(1− ρ)2 log(1− ρ)− 24ρ2 log ρ

)︁
,

(3.46)

D
(cud)
5,5 (ρ) =

1

6

(︁
− 5ρ4 + 22ρ3 − 54ρ2 − 22ρ+ 59 + 12(5ρ+ 2) log ρ

)︁
, (3.47)

D
(cud)
5,6 (ρ) =

1

6

(︁
− 5ρ4 + 26ρ3 − 66ρ2 − 10ρ+ 55 + 12(5ρ+ 2) log ρ

)︁
, (3.48)

D
(cud)
6,8 (ρ) = −4

3

√
ρ
(︁
ρ3 − 6ρ2 + 6ρ− 1 + 6(ρ− 1)2 log(1− ρ)− 3ρ(ρ− 2) log ρ

)︁
,

(3.49)

D
(cud)
6,10 (ρ) = −8

√
ρ(ρ− 2)(ρ− 1)2 , (3.50)

D
(cud)
7,8 (ρ) =

1

6

(︁
− 5ρ4 + 18ρ3 − 42ρ2 − 34ρ+ 63

)︁
+ 2(5ρ+ 2) log ρ , (3.51)

D
(cud)
7,10 (ρ) = 16

(︁
− 3ρ3 + 7ρ2 − 7ρ+ 3 + 2(ρ− 1)3 log(1− ρ)− ρ2(ρ− 3) log ρ

)︁
,

(3.52)

D
(cud)
8,8 (ρ) =

1

6
(1− ρ)

(︁
5ρ3 − 21ρ2 + 3ρ+ 13 + 24(ρ2 − 1) log(1− ρ)− 12ρ2 log ρ

)︁
,

(3.53)

D
(cud)
8,10 (ρ) =

4

3

(︁
− 17ρ3 + 45ρ2 − 51ρ+ 23 + 12(ρ− 1)3 log(1− ρ)− 6ρ2(ρ− 3) log ρ

)︁
,

(3.54)

D
(cud)
9,9 (ρ) = −8

(︁
5ρ4 − 14ρ3 − 2ρ2 + 14ρ− 3 + 4(5ρ− 2) log ρ

)︁
, (3.55)
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D
(cud)
9,10 (ρ) = −8

3

(︁
15ρ4 − 38ρ3 − 66ρ2 + 150ρ− 61 + 12(5ρ− 2) log ρ

)︁
, (3.56)

D
(cud)
10,10(ρ) = −8

3

(︁
15ρ4 − 10ρ3 − 108ρ2 + 234ρ− 131 + 24(ρ− 1)2(ρ+ 5) log(1− ρ)

− 12ρ2(ρ+ 3) log ρ
)︁
. (3.57)

The remaining non-vanishing coefficient functions are obtained from

D
(cud)
3,3 = D

(cud)
1,1 , D

(cud)
7,7 = D

(cud)
5,5 , D

(cud)
6,6 =

1

4
D

(cud)
2,2 ,

D
(cud)
5,7 = −1

4
D

(cud)
1,3 , D

(cud)
5,8 = −1

4
D

(cud)
1,3 , D

(cud)
5,10 =

2(ρ− 1)

ρ− 2
D

(cud)
6,10 ,

D
(cud)
i,j = D

(cud)
i−1,j+1 for even i and odd j ,

(3.58)

while all other coefficient functions vanish identically.

3.3.2 Results for the b→ cc̄s Transition

Dimension-three contribution (Γ3): For convenience, we define

∆ρ ≡
√︁

1− 4ρ, Λρ ≡ log

(︃
1 + ∆ρ

1−∆ρ

)︃
. (3.59)

The independent non-vanishing coefficient functions P
(ccs)
i,j (ρ) are

P
(ccs)
1,1 (ρ) = ∆ρ

(︁
1− 14ρ− 2ρ2 − 12ρ3

)︁
+ 24ρ2(1− ρ2)Λρ , (3.60)

P
(ccs)
1,3 (ρ) = 2

√
ρ
[︁
∆ρ

(︁
−1− 5ρ+ 6ρ2

)︁
+ 6ρ(1− 2ρ+ 2ρ2)Λρ

]︁
. (3.61)

The remaining non-vanishing coefficient functions are obtained from

P
(ccs)
2,2 = P

(ccs)
3,3 = P

(ccs)
4,4 = P

(ccs)
1,1 ,

P
(ccs)
5,5 = P

(ccs)
6,6 = P

(ccs)
7,7 = P

(ccs)
8,8 = 1

4
P

(ccs)
1,1 ,

P
(ccs)
9,9 = P

(ccs)
10,10 = 12P

(ccs)
1,1 ,

P
(ccs)
2,4 = P

(ccs)
1,3 , P

(ccs)
5,7 = P

(ccs)
6,8 = −1

2
P

(ccs)
1,3 ,

P
(ccs)
1,5 = P

(ccs)
3,7 = P

(ccs)
2,6 = P

(ccs)
4,8 =

√
ρP

(ccs)
1,3 ,

P
(ccs)
1,7 = P

(ccs)
3,5 = P

(ccs)
2,8 = P

(ccs)
4,6 = 1

2
P

(ccs)
1,3 ,

P
(ccs)
1,9 = P

(ccs)
2,10 = −6P

(ccs)
1,3 , P

(ccs)
3,9 = P

(ccs)
4,10 = 12

√
ρP

(ccs)
1,3 ,

P
(ccs)
i,j = P

(ccs)
i,j−1, for odd i and even j.

(3.62)

while all other coefficient functions vanish identically.
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Dimension-five contribution (Γ5): The kinetic contribution is obtained from
the leading-power result according to Eq. (3.19). The independent non-vanishing

chromomagnetic coefficient functions G
(ccs)
i,j (ρ) are

G
(ccs)
1,1 (ρ) = − 1

2∆ρ

[︂
3− 22ρ+ 50ρ2 + 20ρ3 − 240ρ4 + 24∆ρρ

2(−1 + 5ρ2)Λρ

]︂
, (3.63)

G
(ccs)
1,2 (ρ) =

1

2∆ρ

[︂
− 19 + 78ρ− 66ρ2 + 172ρ3 + 240ρ4

− 24∆ρρ(−2− ρ+ 4ρ2 + 5ρ3)Λρ

]︂
, (3.64)

G
(ccs)
1,3 (ρ) =

√
ρ

3∆ρ

[︂
− 13 + 23ρ+ 266ρ2 − 600ρ3 + 6∆ρ(2− 3ρ− 18ρ2 + 50ρ3)Λρ

]︂
,

(3.65)

G
(ccs)
1,4 (ρ) =

√
ρ

3∆ρ

[︂
− 13 + 41ρ+ 302ρ2 − 1032ρ3 + 6∆ρ(2− 9ρ− 18ρ2 + 86ρ3)Λρ

]︂
,

(3.66)

G
(ccs)
1,5 (ρ) =

ρ

∆ρ

[︂
10− 71ρ+ 154ρ2 − 120ρ3 + 6∆ρ(−1 + 5ρ− 12ρ2 + 10ρ3)Λρ

]︂
,

(3.67)

G
(ccs)
1,6 (ρ) =

ρ

∆ρ

[︂
7− 53ρ+ 130ρ2 − 120ρ3 + 6∆ρρ(1− 10ρ+ 10ρ2)Λρ

]︂
, (3.68)

G
(ccs)
1,7 (ρ) =

√
ρ

2∆ρ

[︂
− 5 + 13ρ+ 22ρ2 + 24ρ3 − 6∆ρρ(−3 + 2ρ+ 2ρ2)Λρ

]︂
, (3.69)

G
(ccs)
1,8 (ρ) = −3

√
ρ

2∆ρ

[︂
9− 37ρ+ 10ρ2 − 24ρ3 + 2∆ρ(−2− ρ− 2ρ2 + 6ρ3)Λρ

]︂
, (3.70)

G
(ccs)
1,9 (ρ) =

2
√
ρ

∆ρ

[︂
− 17 + 73ρ− 98ρ2 + 312ρ3 − 6∆ρρ(−7− 6ρ+ 26ρ2)Λρ

]︂
, (3.71)

G
(ccs)
1,10 (ρ) = −6

√
ρ

∆ρ

[︂
− 27 + 119ρ− 14ρ2 − 120ρ3 + 2∆ρ(6− 5ρ+ 6ρ2 + 30ρ3)Λρ

]︂
,

(3.72)

G
(ccs)
2,4 (ρ) =

√
ρ

∆ρ

[︂
− 5 + 19ρ+ 34ρ2 − 120ρ3 + 6∆ρρ(1− 2ρ+ 10ρ2)Λρ

]︂
, (3.73)

G
(ccs)
2,8 (ρ) =

√
ρ

2∆ρ

[︂
11− 49ρ+ 26ρ2 − 24ρ3 + 6∆ρρ(−3− 2ρ+ 2ρ2)Λρ

]︂
, (3.74)

G
(ccs)
2,10 (ρ) =

2
√
ρ

∆ρ

[︂
− 1 + 11ρ− 94ρ2 + 264ρ3 + 6∆ρρ(1 + 6ρ− 22ρ2)Λρ

]︂
, (3.75)

G
(ccs)
3,4 (ρ) =

1

2∆ρ

[︂
13− 106ρ+ 206ρ2 − 20ρ3 + 240ρ4 − 24∆ρρ

2(−1 + 5ρ2)Λρ

]︂
,

(3.76)

G
(ccs)
3,5 (ρ) =

√
ρ

2∆ρ

[︂
− 5 + 13ρ+ 22ρ2 + 24ρ3 − 6∆ρρ(−3 + 2ρ+ 2ρ2)Λρ

]︂
, (3.77)
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G
(ccs)
3,6 (ρ) =

√
ρ

6∆ρ

[︂
− 17 + 73ρ− 98ρ2 + 312ρ3 − 6∆ρ(2− 15ρ− 6ρ2 + 26ρ3)Λρ

]︂
,

(3.78)

G
(ccs)
3,7 (ρ) =

ρ

∆ρ

[︂
10− 71ρ+ 154ρ2 − 120ρ3 + 6∆ρ(−1 + 5ρ− 12ρ2 + 10ρ3)Λρ

]︂
,

(3.79)

G
(ccs)
3,8 (ρ) =

ρ

∆ρ

[︂
13− 89ρ+ 178ρ2 − 120ρ3 + 6∆ρ(−2 + 9ρ− 14ρ2 + 10ρ3)Λρ

]︂
,

(3.80)

G
(ccs)
3,9 (ρ) =

12ρ

∆ρ

[︂
− 2 + ρ+ 58ρ2 − 120ρ3 + 2∆ρ(1− ρ− 12ρ2 + 30ρ3)Λρ

]︂
, (3.81)

G
(ccs)
3,10 (ρ) =

12ρ

∆ρ

[︂
− 11 + 55ρ− 14ρ2 − 120ρ3 + 2∆ρ(2− 5ρ+ 6ρ2 + 30ρ3)Λρ

]︂
,

(3.82)

G
(ccs)
5,5 (ρ) =

1

8∆ρ

[︂
13− 34ρ− 34ρ2 − 212ρ3 + 240ρ4

− 24∆ρρ(2− ρ− 4ρ2 + 5ρ3)Λρ

]︂
, (3.83)

G
(ccs)
5,7 (ρ) = −3

√
ρ

2∆ρ

[︂
11− 49ρ+ 26ρ2 − 24ρ3 + 2∆ρ(−2− ρ− 6ρ2 + 6ρ3)Λρ

]︂
, (3.84)

G
(ccs)
5,10 (ρ) = 4

√
ρ
[︁
∆ρ(8 + ρ+ 6ρ2) + 6ρ(−3 + 2ρ2)Λρ

]︁
, (3.85)

G
(ccs)
6,8 (ρ) =

3
√
ρ

2∆ρ

[︂
− 1 + 5ρ− 10ρ2 + 24ρ3 + 2∆ρρ(1 + 2ρ− 6ρ2)Λρ

]︂
, (3.86)

G
(ccs)
6,10 (ρ) = −4

√
ρ
[︁
∆ρ(−4 + ρ+ 6ρ2) + 6(ρ+ 2ρ3)Λρ

]︁
, (3.87)

G
(ccs)
7,10 (ρ) = 4

[︁
∆ρ(4− 7ρ+ 6ρ2) + 6ρ(−1 + 2ρ2)Λρ

]︁
, (3.88)

G
(ccs)
8,10 (ρ) = 8∆3

ρ , (3.89)

G
(ccs)
9,9 (ρ) =

2

∆ρ

[︂
− 25 + 122ρ− 166ρ2 + 132ρ3 + 720ρ4

− 24∆ρρ(−2− 3ρ+ 4ρ2 + 15ρ3)Λρ

]︂
, (3.90)

G
(ccs)
9,10 (ρ) =

2

∆ρ

[︂
− 25− 22ρ+ 314ρ2 + 516ρ3 + 720ρ4

− 72∆ρρ(−2− ρ+ 4ρ2 + 5ρ3)Λρ

]︂
, (3.91)

G
(ccs)
10,10(ρ) =

2

∆ρ

[︂
23− 190ρ+ 362ρ2 − 60ρ3 + 720ρ4 − 72∆ρρ

2(−1 + 5ρ2)Λρ

]︂
. (3.92)
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The remaining non-vanishing coefficient functions are obtained from

G
(ccs)
2,2 = G

(ccs)
1,1 , G

(ccs)
2,6 = G

(ccs)
1,6 , G

(ccs)
3,3 = G

(ccs)
1,1 , G

(ccs)
4,4 = G

(ccs)
3,4 ,

G
(ccs)
3,5 = G

(ccs)
1,7 , G

(ccs)
4,6 =

1

2
G

(ccs)
2,4 , G

(ccs)
4,8 =

√
ρG

(ccs)
2,4 , G

(ccs)
4,10 = 12

√
ρG

(ccs)
2,4 ,

G
(ccs)
5,6 = G

(ccs)
5,5 , G

(ccs)
5,8 = G

(ccs)
5,7 , G

(ccs)
6,6 =

1

4
G

(ccs)
3,3 , G

(ccs)
7,8 = G

(ccs)
7,7 = G

(ccs)
5,5 ,

G
(ccs)
8,8 = G

(ccs)
6,6 , G

(ccs)
i,j = G

(ccs)
i−1,j+1 for even i and odd j ,

(3.93)
while all other coefficient functions vanish identically.

Dimension-six contribution (Γ6): The independent non-vanishing Darwin coef-

ficient functions D
(ccs)
i,j (ρ) in Eq. (3.19) are

D
(ccs)
1,1 (ρ) = −2

3

[︂
∆ρ(−17− 8ρ+ 22ρ2 + 60ρ3) + 12(1− ρ− 2ρ2 + 2ρ3 + 10ρ4)Λρ

]︂
,

(3.94)

D
(ccs)
1,2 (ρ) = −2

3
∆ρ

[︁
33− 46ρ+ 106ρ2 + 60ρ3 + 24 log(1− 4ρ)− 24 log ρ

]︁
+ 8

[︁
3− 2ρ+ 4ρ2 − 16ρ3 − 10ρ4

]︁
Λρ (3.95)

D
(ccs)
1,3 (ρ) =

8

3

√
ρ
[︂
∆ρ(−11− 7ρ+ 30ρ2) + 6(1− 4ρ2 + 10ρ3)Λρ

]︂
, (3.96)

D
(ccs)
1,4 (ρ) =

4

3

√
ρ
[︂
∆ρ(−22− 23ρ+ 114ρ2 + 12 log(1− 4ρ)− 12 log(ρ))

+ 6(−1 + 6ρ− 14ρ2 + 38ρ3)Λρ

]︂
, (3.97)

D
(ccs)
1,5 (ρ) =

4

3
ρ
[︂
∆ρ(7− 31ρ+ 30ρ2) + 3(−1 + 8ρ− 24ρ2 + 20ρ3)Λρ

]︂
, (3.98)

D
(ccs)
1,7 (ρ) = −4

3

√
ρ
[︂
2∆ρ(2− 5ρ+ 6ρ2) + 3(−1 + 4ρ− 8ρ2 + 8ρ3)Λρ

]︂
, (3.99)

D
(ccs)
1,8 (ρ) =

2

3

√
ρ
[︂
∆ρ(7 + 29ρ− 42ρ2 + 12 log(1− 4ρ)− 12 log ρ)

− 12(1 + ρ− 6ρ2 + 7ρ3)Λρ

]︂
, (3.100)

D
(ccs)
1,9 (ρ) = −16

√
ρ
[︂
2∆ρ(−1 + ρ+ 6ρ2) + 3(1− 4ρ+ 8ρ3)Λρ

]︂
, (3.101)

D
(ccs)
1,10 (ρ) = 8

√
ρ
[︂
−∆ρ(3 + 17ρ+ 30ρ2 + 12 log(1− 4ρ)− 12 log ρ)

+ 12(1 + ρ− 2ρ2 − 5ρ3)Λρ

]︂
, (3.102)

D
(ccs)
2,2 (ρ) =

2

3
∆ρ

[︁
9 + 22ρ− 34ρ2 − 60ρ3 − 24 log(1− 4ρ) + 24 log ρ

]︁
− 16

[︁
− 1 + 2ρ+ ρ2 + 2ρ3 + 5ρ4

]︁
Λρ , (3.103)
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D
(ccs)
2,4 (ρ) =

4

3

√
ρ
[︂
∆ρ

(︁
− 8 + 11ρ+ 30ρ2 + 12 log(1− 4ρ)− 12 log ρ

)︁
+ 12

(︁
− 1 + ρ+ ρ2 + 5ρ3

)︁
Λρ

]︂
, (3.104)

D
(ccs)
2,6 (ρ) =

4

3
ρ
[︂
∆ρ

(︁
7− 7ρ+ 30ρ2 + 12 log(1− 4ρ)− 12 log ρ

)︁
+ 12

(︁
− 1 + ρ− 2ρ2 + 5ρ3

)︁
Λρ

]︂
, (3.105)

D
(ccs)
2,8 (ρ) =

2

3

√
ρ
[︂
∆ρ

(︁
4 + 5ρ− 6ρ2 + 12 log(1− 4ρ)− 12 log ρ

)︁
− 12(−1 + ρ)2(1 + ρ)Λρ

]︂
, (3.106)

D
(ccs)
2,10 (ρ) = 8

√
ρ
[︂
∆ρ

(︁
4− 9ρ− 18ρ2 − 12 log(1− 4ρ) + 12 log ρ

)︁
− 12

(︁
− 1 + ρ+ ρ2 + 3ρ3

)︁
Λρ

]︂
, (3.107)

D
(ccs)
3,4 (ρ) = −2

3
∆ρ

[︂
− 59 + 106ρ+ 10ρ2 + 60ρ3

+ 48(1− 2ρ) log(1− 4ρ) + 48(−1 + 2ρ) log ρ
]︂

+ 16
(︁
2− 8ρ+ 2ρ2 − 5ρ4

)︁
Λρ , (3.108)

D
(ccs)
3,6 (ρ) = 2

√
ρ
[︂
∆ρ

(︁
2 + 15ρ− 18ρ2 + 4 log(1− 4ρ)− 4 log ρ

)︁
− 2
(︁
3 + 2ρ− 18ρ2 + 18ρ3

)︁
Λρ

]︂
, (3.109)

D
(ccs)
3,8 (ρ) =

2

3
ρ
[︂
∆ρ

(︁
11− 32ρ+ 60ρ2 + 24 log(1− 4ρ)− 24 log ρ

)︁
+ 6
(︁
− 7 + 16ρ− 14ρ2 + 20ρ3

)︁
Λρ

]︂
, (3.110)

D
(ccs)
3,9 (ρ) = 16ρ

[︂
∆ρ(−2− 13ρ+ 30ρ2) + (3− 36ρ2 + 60ρ3)Λρ

]︂
, (3.111)

D
(ccs)
3,10 (ρ) = 8ρ

[︂
∆ρ

(︁
− 25 + 40ρ+ 60ρ2 + 24 log(1− 4ρ)− 24 log ρ

)︁
+ 6
(︁
− 3 + 10ρ2 + 20ρ3

)︁
Λρ

]︂
, (3.112)

D
(ccs)
5,5 (ρ) =

1

6

[︂
−∆ρ(−59 + 16ρ− 50ρ2 + 60ρ3)

− 12(2 + ρ+ 4ρ2 − 10ρ3 + 10ρ4)Λρ

]︂
, (3.113)

D
(ccs)
5,6 (ρ) =

1

6
∆ρ

[︁
51− 2ρ+ 38ρ2 − 60ρ3 − 24 log(1− 4ρ) + 24 log ρ

]︁
− 2
(︁
− 1 + 6ρ+ 8ρ2 − 8ρ3 + 10ρ4

)︁
Λρ , (3.114)

D
(ccs)
5,7 (ρ) = −2

3

√
ρ
[︂
∆ρ(−11− 4ρ+ 12ρ2) + 6(1− 2ρ2 + 4ρ3)Λρ

]︂
, (3.115)

D
(ccs)
5,8 (ρ) =

8

3

√
ρ
[︂
∆ρ

(︁
2 + ρ− 3ρ2 − 3 log(1− 4ρ) + 3 log ρ

)︁
+ 3(1− 3ρ+ ρ2 − 2ρ3)Λρ

]︂
, (3.116)

70



D
(ccs)
5,10 (ρ) = 8

√
ρ
[︂
∆ρ(3− 5ρ+ 6ρ2) + 12(−1 + ρ)ρ2Λρ

]︂
, (3.117)

D
(ccs)
6,8 (ρ) =

4

3

√
ρ
[︂
∆ρ

(︁
1− 4ρ− 6ρ2 − 6 log(1− 4ρ) + 6 log ρ

)︁
− 6
(︁
−1 + ρ+ ρ2 + 2ρ3

)︁
Λρ

]︂
, (3.118)

D
(ccs)
6,10 (ρ) = −8

√
ρ
[︂
∆ρ(−2 + ρ+ 6ρ2) + 12ρ3Λρ

]︂
, (3.119)

D
(ccs)
7,8 (ρ) =

1

6
∆ρ

[︁
55− 18ρ+ 38ρ2 − 60ρ3 − 24 log(1− 4ρ) + 24 log ρ

]︁
− 2
(︁
− 1 + 6ρ+ 8ρ2 − 8ρ3 + 10ρ4

)︁
Λρ , (3.120)

D
(ccs)
7,10 (ρ) =

8

3

[︂
2∆ρ

(︁
11− 17ρ+ 12ρ2 + 3(−1 + 4ρ) log(1− 4ρ) + 3(1− 4ρ) log ρ

)︁
+ (3− 42ρ+ 48ρ3)Λρ

]︂
, (3.121)

D
(ccs)
8,8 (ρ) =

1

6
∆ρ

[︁
13 + 6ρ− 34ρ2 − 60ρ3 − 24 log(1− 4ρ) + 24 log ρ

]︁
− 4
[︁
− 1 + 2ρ+ ρ2 + 2ρ3 + 5ρ4

]︁
Λρ , (3.122)

D
(ccs)
8,10 (ρ) =

4

3
∆ρ

[︁
23− 56ρ+ 12ρ2 + 12(−1 + 4ρ) log(1− 4ρ) + 12(1− 4ρ) log ρ

]︁
+ 16

(︁
1− 6ρ+ 3ρ2 + 2ρ3

)︁
Λρ , (3.123)

D
(ccs)
9,9 (ρ) = −8

[︂
∆ρ(−3− 16ρ+ 46ρ2 + 60ρ3) + 4(2− 5ρ− 12ρ2 + 18ρ3 + 30ρ4)Λρ

]︂
,

(3.124)

D
(ccs)
9,10 (ρ) = −8

3
∆ρ

[︁
− 5 + 134ρ+ 270ρ2 + 180ρ3 − 24(−5 + 8ρ) log(1− 4ρ)

+ 24(−5 + 8ρ) log ρ
]︁
− 32

(︁
− 13 + 30ρ− 24ρ2 + 40ρ3 + 30ρ4

)︁
Λρ ,

(3.125)

D
(ccs)
10,10(ρ) = −8

3
∆ρ

[︁
− 131 + 206ρ+ 54ρ2 + 180ρ3 − 24(−5 + 8ρ) log(1− 4ρ)

+ 24(−5 + 8ρ) log ρ
]︁
− 64

[︁
− 5 + 18ρ− 3ρ2 + 2ρ3 + 15ρ4

]︁
Λρ .
(3.126)

The remaining non-vanishing coefficient functions are obtained from the relations

D
(ccs)
3,3 = D

(ccs)
1,1 , D

(ccs)
4,4 = D

(ccs)
3,4 , D

(ccs)
3,5 = D

(ccs)
1,7 , D

(ccs)
3,7 = D

(ccs)
1,5 ,

D
(ccs)
6,6 =

1

4
D

(ccs)
2,2 , D

(ccs)
4,6 =

1

2
D

(ccs)
2,4 , D

(ccs)
4,8 =

√
ρD

(ccs)
2,4 ,

D
(ccs)
4,10 = 12

√
ρD

(ccs)
2,4 , D

(ccs)
2,6 = D

(ccs)
1,6 , D

(ccs)
7,7 = D

(ccs)
5,5 ,

D
(ccs)
i,j = D

(ccs)
i−1,j+1 for even i and odd j ,

(3.127)
while all other coefficient functions vanish identically.

Before concluding this chapter, we note that, although the calculations presented
here were performed predominantly in four dimensions, the complete set of results
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has been independently reproduced using dimensional regularisation in a separate
calculation. The agreement between the two calculations provides a highly non-trivial
validation of the analytical expressions obtained here. Details of the independent
calculation can be found in Ref. [89].

3.4 Closing Remarks

The results presented in this chapter provide the two-quark HQE matching coefficients
through dimension six for the most general dimension-six |∆B| = 1 four-fermion
Hamiltonian considered in Eq. (3.1). They can therefore be used to study generic
short-distance modifications of non-leptonic b-quark decays in a model-independent
way and to constrain the corresponding Wilson coefficients using inclusive decay
widths and lifetime ratios. Since all relevant flavour combinations b → q1q̄2q3,
with q1, q2 = u, c and q3 = d, s, have been considered, the results can be applied
simultaneously to CKM-favoured and CKM-suppressed decay channels. In addition,
the calculation of the previously missing WA topology completes the dimension-six
four-quark matching contribution ˜︁Γ6 relevant to the present analysis.

An important consequence of the general analysis is the completion of the
dimension-six two-quark contribution in the SM at leading order in QCD. In addition
to the previously known current–current contributions, the results of Section C.4 pro-
vide the contributions induced by the QCD-penguin operators to the chromomagnetic
and Darwin coefficients at dimensions five and six, respectively, while reproducing
the known leading-power result. Together with the current–current sector, these
results therefore complete the SM two-quark matching through dimension six at this
order.

The generalised operator basis also makes the results directly applicable to
phenomenological studies beyond the SM. They provide the necessary short-distance
input for global analyses combining B-meson lifetimes and lifetime ratios with
complementary flavour observables, such as mixing parameters and CP asymmetries,
thereby allowing increasingly stringent constraints on BSM Wilson coefficients. The
potential of combining lifetime observables with complementary flavour constraints
has already been explored in Refs. [81,86]. In particular, lifetime observables provide
a complementary probe of possible new-physics effects in non-leptonic B decays and
may help clarify the tensions observed in several colour-allowed decay modes between
experiment and predictions based on QCD factorisation, see e.g. [92, 93].

Beyond a model-independent analysis, the matching coefficients derived here
can be mapped onto specific ultraviolet scenarios, including models with additional
charged gauge bosons, diquarks, or extended Higgs sectors. The results can also
be adapted to scenarios with different colour structures after accounting for the
corresponding colour factors, as illustrated, for example, in Ref. [94]. Further
improvements, in particular higher-order QCD corrections to the chromomagnetic
and Darwin coefficients and more precise determinations of the associated non-
perturbative matrix elements, will further enhance the sensitivity of inclusive b-hadron
observables to new physics.
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Chapter 4

Phenomenology of B-Mesogenesis
Models

“Collaborating with someone is like entering a relationship with that person.”

— Alexander Khodjamirian

The previous chapters were devoted to improving the HQE description of inclusive
non-leptonic b-hadron decays within the SM and extending it to a model-independent
effective Hamiltonian. We now shift our focus to the phenomenology of a specific
BSM scenario, namely B -Mesogenesis.
The chapter begins with an introduction to the B -Mesogenesis framework, including
its effective Hamiltonian and the existing constraints on the model parameter space.
We then investigate the impact of the operators introduced by the model on the decay
properties of B mesons, with particular emphasis on the lifetime ratios τ (B+)/τ (Bd)
and τ(Bs)/τ(Bd), as well as on the total B-meson lifetimes. The analysis is per-
formed within the HQE, incorporating power-suppressed corrections up to order
1/m3

b , corresponding to dimension-six operators. In particular, we include both the
dimension-six two-quark (Darwin) contribution and the dimension-six four-quark
operators.
A distinctive feature of the B -Mesogenesis scenario is the presence of a massive
fermion in the final state, whose mass can approach that of the b-quark. In this
regime, the convergence of the OPE becomes nontrivial, as higher-order power correc-
tions may become comparable to—or even exceed—the leading term. We therefore
examine in detail the range of dark-fermion masses for which the OPE remains valid,
and identify the point at which the HQE description breaks down. This analysis
provides valuable insight into the theoretical limitations of the inclusive approach in
scenarios involving heavy final states.
Finally, we perform an exclusive calculation of the decay of a B+ meson into a proton
and a dark-sector fermion, B+ → pψ, using the method of LCSR. To this end, we
compute the relevant B → p transition form factors based on B-meson distribu-
tion amplitudes and use them to predict the corresponding branching ratio (BR).
By comparing the inclusive and exclusive predictions, we establish a quantitative
connection between the two descriptions, enabling us to derive a lower bound on
BR(B+ → pψ). This connection provides a robust phenomenological test of the
B -Mesogenesis hypothesis and constrains its parameter space.

4.1 The Model

The B-Mesogenesis framework [30–33] offers an elegant and unified mechanism to
explain both the observed baryon asymmetry of the Universe and the dark matter
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abundance through processes involving B-meson dynamics in the early Universe.1

In this scenario, the early Universe is assumed to be dominated by radiation and
a weakly coupled scalar field Φ, which decays predominantly into bb̄ pairs. The
produced b-quarks hadronize into B and B̄ mesons that subsequently decay not only
through SM channels, but also via new, baryon-number–violating processes of the
type B → ψ B, where B denotes a visible baryon and ψ is a dark-sector fermion
carrying baryon number2.

A baryon asymmetry arises from CP violation in neutral Bd–B̄d and Bs–B̄s meson
mixing, which leads to unequal decay rates for Bq and B̄q into final states containing
B and ψ. As a result, the matter–antimatter imbalance of the visible sector is directly
linked to the CP-violating parameters of the B-meson system.

The new decay mode B → ψ B proceeds through the exchange of a heavy colour-
triplet scalar field Y , which carries baryon number −2/3 and hypercharge −1/3
or +2/3. The most general renormalizable Lagrangian governing the interactions
of Y with the SM quarks and the gauge-singlet fermion ψ can be written as:

L−1/3 = −
∑︂
α,β

yuαdβϵijk Y
∗i ūjαR d

c,k
βR −

∑︂
γ

yψdγYi ψ̄ d
c,i
γR + h.c. ,

L+2/3 = −
∑︂
α,β

ydαdβϵijk Y
∗i d̄jαR d

c,k
βR −

∑︂
γ

yψuγYi ψ̄ u
c,i
γR + h.c. ,

(4.1)

where y denotes coupling constants, i, j, k are colour indices, α, β, γ label quark
flavours, and the superscript c denotes charge conjugation. After integrating out the
heavy colour-triplet Y at tree level, the resulting effective Hamiltonian mediating
the B-meson decays can be written as

H−1/3 =
∑︂
u,d

{︄
ϵijk C

(ud)
ψ (ū iRb

c,j
R ) (ψ̄ dc,kR ) + ϵijk ˜︁C(ud)

ψ (ū iRd
c,j
R ) (ψ̄ bc,kR )⏞ ⏟⏟ ⏞

(i) ψ-type operators

+ ϵijkϵimnC
(d)
uu (ū jRb

c,k
R ) (d̄c,mR unR) + C

(d)
ψψ (ψ̄ d

c,i
R ) (b̄c,iR ψ)⏞ ⏟⏟ ⏞

(ii) hadronic and ψψ operators

}︄
+ h.c.,

(4.2)

where u ∈ {u, c}, d ∈ {d, s}, and the Wilson coefficients, including the heavy scale
suppression, are

C
(ud)
ψ = −yub yψd

M2
Y

, ˜︁C(ud)
ψ = −yud yψb

M2
Y

, C(d)
uu =

yub y
∗
ud

M2
Y

, C
(d)
ψψ = −

yψd y
∗
ψb

M2
Y

. (4.3)

1Several variations of this framework have been proposed in the literature, differing in their
particle content—some even lacking a dark matter candidate [33]. In this work, however, we restrict
ourselves to the specific realization presented in [31].

2The dark fermion ψ is not itself a dark matter candidate; it is required to decay rapidly into
lighter, stable dark sector states (e.g., a scalar ϕ and a Majorana fermion ξ). These additional
particles constitute the dark matter of the Universe but are irrelevant for the exotic B decays
studied in this work and are therefore not discussed further.
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For concreteness, we focus the detailed analysis on the operators proportional to
C

(ud)
ψ and ˜︁C(ud)

ψ . We follow the convention in Ref. [95] and refer to these operators

as model (d) and model (b), respectively, and make the replacement C
(ud)
ψ → G(d)

and ˜︁C(ud)
ψ → G(b). The calculations for the remaining operators have been fully

performed and their results are provided in Section D.4, with references to them
given at the relevant points in the main text.

A comprehensive analysis of the existing experimental and SM constraints on
this model was performed in Ref. [31]. In the following, we briefly review those
constraints that are most relevant for the lifetime analysis presented in this chapter.

1. Lower limit on inclusive exotic B decay: A key feature of the B-
Mesogenesis mechanism is the direct connection between the observed baryon asym-
metry and two collider observables: the semileptonic CP asymmetries AqSL in neutral
Bq–B̄q mixing, and the inclusive BR of the exotic decay BR(B → ψX), where X
denotes any allowed final state containing at least one visible baryon B and possibly
additional light mesons. Given the experimental bound |Ad,sSL | ≲ 10−3 at 95% CL [96],
this imposes a lower bound on the inclusive exotic BR. To reproduce the observed
baryon asymmetry, one requires

BR(B → ψX) ≳ 10−4. (4.4)

This bound is independent of the specific flavour structure of the effective operators in
Eq. (4.2), and it holds for B+, B0

d , B
0
s , and b-flavoured baryons alike. This constraint

will be used later in this work to derive corresponding lower bounds on the exclusive
decay channel B+ → p+ψ.

2. Effective couplings upper limits: The colour-triplet scalar mediator Y ,
which generates the effective operators in Eq. (4.2), can be produced at the LHC
through its interactions with SM quarks. Searches for dijet resonances and jet plus
missing transverse energy at ATLAS and CMS impose upper limits on the effective
couplings. They will be used later in this work in the inclusive calculations of lifetimes
and in deriving upper bounds on exclusive BR.

3. Single operator dominance: flavour-changing neutral current and mixing
observables in the K, D, and B meson systems provide stringent constraints on the
couplings of the colour-triplet scalar Y . In particular, box diagrams involving Y
contribute to ∆F = 2 processes — i.e., transitions that change a flavour quantum
number (such as strangeness, charm, or bottomness) by two units — which govern
neutral meson mixing. The absence of large deviations from the SM predictions
forces the coupling in Eq. (4.1) to be highly hierarchical. Satisfying these flavour
constraints while simultaneously achieving BR(B → ψX) ≳ 10−4 requires that
only one of the effective operators in Eq. (4.2) dominates, with all others strongly
suppressed. Consequently, a single flavour combination—such as (ψb)(ud), (ψb)(us),
(ψd)(ub), or (ψs)(ub)—is expected to be responsible for the entirety of the baryon
asymmetry. This allows us to study the effect of each operator independently, without
interference between different operator structures.

4. Dark sector ψ mass range: The mass of the dark fermion ψ is subject
to several kinematic constraints. An upper bound follows from the requirement
that the decay B → ψX be kinematically allowed. The lightest visible baryon in
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the final state is the proton (mp ≈ 938 MeV), giving mψ < mB −mp ≈ 4.34 GeV.
A lower bound is imposed by proton stability. If mψ < mp − me ≈ 937.8 MeV,
the decay p+ → ψe+ would become kinematically accessible, leading to unobserved
proton decay. This requires mψ > mp−me ≈ 937.8 MeV. Together, these constraints
restrict the ψ mass to the window

0.94 GeV < mψ < 4.34 GeV. (4.5)

All our results of the model analysis will be presented as functions of this dark sector
mass range.

5. Experimental searches for B+ → p + invisible decays: There have
been dedicated efforts to search for baryonic B-meson decays with missing energy,
specifically the channel B+ → p+ invisible. The most recent analysis was performed
by the Belle II collaboration using the Belle data sample [97], yielding upper limits
on the branching fraction at the level of O(10−6). Earlier searches for the same
decay mode were carried out by the BaBar collaboration [98], albeit with weaker
sensitivity. In the following, these experimental upper bounds will be combined with
our theoretical predictions for the lower limits on the exclusive branching fraction in
order to constrain the allowed parameter space of the B+ → pψ decay channel.

4.2 Inclusive Calculations: HQE

The new decay modes introduced in the model necessarily modify B-meson observ-
ables. In particular, they contribute to the inclusive decay widths and, consequently,
to the lifetime ratios. We study the effect of the new operators on these lifetime
observables from an inclusive perspective, i.e., at the level of the quark transition
b → ψ. The analysis is performed within the framework of the HQE, outlined in
Section 1.2. As presented in Eq. (1.14), the total decay rate of the B meson is
expressed in terms of a leading dimension-three term representing the free quark
decay, and 1/mb power-suppressed terms of increasing dimension. We perform the
calculations of the coefficients of the two-quark operators up to the dimension-six
Darwin term, as well as the contribution of the dimension-six four-quark operators.
Specifically, we compute the coefficients Γ3, Γ5, Γ6, and Γ̃6, all at leading order in αs.

We insert the operators of model (d) and model (b) from Eq. (4.2) into the
time-ordered product in Eq. (1.13). The calculations follow the same procedures
outlined in Chapters 2 and 3.

For the two-quark operator contributions, we contract all quark fields, leaving the
bilinear b̄b. The quark propagators are then expanded in accordance with Eq. (1.17)
with the number of covariant derivatives included up to the desired accuracy. Since
we perform the calculation up to dimension six, the quark propagator is expanded
up to one covariant derivative acting on the gluon field strength tensor Gµν , yielding
a total of three covariant derivatives sandwiched between the two b-quark fields —
i.e., a dimension-six operator. Since the calculation procedures have been described
in detail in Chapters 2 and 3, we do not repeat them here. However, the new
B-Mesogenesis operators contain a particular structure involving charge-conjugated
fields and nontrivial colour contractions, to which we pay special attention.
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In performing the Wick contraction to obtain the two-quark contribution, one
encounters expressions of the form

: ϵijkϵmnr

(︂
b̄m,cunūi(x) bj,c(x)

)︂(︂
ψ̄(x)d̄

r,c
(x)dk,cψ

)︂
: (4.6)

Using the definition of the charge-conjugated fields and the properties in Eqs. (A.16)
and (A.17), this can be reduced to

ϵijkϵmnr

(︂
b̄j(x) (S

(u)
ni (0, x))

T bm
)︂
Tr
(︂
CP T

L (S
(d)
rk (0, x))

TP T
RC

−1S(ψ)(0, x)
)︂

= ϵijkϵmnr

(︂
b̄j(x) (S

(u)
ni (0, x))

T bm
)︂
Tr
(︂
PL S

(d)
rk (0, x)S

(ψ)(0, x)
)︂
, (4.7)

where C is the charge conjugation operator and the following relation holds:

q̄T (x)qT (0) = −(S(q)(0, x))T . (4.8)

Since the power-suppressed contributions arise from the emission of a soft gluon from
the internal quark propagators, the associated colour structure becomes decisive. In
the present case, the gluon can be emitted either from the u- or from the d-quark
line. For emission from the u-quark propagator one has S

(u)
ni → tani and S

(d)
rk → δrk,

leading to the colour factor

ϵijk ϵmnr δkr t
a
ni = ϵijk ϵmnk t

a
ni = tajm. (4.9)

An analogous contraction for emission from the d-quark line, S
(d)
rk → tark and S

(u)
ni →

δni, yields the same result. Thus, soft-gluon emission from both the u- and d-quark
propagators contribute and must be included consistently in the power-suppressed
analysis.

We now turn to the contribution of the dimension-six four-quark operators,
corresponding to the coefficients Γ̃6 in Eq. (1.14). In contrast to the two-quark
operator case discussed above, the structure of the Wick contractions is different.
Here, only one quark line is contracted in addition to the dark-sector fermion ψ,
while the remaining light quark fields remain uncontracted and give rise to local
four-quark operators in the effective theory.

For model (d), the relevant time-ordered product (suppressing colour indices)
reads

T(d)
{︂
ūR(x) b

c
R(x) ψ̄(x) d

c
R(x), b̄

c
R uR d̄

c
R ψ
}︂

= : ūR(x) b
c
R(x) ψ̄(x) d

c
R(x) b̄

c
R uR d̄

c
R ψ :

+ : ūR(x) b
c
R(x) ψ̄(x) d

c
R(x) b̄

c
R uR d̄

c
R ψ : (4.10)

The contractions for model (b) proceed analogously. The corresponding topologies
are shown in Figure 4.1. As an illustrative example, we discuss in detail the evaluation
of the first contraction in Eq. (4.10). Inserting the effective operator of model (d) in
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Figure 4.1: Complete set of four-quark topologies (see Eq. (4.10)) induced by the
Mesogenesis operators in Eq. (4.1). The internal fermions f1 and f2 are generic
and may correspond to any of the particles appearing in the Mesogenesis operators,
namely ψ, u, d, s, or c.

Eq. (4.2) into Eq. (1.13), the dimension-six four-quark operators contribution to the
total decay rate of topology-IV reads

Γ
(4q)
(6,d),IV (B) =

− |G(d)|2
2mB

Im

∫︂
d4x ⟨B| i T IV

(d) (x) |B⟩+ (x↔ 0), (4.11)

where we define for convenience

T IV
(d) (x) = ϵijk ϵmnr T

{︂
ūiR(x) b

c,j
R (x) ψ̄(x) dc,kR (x) b̄c,mR unR d̄

c,r
R ψ

}︂
. (4.12)

Performing the Wick contractions and using

dc,kR (x) d̄c,rR (0) = C P T
L

(︁
iS

(d)
rk (0, x)

)︁T
P T
R C

−1, (4.13)

we obtain

T IV
(d) (x) = −ϵijk ϵmnr ūiR(x) bc,jR (x) b̄c,mR unR Tr

[︂
C P T

L (iS
(d)
rk (0, x))

T P T
R C

−1 iS(ψ)(0, x)
]︂
.

(4.14)
The overall minus sign originates from the anticommuting nature of the fermion fields
in the Wick contraction; in diagrammatic language, this is equivalently represented
by the standard factor (−1) associated with a closed fermion loop. Substituting the
tree-level propagator in Eq. (D.1) (see also Eq. (1.16)), we arrive at

T IV
(d) (x) = −

∫︂
l1l2

lα1 l
β
2 e

ix(l1+l2)

[l21 −m2
ψ][l

2
2 −m2

d]
ϵijk ϵmnk ū

i
R(x) b

c,j
R (x) b̄c,mR unR Tr

[︂
PLγαγβ

]︂
,

(4.15)
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where we define
∫︁
l1l2

≡
∫︁

d4l1
(2π)4

d4l2
(2π)4

, l1 and l2 denote the four-momenta flowing in the
ψ- and d-quark propagators, respectively. The Dirac bilinear in front of the trace in
Eq. (4.15) still involves charge-conjugated fields. To rewrite it in terms of ordinary
quark bilinears, we apply a Fierz rearrangement for chiral spinors (see, e.g., Ref. [99]).
In four dimensions one finds

ūiR(x) b
c,j
R (x) b̄c,mR unR =

1

2

[︁
b̄j(x)γµPR b

m
]︁ [︁
ūi(x)γµPR u

n
]︁
. (4.16)

In order to match onto the forward matrix element (see Eqs. (D.3) and (D.4)), we
perform a second Fierz rearrangement,[︁

b̄j(x)γµPR b
m
]︁ [︁
ūi(x)γµPR u

n
]︁
=
[︁
b̄j(x)γµPR u

n
]︁ [︁
ūi(x)γµPR b

m
]︁
. (4.17)

Since we evaluate the forward matrix element at parton level between free quark
states, we insert momentum eigenstates and use the plane-wave expansion of the
fields,

b̄(x) → b̄(0) eipbx, ū(x) → u(0) eiqx,

where pb and q denote the momenta of the corresponding quark lines. Defining
p = pb + q and using Eqs. (4.16) and (4.17), and performing the trace, Eq. (4.15)
becomes

T IV
(d) (x) = −gαβ

∫︂
l1l2

lα1 l
β
2 e

ix(l1+l2+p)

[l21 −m2
ψ][l

2
2 −m2

d]
ϵijk ϵmnk

[︁
b̄jγµPR u

n
]︁ [︁
ūiγµPR b

m
]︁
, (4.18)

The colour structure can now be simplified using the identity

ϵijk ϵmnk = δim δjn − δin δjm. (4.19)

In addition, we make use of the standard relation for the SU(3) generators ta in the
fundamental representation,

taij t
a
kl =

1

2

(︃
δil δkj −

1

Nc

δij δkl

)︃
, (4.20)

with Nc = 3. Applying these identities to Eq. (4.18) allows the four-quark structure
to be decomposed into colour-singlet and colour-octet contributions

ϵijk ϵmnk
[︁
b̄jγµPR u

n
]︁ [︁
ūiγµPR b

m
]︁
=

(︃
Nc − 1

Nc

)︃ [︁
b̄iγµPR u

i
]︁ [︁
ūjγµPR b

j
]︁

− 2
[︁
ūiγµPR t

a
ij b

j
]︁ [︁
ūmγµPR t

a
mn b

n
]︁
. (4.21)

Substituting Eq. (4.21) into Eq. (4.18) and using the four-quark operators definitions
in Eq. (D.3)

T IV
(d) (x) =

−gαβ
4

∫︂
l1l2

lα1 l
β
2 e

ix(l1+l2+p)

[l21 −m2
ψ][l

2
2 −m2

d]

[︂(︃Nc − 1

Nc

)︃
Õ(u)

1 − 2 Õ(u)
3

]︂
. (4.22)

The operators Õ(u)
1 and Õ(u)

3 are the four-quark operators defined in Eq. (D.3).
Substituting Eq. (4.22) back into Eq. (4.11), we then perform the x-integration,
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which yields (2π)4δ(4)(l1 + l2 + p), and use it to integrate over l2. Including the
symmetry factor 2 from (x↔ 0) and relabeling l1 → l, we arrive at

Γ
(4q)
(6,d),IV (B) =

|G(d)|2
4mB

gαβ Im

(︄
i

∫︂
l

lα (−l − p)β

[l2 −m2
ψ][(−l − p)2 −m2

d]

)︄

× ⟨B|
[︂(︃Nc − 1

Nc

)︃
Õ(u)

1 − 2 Õ(u)
3

]︂
|B⟩ . (4.23)

To match the convention of Eq. (D.2), we relabel the loop momentum by l → −l.
Evaluating the imaginary part of the integration and contracting the Dirac indices,
the dimension-six four-quark operator for topology-IV for model (d) reads

Γ
(4q)
(6,d),IV (B) =

−|G(d)|2
128πmB

(︃
m2
b −m2

ψ

mb

)︃2

⟨B|
[︂(︃Nc − 1

Nc

)︃
Õ(u)

1 − 2 Õ(u)
3

]︂
|B⟩ . (4.24)

Having outlined the calculation strategy for both the two-quark and the dimension-six
four-quark contributions in the context of the Mesogenesis operators for representative
examples, the remaining operator structures proceed in complete analogy. The steps
— Wick contraction, treatment of charge-conjugated fields, Fierz rearrangements,
colour decomposition, and evaluation of the loop integrals — follow the same pattern
and introduce no qualitatively new features. We are therefore now in a position to
present the general results for the inclusive decay width induced by the Mesogenesis
effective operators.

Inclusive Results from the HQE

For B-meson decays mediated by the B-Mesogenesis operators in Eq. (4.2), the inclu-
sive decay width corresponding to a given operator structure i can be expressed within
the HQE as the sum of the two-quark and dimension-six four-quark contributions:

Γ(i)
meso = Γ

(i)
meso, 2q + Γ

(i)
meso, 4q + O

(︃
1

m4
b

)︃
. (4.25)

The two-quark part encodes the free partonic decay and the power-suppressed
corrections from dimension-five and dimension-six two-quark operators and can be
expressed in the compact form

Γ
(i)
meso, 2q =

|C(i)|2m5
b

3072 π3

[︃
f
(i)
0 (ρf )

(︃
1− µ2

π

2m2
b

)︃
+ f

(i)
G (ρf )

µ2
G

m2
b

+ f
(i)
D (ρf )

ρ3D
m3
b

]︃
, (4.26)

with ρf ≡ (mf/mb)
2 denoting the squared mass ratio of the massive final-state

particle in the underlying transition b → f . The functions f
(i)
0 (ρf), f

(i)
G (ρf), and

f
(i)
D (ρf) are dimensionless short-distance coefficient functions that depend on the
Dirac and colour structure of the corresponding B -Mesogenesis operator 3. As an

3The spin–orbit parameter ρ3LS does not contribute in the present case, as the associated operator
yields a vanishing forward matrix element for the Dirac structures under consideration.
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example, we display the results for models (d) and (b), which correspond to the

coefficients C
(ud)
ψ and C̃

(ud)
ψ , respectively:

f
(ψud)
0 (ρψ) = 1− 8 ρψ + 8 ρ3ψ − ρ4ψ − 12 ρ2ψ log ρψ, (4.27)

f
(ψud)
G (ρψ) =

5

2
− 8 ρψ + 8 ρ3ψ − 5

2
ρ4ψ − 6 ρ2ψ log ρψ, (4.28)

f
(ψud)
D (ρψ) =

2

3

(︄
22− 31ρψ + 3ρ2ψ + 11ρ3ψ − 5ρ4ψ

− 12(1− ρψ)
2(3 + ρψ) log(1− ρψ) + 6ρ2ψ(1 + ρψ) log ρψ

)︄
, (4.29)

f
(ψ̃ud)
0 (ρψ) = 1− 8ρψ + 8ρ3ψ − ρ4ψ − 12ρ2ψ log ρψ, (4.30)

f
(ψ̃ud)
G (ρψ) = −1

2

(︂
3− 8ρψ + 24ρ2ψ − 24ρ3ψ + 5ρ4ψ + 12ρ2ψ log ρψ

)︂
, (4.31)

f
(ψ̃ud)
D (ρψ) =

2

3
(1− ρψ)

(︂
9 + 11ρψ − 25ρ2ψ + 5ρ3ψ

− 24(1− ρ2ψ) log(1− ρψ)− 12ρ2ψ log ρψ

)︂
. (4.32)

The results for the remaining operators are given in Section D.4.1.

For a fixed operator, the dimension-six four-quark contribution depends on the
external meson species. Since the two possible Wick contractions correspond to
different spectator flavours, they contribute to different B mesons and are not
summed over. Explicitly, we write

Γ
(i)
meso, 4q(B

+) =
|C(i)|2m2

b

192π

4∑︂
a=1

Γ̃
(i,u)
X,a

⟨B+|Õu
a |B+⟩

2mB

, (4.33)

Γ
(i)
meso, 4q(Bq) =

|C(i)|2m2
b

192π

4∑︂
a=1

Γ̃
(i,q)
X,a

⟨Bq|Õq
a|Bq⟩

2mB

, q = d, s. (4.34)

Here X labels the topology arising from the operator structure (see Figure 4.1). The

explicit expressions for Γ̃
(i,u)
X,a and Γ̃

(i,q)
X,q are given in Section D.4.1.

We stress that the analytical results presented in this section have been subjected
to several non-trivial cross-checks. The four-quark contributions were independently
reproduced in a separate calculation, providing an important validation of the
corresponding Wilson coefficients. Furthermore, for the two-quark contributions, we
explicitly verified the cancellation of the IR divergences against the corresponding four-
quark contributions through the operator-mixing procedure described in Chapters 2
and 3. After accounting for the appropriate colour factors and Dirac structures,
we also reproduce the known SM results [63,100], with ρψ in the present notation
corresponding to ρc in the SM. A detailed comparison between the SM and the
present operator basis is presented in Section D.2.
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4.2.1 Lifetimes and Lifetime Ratios

Using the analytic results derived in the previous section, we now perform a numerical
analysis of the B-meson lifetimes and lifetime ratios within the framework of the
HQE.

Total Lifetimes

In general, the analysis of total lifetimes is not expected to provide stringent con-
straints on the couplings of the B-Mesogenesis model. The SM predictions for
total lifetimes are affected by sizeable theoretical uncertainties, predominantly from
non-perturbative inputs, see e.g. [42,101,102]. Moreover, collider searches already
restrict the relevant BSM couplings to comparatively small values. Consequently, the
primary purpose of the total lifetime analysis is not to derive competitive bounds,
but rather to investigate the impact of the subleading power-suppressed contributions
induced by the new operators. In particular, we study the hierarchy of the OPE,
identifying the range of mψ where subleading terms become relevant and determining
which subleading term provide the dominant contributions. We emphasize that, in
the following analysis of the total decay rate, we focus exclusively on the new-physics
(NP) contributions induced by the Mesogenesis operators, omitting the SM part
of the width. This enables us to isolate and assess the relative importance of the
subleading HQE terms within the BSM framework.4

The total B-meson decay rate is given in Eq. (1.14). In the previous section, we
computed the two-quark contributions up to the dimension-six Darwin term, together
with the four-quark operator contributions. These enter the HQE coefficients Γ3, Γ5,
Γ6, and Γ̃6.

In the following, we analyse, for each operator in the effective Hamiltonian
Eq. (4.2), the individual contributions of the HQE terms in Eq. (1.14) to the
total decay width of the B+ meson. We concentrate on the B+ system since it
exhibits distinctive topological structures and, as will be shown below, enables us
to derive a relevant experimental lower bound for the exclusive decay B+ → pψ
(see Section 4.3). In general, the HQE contributions from two-quark operators are
spectator independent and therefore nearly identical for all B mesons (B+, B0, B0

s ),
up to SU(3)F -breaking effects in the non-perturbative matrix elements. In contrast,
the four-quark operator contributions are suppressed for the neutral mesons B0

and B0
s . Moreover, certain operators in Eq. (4.2)—particularly those involving two

additional massive fermions besides the b quark—do not contribute to the B+ decay
width. For completeness, the corresponding contributions to the B0 width are derived
in Section D.4.

As in the previous section, we concentrate on models (d) and (b) for definiteness.
For each case, we present in Figure 4.2 the individual contributions to Γ(B+) from the
leading dimension-three term Γ3, the dimension-five correction Γ5, the Darwin term
Γ6, and the dimension-six four-quark contributions Γ̃6, as functions of ρf = (mf/mb)

2.
To quantify the relative size of subleading effects, we introduce Rd ≡ |Γd/Γ3| where Γd

4For coupling values consistent with current ATLAS and CMS bounds [31], the NP contribution
amounts to at most ∼ 3% of the SM total width and is therefore negligible compared to the present
experimental and theoretical uncertainties.
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Figure 4.2: Total decay width Γ(B+) induced solely by the Mesogenesis operators
as a function of ρf = (mf/mb)

2. The left column shows the individual HQE
contributions, while the right column displays the ratio Rd = |Γd/Γ3|, where Γd
denotes the corresponding subleading term. The vertical lines indicate the values of
ρf at which the subleading contribution exceeds the leading dimension-three term
Γ3; the associated mf values are also shown.

denotes one of the subleading contributions listed above. We also show in Figure 4.3
the total decay width, obtained by summing all contributions, as a function of ρf . For
convenience, the numerical inputs used in this analysis are collected in Section D.1.
The analysis leads to the following key observations:

• Hierarchy of contributions: In general, we find Γ̃6 > Γ6 > Γ5, i.e. the
dimension-six four-quark contributions dominate over the Darwin term, which
in turn exceeds the dimension-five corrections. This hierarchy closely mirrors
the pattern observed in the SM, where the dominant dimension-six four-quark
effects originate from PI topologies [63, 102]. The dominance of Γ̃6 can be
traced back to the phase-space and loop enhancement of four-quark spectator
contributions (the familiar 16π2 factor, cf. Eq. (1.14)), as well as to the specific
colour and bag-parameter combinations entering the matrix elements (see
Section D.2). The relevant dimension-six four-quark topologies for the two
representative cases are illustrated in Figure 4.4.

• Operator-dependent behaviour: For the operator O = (b uc)(ψ dc), the
dimension-six four-quark contribution exceeds the leading dimension-three term
over a significant portion of the ρψ range. This behaviour is characteristic of
operators of the form O = (b qc1)(q2 q

c
3), where q1 denotes the spectator quark

and q2, q3 are arbitrary fermions. Such structures generate a PI topology (see
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Figure 4.3: Total decay width of Γ(B+) arising purely from the Mesogenesis
operators as a function of ρf = (mf/mb)

2. The figure displays the cumulative sum
of all terms up to the indicated dimension. The vertical lines indicate the value
of ρf , where the contribution exceeds the leading dimension-three Γ3 term (the
corresponding mf values are also indicated).

d

ψ

b

u

b

u

ψ

d

b

u

b

u

Figure 4.4: Topologies of the four-quark contributions to the total decay width
Γ(B+) for the Mesogenesis models: model (d) (left, PI) and model (b) (right, PI).
The respective operators are O = (b u)(ψ d) and O = (d u)(ψ b).

Figure 4.4), which can induce a sizeable negative contribution to the decay
width. A similar pattern appears in Γ(Bd) for operators arising from L2/3, for
instance O = (b dc)(ψ uc), where the spectator quark couples directly to the b
quark, again leading to the PI topology.

• Comparison to the SM: In the SM, operators such as O = (u b)(d u) also
generate PI topologies. However, in that case the spectator quark couples
to a light quark rather than directly to the b quark. For operators of the
form O = (u b)(d c), the b quark couples to the spectator, but the resulting
contraction does not produce a PI topology. In contrast, the Mesogenesis
operators involve charge-conjugated fields, leading to a modified PI topology
that circumvents certain colour and contraction suppressions present in the
SM. This structural difference explains the enhanced behaviour observed in the
dimension-six contributions. A detailed operator-level comparison is provided
in Section D.2.

We therefore conclude that the hierarchy of HQE contributions can be strongly
operator dependent. In particular, models involving non-SM operator structures
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should be examined carefully for such effects before drawing phenomenological
conclusions.

It is worth emphasizing, however, that the present analysis is performed at leading
order (LO). Experience from the SM indicates that next-to-leading order (NLO)
QCD corrections and higher-dimensional contributions can alter the relative size of
individual terms (see, e.g., Ref. [102]). The hierarchy observed here should thus be
interpreted as an LO indication, subject to quantitative refinement in more complete
analyses.

Lifetime Ratios

Experimentally, the lifetime ratios of B mesons are measured with remarkable
precision (see e.g. the HFLAV review [103]), while the corresponding HQE predictions
have reached a comparable level of theoretical control, see e.g. Ref. [37, 102]:

τ(B+)

τ(B0
d)

Exp.

= 1.076(4) ,
τ(B0

s )

τ(B0
d)

Exp.

= 1.0021(34) , (4.35)

τ(B+)

τ(B0
d)

HQE

= 1.072± 0.024 ,
τ(B0

s )

τ(B0
d)

HQE

= 1.013(7) . (4.36)

We observe an excellent agreement between experiment and HQE predictions. In con-
trast to the total lifetimes, the theoretical uncertainties in the ratios are significantly
reduced, since dominant hadronic inputs largely cancel. The remaining difference
between experimental and theoretical precision amounts only to a factor of a few,
making lifetime ratios particularly sensitive probes of subleading HQE contributions
and potential new-physics effects.

In the HQE framework, the lifetime ratio can be expressed in terms of the
difference of total decay widths. In particular,

τ(B0
s )

τ(B0
d)

=
Γ(B0

d)

Γ(B0
s )

= 1 + τ(B0
s )

Exp.
[︁
Γ(B0

d)− Γ(B0
s )
]︁HQE

. (4.37)

Expanding the width difference in powers of 1/mb (see e.g. Eq. (1.14)), one obtains

τ(B0
s )

τ(B0
d)

= 1 + τ(B0
s )

Exp.

[︄
Γ5

⟨O5⟩B0
d
− ⟨O5⟩B0

s

m2
b

+ Γ6

⟨O6⟩B0
d
− ⟨O6⟩B0

s

m3
b

+ 16π2

(︄
(Γ̃6⟨Õ6⟩)B0

d
− (Γ̃6⟨Õ6⟩)B0

s

m3
b

+
(Γ̃7⟨Õ7⟩)B0

d
− (Γ̃7⟨Õ7⟩)B0

s

m4
b

+ . . .

)︄]︄
.

(4.38)

The leading dimension-three contribution, Γ3, cancels in the ratio τ (B0
s )/τ (B

0
d), since

it is universal for both mesons.5 As a consequence, the ratio is governed by differences
of subleading terms in the HQE, starting at dimension five.

5This cancellation removes the strong m5
b dependence of the total decay width, substantially

reducing the theoretical uncertainty.
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For the ratio τ(B+)/τ(B0
d), an especially strong cancellation occurs. In the

isospin limit (mu = md and identical non-perturbative matrix elements), all two-
quark contributions cancel in the ratio. As a result, the lifetime difference between
charged and neutral B mesons is predominantly driven by spectator-dependent
effects arising from dimension-six four-quark operators. Unlike the two-quark terms,
both the short-distance Wilson coefficients Γ̃d=6,7,... and the associated hadronic
matrix elements depend explicitly on the flavour content of the external hadron.
Consequently, they differ for B0

d, B
0
s , and B+ mesons and can generate sizeable

lifetime splittings.

For the ratio τ (B0
s )/τ (B

0
d), however, spectator effects are numerically small [101].

This suppression originates from the approximate SU(3)F symmetry between the d-
and s-spectator quarks, which reduces differences in the relevant matrix elements.
In contrast, the ratio τ(B+)/τ(B0

d) exhibits a sizeable effect of order O(10%) [101].
Here, PI between the spectator quark and the decay products of the b quark produces
a substantial dimension-six contribution. This mechanism distinguishes charged from
neutral B mesons and dominates their lifetime difference.

For comparison, analogous spectator effects are even more pronounced in the
charm sector, where they exceed 100% in the ratio τ (D+)/τ (D0) [104], reflecting the
slower convergence of the HQE for charm hadrons. For more details on the charm
sector, see e.g. the review [105].

The primary goal of the lifetime-ratio analysis is to determine whether the
measured B-meson lifetimes can provide additional constraints on the couplings of
the B-Mesogenesis model. Existing bounds on these couplings have already been
obtained from ATLAS and CMS searches for colour-triplet scalars [31]. Throughout
this analysis, we therefore adopt the corresponding upper limits on the couplings.
Using these benchmark values, we compute the lifetime ratios as a function of the
dark-fermion mass mψ. The corresponding results are shown in Section D.4.3. In each
case, a single coupling is assumed to be non-zero, while all remaining couplings are set
to zero. We find that, within the current theoretical and experimental uncertainties,
the predicted lifetime ratios remain consistent with the experimental measurements
over the entire range of mψ. Consequently, the lifetime ratios τ(B0

s )/τ(B
0
d) and

τ(B+)/τ(Bd) do not presently provide constraints on the couplings beyond those
already obtained from direct collider searches.

It is nevertheless instructive to compare the implications of constraining the
Mesogenesis couplings using lifetime ratios with those obtained from direct collider
searches and flavour-mixing observables. To this end, we determine the corresponding
predictions for the inclusive B-meson branching ratios using the couplings constrained
by each of these approaches. Besides the bounds from collider searches, Ref. [31]
also derives constraints from flavour physics. These are obtained by evaluating the
contributions of the Mesogenesis operators to the neutral-meson mixing observables
ϵK and ∆MB,K and comparing the resulting predictions with the corresponding
experimental measurements and SM expectations.

To compute the inclusive BRs, we evaluate the leading HQE contribution, Γ3,
and normalize it using the experimental lifetime of the B+ meson. In doing so,
we implicitly assume that the SM prediction for the total decay width agrees with
the inverse of the measured lifetime. This assumption is well justified, as the total
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Operator Affects
B+?

Affects
Bd?

Topology BR
(τ(B+)/τ(Bd))

(b̄dc)(ψ̄uc) Yes Yes III (B+), IV (Bd) Figure D.15 (a)

(b̄dc)(ψ̄cc) No Yes IV Figure D.15 (b)

(b̄dc)(d̄sc) No Yes {I, IV} Figure D.15 (c)

(b̄sc)(d̄sc) No Yes I Figure D.15 (d)

(b̄sc)(ψ̄uc) Yes No III Figure D.15 (e)

Table 4.1: L2/3 operator contributions to B+ and Bd meson decay rates from
dimension-6 four-quark operators, showing topologies and inclusive BRs using cou-
plings constrained by τ(B+)/τ(Bd). Rows highlighted in red correspond to the
least-constrained operators.

B-meson decay widths are currently predicted within the SM with a precision of
about 5% [102] and are in good agreement with experiment. Consequently, any
additional decay channel contributing more than approximately 5% to the total
width would be incompatible with the measured lifetime. Such parameter points are
therefore excluded and are not shown in the branching-ratio plots beyond this limit.

This procedure allows us to compare the phenomenological implications of the
different constraints on the Mesogenesis couplings. In particular, we determine
the inclusive branching ratios obtained when the couplings are constrained by
lifetime ratios, direct collider searches, and flavour-mixing observables, respectively.
The corresponding allowed parameter regions and branching-ratio predictions are
presented in Figure D.14–D.19 for the H2/3 and H−1/3 scenarios.

Figures D.14, D.16 and D.17, show the regions of the {Gf1f2
X ,mψ} parameter

space that are compatible with the measured lifetime ratios. A parameter point is
considered allowed if, after varying all input parameters within their uncertainties,
the theoretical prediction overlaps with the experimentally measured lifetime ratio
at the 1σ level. The dominant theoretical uncertainty originates from the SM HQE
prediction for the lifetime ratios, cf. Eq. (4.36). In addition, we vary the b-quark
mass within a 10% interval to account for the ambiguity of different mass schemes.

The corresponding predictions for the inclusive BRs are shown in Figures D.15
and D.19. For each value of mψ, the branching ratio is evaluated using BRTh. =

Γmeso
3 (Gf1f2

X ,mψ) τ (B
+)Exp., where the coupling Gf1f2

X is taken at the maximum value
allowed by the lifetime-ratio analysis. To obtain a conservative upper bound, the
experimental lifetime τ(B+)Exp. and the b-quark mass are both chosen at the upper
edge of their respective allowed ranges.

Before discussing the results in detail, it is useful to highlight the two main
factors that determine the predicted inclusive BRs when the Mesogenesis couplings
are constrained by the lifetime ratio τ(B+)/τ(Bd):

1. Topology dependence. The strength of the lifetime-ratio constraint depends
on the topology through which a given operator contributes (see Figure 4.1).
For example, operators that contribute only to one of the two mesons, or
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Operator Affects
B+?

Affects
Bd?

Topology BR
(τ(B+)/τ(Bd))

(b̄uc)(ψ̄dc) Yes Yes IV(B+), III(Bd) Figure D.18 (a)

(b̄cc)(ψ̄dc) No Yes III Figure D.18 (b)

(d̄uc)(ψ̄bc) Yes Yes III both unconstrained

(d̄cc)(ψ̄bc) No Yes III Figure D.18 (c)

(ψ̄dc)(ψ̄bc) No Yes I Figure D.18 (d)

(b̄uc)(ūdc) Yes Yes {IV, I}(B+), I(Bd) Figure D.18 (e)

(b̄cc)(c̄dc) No Yes I Figure D.18 (f)

(b̄cc)(ūdc) Yes Yes I both unconstrained

(b̄uc)(c̄dc) Yes Yes IV(B+), I(Bd) Figure D.19 (a)

(b̄uc)(ψ̄sc) Yes No IV Figure D.19 (b)

(ψ̄bc)(ūsc) Yes No III Figure D.19 (c)

(b̄uc)(ūsc) Yes No {IV, I} Figure D.19 (d)

(b̄uc)(c̄sc) Yes No IV Figure D.19 (e)

(b̄cc)(ūsc) Yes No I Figure D.19 (f)

Table 4.2: L−1/3 operator contributions to B+ and Bd meson decay rates from
dimension-6 four-quark operators, showing topologies and inclusive BRs using cou-
plings constrained by τ(B+)/τ(Bd). Rows highlighted in red correspond to the
least-constrained operators. Rows highlighted in yellow indicate operators that
contribute equally to both B+ and Bd mesons and thus cannot be constrained by
the lifetime ratio.

through different topologies in the B+ and Bd channels, are generally subject
to weaker constraints.

2. Phase-space suppression. The available phase space directly determines
the size of the partial decay width. Even if the lifetime-ratio constraint on
a coupling is relatively weak, the corresponding branching ratio can remain
small when the final state contains heavy particles, such as a charm quark or
the dark fermion ψ.

The interplay of these two effects governs the resulting BRs. In particular, weakly
constrained operators may still predict small branching ratios because of phase-
space suppression, whereas operators involving light final-state particles can give
comparatively large branching ratios even when their couplings are more tightly
constrained.

From the inclusive BR analysis, we identify a broad class of Mesogenesis operators
for which the predicted BR exceeds the acceptable upper limit of approximately
5% when the couplings are constrained using the lifetime ratio τ(B+)/τ(Bd) alone.
This behaviour is most pronounced for operators contributing exclusively to either
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the B+ or the Bd lifetime, in particular through topology III with at most one
massive final-state particle or through topology I involving only light quarks (u, d,
and s). The corresponding operator classes, which are only weakly constrained by
the lifetime-ratio analysis, are highlighted in red in Tables 4.1 and 4.2 for the L2/3

and L−1/3 scenarios, respectively.
We further find a small number of operators whose predicted BRs remain above

the 5% level even after imposing the collider constraints. However, these deviations
are well within the 10% theoretical uncertainty assigned to the inclusive branching-
ratio calculation and therefore do not provide additional exclusions beyond the
existing collider bounds.

We also identify a class of operators whose contributions to the B+ and Bd decay
widths are identical, such that they cancel exactly in the lifetime ratio τ (B+)/τ (Bd).
Consequently, the lifetime ratio does not constrain these operators. This occurs for
operators of the form (d uc)(f bc), with f = {c, ψ}, whose contributions arise through
the same topology in both decay channels. These operators are highlighted in yellow
in Table 4.2.

It is important to note that this cancellation relies on the presence of the charge-
conjugated fields. Operators with the same quark flavour content but a different
Lorentz structure, such as (d u)(c b), do not exhibit this behaviour. Instead, they
contribute to the B+ and Bd lifetimes through different topologies, so that no
cancellation occurs in the lifetime ratio (see, e.g., Ref. [81]).

4.3 Exclusive Calculations: LCSR

Having discussed the inclusive Mesogenesis analysis within the HQE, we now turn to
the corresponding exclusive decay channels. In this section, we study the meson-to-
baryon decay B+ → pψ, which constitutes the simplest baryonic transition allowed
in the Mesogenesis framework, using the method of LCSR introduced in Section 1.4.

The B → p transition has previously been studied within the framework of
LCSR using proton DAs up to twist-six [95,106]. In the present work, however, we
employ the complementary formulation based on B-meson DAs. One motivation
for this approach is that higher-twist corrections from the B-meson DAs can be
incorporated systematically and directly within the sum-rule framework. In addition,
the uncertainties associated with the B-meson DAs are expected to be smaller
than those arising from the less well-constrained proton DAs. The present analysis
therefore also provides an important cross-check between the two different LCSR
formulations. A detailed comparison between the two approaches will be presented
later in this section.

For the exclusive analysis, it is convenient to rewrite the effective Hamiltonian
introduced in Eq. (4.2) in the compact notation used in [95]. Restricting ourselves
to the operators proportional to G(d) and G(b), relevant for the B

+ → pΨ transition,
we write

H(−1/3) = −G(d)O(d)Ψ
c −G∗

(d)Ψ̄
cO(d) + {d↔ b}, (4.39)

where the shorthand {d↔ b} denotes the analogous contributions proportional to

G(b). The couplings G(d) and G(b) correspond directly to the Wilson coefficients C
(ud)
ψ
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and ˜︁C(ud)
ψ introduced in Eq. (4.3), respectively. The local three-quark operators

entering Eq. (4.39) are defined as

O(d) = iϵijk
(︁
ūiRb

c j
R

)︁
d̄ kR, O(d) = iϵijkd

i
R

(︁
b̄c jR u

k
R

)︁
. (4.40)

where the superscript c denotes charge-conjugated fields and qR = 1
2
(1 + γ5)q. The

indices i, j, k label the colour degrees of freedom. The corresponding operators for
model (b) are obtained through the replacement d↔ b:

O(b) = iϵijk
(︁
ūiRd

c j
R

)︁
b̄ kR, O(b) = iϵijkb

i
R

(︁
d̄c jR u

k
R

)︁
. (4.41)

The decay amplitude for the process B+(pB) → p(P )ψ(q) is expressed as

A(X)(B+ → pψ) = G(X) ⟨p(P )|O(X)|B+(pB)⟩ucψ(q), (4.42)

where ucψ(q) denotes the charge-conjugated spinor of the outgoing dark-sector fermion
ψ with momentum q, and X = {d, b} labels the Mesogenesis model. The hadronic
matrix element is parameterised in terms of four independent B → p form factors:

⟨p(P )|O(X)|B+(P + q)⟩ = F
(X)
B→pR

(q2)ūpR(P ) + F
(X)
B→pL

(q2)ūpL(P )

+ ˜︁F (X)
B→pR

(q2)ūpR(P )
/q

mp

+ ˜︁F (X)
B→pL

(q2)ūpL(P )
/q

mp

, (4.43)

where q = pB − P denotes the momentum transfer, and ūpR(P ) (ūpL(P )) denotes
the right-handed (left-handed) proton Dirac spinor with momentum P . The above
decomposition is dictated by Lorentz invariance together with the quantum numbers
of the external states and the operator. The initial B meson is a pseudoscalar state
and therefore contributes only through its momentum, while the final proton state
provides the Dirac spinor up(P ). Since the operator is chiral, the matrix element can
be expanded in terms of independent Dirac structures constructed from the chiral
projectors PR,L and the available four-momenta. Using momentum conservation,
pB = P + q, one may equivalently choose either /pB or /q as the momentum-dependent
Dirac structure. The use of /q is therefore merely a choice of basis. Note that

structures proportional to /P are not independent and can be reduced using the
proton equation of motion, /P up(P ) = mp up(P ). The factor 1/mp is introduced in
the second line such that all form factors have the same mass dimension.

The four form factors F
(X)
B→pR

(q2), F
(X)
B→pL

(q2), ˜︁F (X)
B→pR

(q2), and ˜︁F (X)
B→pL

(q2) encode
the non-perturbative QCD dynamics of the baryonic transition and constitute the
main quantities to be determined from LCSR 6.

To derive the LCSR for the form factors introduced above, we consider the
following vacuum-to-B correlation function:

F (X)(P, q) = i

∫︂
d4x eiP ·x ⟨0|T

{︁
ηp(x)O(X)(0)

}︁
|B+(P + q)⟩ , (4.44)

6Since the operators O(X) contain the chiral structure d̄ PL, the matrix element inherits the
same chirality. Multiplying the decomposition from the right by PR, one finds that the struc-

tures proportional to ūpL(P ) and ūpR(P )/q vanish, implying F
(X)
B→pL

(q2) = 0 and ˜︁F (X)
B→pR

(q2) = 0.
Nevertheless, for generality we retain the full decomposition in Eq. (4.43).
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where ηp denotes the interpolating current with the quantum numbers of the proton.
The correlation function depends on the two independent momenta P and q, while
the external B meson carries momentum P + q.

The choice of the interpolating current is an important ingredient in the construc-
tion of baryonic sum rules. In general, several local three-quark currents with the
quantum numbers of the proton can be constructed, differing in their Dirac structure
and in their overlap with the proton ground state and excited baryonic resonances
(see e.g. [107] for details). In the present work, we adopt the Ioffe current [108], which
corresponds to a particular linear combination of two other three-quark currents
known to provide a strong coupling to the proton ground state and stable sum rules
in the nucleon channel. The proton interpolating current is therefore chosen as

ηp(x) = ϵijk
[︁
uT i(x)Cγµuj(x)

]︁
γ5γµd

k(x), (4.45)

where the colour indices are shown explicitly and C denotes the charge-conjugation
matrix, whose convention is specified in Eqs. (A.16) and (A.17).

The correlation function Eq. (4.44) is a Dirac object depending on the two
independent four-momenta P and q. In order to derive separate sum rules for the
form factors appearing in Eq. (4.43), it is convenient to decompose the correlation
function into a basis of independent Lorentz and Dirac structures:

F (X)(P, q) =
[︂
F (X)

1 + F (X)
2

/P

mB

+ F (X)
3

/q

mB

+ F (X)
4

/P/q

m2
B

]︂
PL

+
[︂
F (X)

5 + F (X)
6

/P

mB

+ F (X)
7

/q

mB

+ F (X)
8

/P/q

m2
B

]︂
PR , (4.46)

The scalar coefficient functions F (X)
1,...,8 are Lorentz-invariant amplitudes depend-

ing only on the kinematic invariants P 2 and q2; this dependence is suppressed in
Eq. (4.46) for convenience. Matching these amplitudes between the hadronic and
QCD representations yields the desired LCSR relations.

Employing the unitarity relation, we derive the hadronic representation of the
correlation function. In the timelike region P 2 > 0, its imaginary part can be
expressed as

1

π
ImF (X)(P, q) = δ(P 2 −m2

p) ⟨0| ηp|p(P )⟩ ⟨p(P )|O(X) |B+(P + q)⟩

+ δ(P 2 −m2
N∗) ⟨0| ηp|N∗(P )⟩ ⟨N ∗(P )|O(X) |B+(P + q)⟩

+ ρ
(X)
h (P, q) , (4.47)

where the overlines indicate summation over baryon polarizations. The inserted
intermediate states are required to carry the same conserved quantum numbers as the
interpolating current ηp, namely baryon number, isospin, electric charge, and spin.
The current in Eq. (4.45) has non-vanishing overlap with both positive- and negative-
parity spin-1/2 baryons. Consequently, in addition to the proton contribution, we
explicitly isolate the contribution of N∗ ≡ N(1535), the lowest nucleon resonance
with spin-parity JP = 1/2− [96]. Resonances and continuum states with quantum
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numbers JP = 1/2+ (JP = 1/2−) and masses above the proton (the N∗) are included

in the spectral density ρ
(X)
h (P, q).

Analogously to Eq. (4.43), the matrix element involving the negative-parity N∗

state is parameterized as

⟨N∗(P )|O(X)|B+(P + q)⟩ =
[︄
F

(X)
B→N∗

R
(q2) ūN∗R(P ) + F

(X)
B→N∗

L
(q2) ūN∗L(P )

]︄
γ5

+

[︄ ˜︁F (X)
B→N∗

R
(q2) ūN∗R(P ) + ˜︁F (X)

B→N∗
L
(q2) ūN∗L(P )

]︄
γ5

/q

mN∗
.

(4.48)

The couplings of the interpolating current to the proton and to the lowest negative-
parity nucleon resonance N ∗ are defined as

⟨0| ηp |p(P )⟩ = λpmp up(P ) , ⟨0| ηp |N∗(P )⟩ = λN∗mN∗γ5uN∗(P ) , (4.49)

where up(P ) and uN∗(P ) denote the Dirac bispinors of the proton and N∗ states
with four-momentum P , respectively, while λp and λN∗ are the corresponding decay
constants describing the overlap of the interpolating current with the physical baryon
states. The additional γ5 in the second matrix element accounts for the negative
parity of the N ∗ state.

Substituting Eqs. (4.43), (4.48) and (4.49) into Eq. (4.47), and using the spin-sum
relations∑︂

s

up(P, s)ūp(P, s) = /P +mp,
∑︂
s

uN∗(P, s)ūN∗(P, s) = /P +mN∗ ,

we obtain the hadronic representation of the spectral density:

1

π
ImF (X)(P, q) = δ(P 2 −m2

p)λpmp

{︄
(/P +mp)

[︂
F

(X)
B→pR

(q2)PL + F
(X)
B→pL

(q2)PR

]︂
+ (/P +mp)

/q

mp

[︂ ˜︁F (X)
B→pR

(q2)PR + ˜︁F (X)
B→pL

(q2)PL

]︂}︄

− δ(P 2 −m2
N∗)λN∗mN∗

{︄
(/P −mN∗)

[︂
F

(X)
B→N∗

R
(q2)PL + F

(X)
B→N∗

L
(q2)PR

]︂
+ (/P −mN∗)

/q

mN∗

[︂ ˜︁F (X)
B→N∗

R
(q2)PR + ˜︁F (X)

B→N∗
L
(q2)PL

]︂}︄
+ ρ

(X)
h (P, q) . (4.50)

The relative minus sign in the N∗ contribution originates from the γ5 factors in
Eqs. (4.48) and (4.49), using γ5(/P +mN∗)γ5 = −/P +mN∗ .
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More generally, the hadronic spectral density can itself be decomposed into the
same basis of independent Lorentz and Dirac structures:

ρ(X)(P, q) =
[︂
ρ
(X)
1 + ρ

(X)
2

/P

mB

+ ρ
(X)
3

/q

mB

+ ρ
(X)
4

/P /q

m2
B

]︂
PL

+
[︂
ρ
(X)
5 + ρ

(X)
6

/P

mB

+ ρ
(X)
7

/q

mB

+ ρ
(X)
8

/P /q

m2
B

]︂
PR , (4.51)

where the dependence of the invariant functions ρ
(X)
i on the kinematic variables

(P 2, q2) has been suppressed for brevity. As explained in Section 1.4, the imaginary
part of the correlation function enters a dispersion relation in the variable P 2 → s,
which is valid for all values of P 2 away from the physical singularities at fixed q2:

F (X)(P, q) =
1

π

∞∫︂
sth

ds
ImF (X)(s, q)

s− P 2
, (4.52)

where the lower integration limit sth is determined by the physical threshold in the
channel interpolated by the current ηp. In the present case, the lowest state carrying
the proton quantum numbers is the proton itself, such that sth = m2

p.
Using the dispersion relation in Eq. (4.52) and comparing the hadronic repre-

sentation in Eq. (4.50) with the general decomposition in Eq. (4.46), one obtains
dispersion relations for the invariant amplitudes by matching the corresponding
Lorentz and Dirac structures. For the first four amplitudes, the resulting relations
read

F (X)
1 (P 2, q2) =

λpm
2
p

m2
p − P 2

F
(X)
B→pR

(q2) +
λN∗m2

N∗

m2
N∗ − P 2

F
(X)
B→N∗

R
(q2) +

∫︂ ∞

sh

ds
ρ
(X)
1 (s, q2)

s− P 2
,

(4.53)

F (X)
2 (P 2, q2) =

λpmpmB

m2
p − P 2

F
(X)
B→pR

(q2)− λN∗mN∗mB

m2
N∗ − P 2

F
(X)
B→N∗

R
(q2) +

∫︂ ∞

sh

ds
ρ
(X)
2 (s, q2)

s− P 2
,

(4.54)

F (X)
3 (P 2, q2) =

λpmpmB

m2
p − P 2

˜︁F (X)
B→pL

(q2) +
λN∗mN∗mB

m2
N∗ − P 2

˜︁F (X)
B→N∗

L
(q2) +

∫︂ ∞

sh

ds
ρ
(X)
3 (s, q2)

s− P 2
,

(4.55)

F (X)
4 (P 2, q2) =

λpm
2
B

m2
p − P 2

˜︁F (X)
B→pL

(q2)− λN∗m2
B

m2
N∗ − P 2

˜︁F (X)
B→N∗

L
(q2) +

∫︂ ∞

sh

ds
ρ
(X)
4 (s, q2)

s− P 2
.

(4.56)

The remaining four relations for F (X)
5,...,8 are obtained from the above expressions by

interchanging the chiral labels, R ↔ L, together with the replacements 1 → 5, 2 →
6, 3 → 7, 4 → 8. Here sh denotes the physical continuum threshold in the proton
channel. Since the lightest multi-particle state carrying the same quantum numbers
as the proton current is the pπ state, one has sh = (mp +mπ)

2 7.

7In contrast to the proton and N∗ contributions, the pπ state is a two-particle state whose
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The relations derived above constitute the hadronic representation of the correla-
tion function. The same correlation function can also be evaluated in QCD using the
light-cone OPE, which is valid in the spacelike region P 2 ≪ 0, where the virtualities
are sufficiently far away from the physical hadronic poles and cuts. In this region,
the correlation function admits the dispersion representation

F (X)
OPE(P, q) =

1

π

∫︂ ∞

0

ds
ImF (X)

OPE(s, q)

s− P 2
, (4.57)

where the spectral density is calculated directly from quark and gluon degrees of
freedom. The lower integration limit reflects the approximation mu = md = 0. We
now invoke the quark–hadron duality approximation to model the higher resonance
and continuum contributions appearing in Eqs. (4.53) to (4.56). Specifically, one
assumes that above a certain effective threshold s0, the hadronic spectral densities
are well approximated by the corresponding OPE spectral densities:

∞∫︂
sh

ds
ρ
(X)
n (s, q2)

s− P 2
=

1

π

∞∫︂
s
(n)
0

ds
ImF (X)OPE

n (s, q2)

s− P 2
, (n = 1, . . . , 8), (4.58)

Here s
(n)
0 denotes the effective continuum-threshold parameter associated with the

invariant amplitude F (X)
n . It is important to distinguish the physical threshold

sh from the effective continuum thresholds s
(n)
0 . The threshold sh is fixed by the

physical hadronic spectrum and is therefore universal for all invariant amplitudes.
In contrast, the parameters s

(n)
0 arise from the quark–hadron duality approximation

and effectively model the transition between explicitly isolated low-lying states and
the higher-state continuum. Since different invariant amplitudes are associated
with different Dirac structures and may couple differently to excited states, the
corresponding effective thresholds need not be identical.

Equating the hadronic and OPE representations of the invariant amplitudes,
implementing the quark–hadron duality approximation for the higher-state contribu-
tions, and subsequently applying a Borel transformation in the variable P 2 →M2,
one arrives at a system of eight LCSR relations for the B → p and B → N∗ transition
form factors. The first four sum rules are given by

λpm
2
p e

−m2
p/M

2

F
(X)
B→pR

(q2) + λN∗m2
N∗ e−m

2
N∗/M

2

F
(X)
B→N∗

R
(q2)

=
1

π

∫︂ s
(1)
0

0

ds e−s/M
2

ImF (X)OPE
1 (s, q2), (4.59)

λpmpmB e
−m2

p/M
2

F
(X)
B→pR

(q2)− λN∗mN∗mB e
−m2

N∗/M
2

F
(X)
B→N∗

R
(q2)

=
1

π

∫︂ s
(2)
0

0

ds e−s/M
2

ImF (X)OPE
2 (s, q2), (4.60)

invariant mass is not fixed. It therefore generates a continuous spectral contribution (branch cut)
starting at s = (mp +mπ)

2, rather than an isolated pole in the dispersion relation.

94



λpmpmB e
−m2

p/M
2 ˜︁F (X)

B→pL
(q2) + λN∗mN∗mB e

−m2
N∗/M

2 ˜︁F (X)
B→N∗

L
(q2)

=
1

π

∫︂ s
(4)
0

0

ds e−s/M
2

ImF (X)OPE
3 (s, q2), (4.61)

λpm
2
B e

−m2
p/M

2 ˜︁F (X)
B→pL

(q2)− λN∗m2
B e

−m2
N∗/M

2 ˜︁F (X)
B→N∗

L
(q2)

=
1

π

∫︂ s
(4)
0

0

ds e−s/M
2

ImF (X)OPE
4 (s, q2). (4.62)

The remaining four sum rules corresponding to F (X)
5,...,8 are obtained analogously from

the relations below Eq. (4.56). The sum rules for the physical B → p form factors
are obtained by constructing suitable linear combinations of the LCSR relations such
that the unwanted B → N ∗ contributions cancel. One finds

F
(X)
B→pR

(q2) =
em

2
p/M

2

λpmp(mp +mN∗)

[︃
I
(X)
1 (M2, q2) +

mN∗

mB

I
(X)
2 (M2, q2)

]︃
, (4.63)

and

˜︁F (X)
B→pL

(q2) =
em

2
p/M

2

λpmB(mp +mN∗)

[︃
I
(X)
3 (M2, q2) +

mN∗

mB

I
(X)
4 (M2, q2)

]︃
, (4.64)

where we introduced the shorthand notation

I(X)
n (M2, q2) ≡ 1

π

∫︂ s0,n

0

ds e−s/M
2

ImF (X)OPE
n (s, q2) . (4.65)

The corresponding sum rules for the B → N∗ transition form factors are obtained
analogously by eliminating the proton contributions instead.

Before turning to the explicit OPE calculation, it is important to comment on an
additional subtlety in the hadronic representation. Between the proton ground state
and the negative-parity resonance N∗(1535), there exists the broad positive-parity
Roper resonance N(1440) with quantum numbers JP = 1/2+ [96]. In principle, this
state should also be taken into account explicitly in the sum rules by isolating its
pole contribution in the same manner as for the proton and N ∗ states.

In practice, however, the treatment of the Roper resonance is considerably more
complicated. Owing to its large decay width and its strong overlap with the nearby
multi-particle continuum, the Roper state does not manifest itself as a narrow isolated
resonance. Moreover, introducing an explicit Roper contribution would require
additional hadronic parameters, in particular its decay constant and transition form
factors, for which no reliable estimates currently exist. The interpolating current
furthermore couples simultaneously to the proton, the Roper resonance, and other
positive-parity excitations, rendering a clean separation numerically difficult.

For these reasons, we adopt a simplified hadronic ansatz following previous
LCSR analyses of nucleon electromagnetic form factors (see e.g. [109, 110]). In those
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studies, the same proton interpolating current was employed, while the N(1440) and
N∗(1535) resonances were effectively included in the spectral densities through the
quark–hadron duality approximation in Eq. (4.58). Following the same strategy, we
absorb the Roper resonance contribution into the higher-resonance and continuum
part modeled through the quark–hadron duality approximation. In addition, we
adopt a common effective continuum threshold for all invariant amplitudes, s

(n)
0 ≡ s0 .

These assumptions considerably simplify the resulting sum rules. Furthermore, as
will be shown below, all invariant amplitudes except F (X)

1 and F (X)
4 vanish in the

adopted approximation. Consequently,

F
(X)
B→pR

(q2) =
1

πλpm2
p

s0∫︂
0

ds e
m2
p−s
M2 ImF (X)OPE

1 (s, q2) , (4.66)

and

˜︁F (X)
B→pL

(q2) =
1

πλpm2
B

s0∫︂
0

ds e
m2
p−s
M2 ImF (X)OPE

4 (s, q2) . (4.67)

Having established the hadronic representation and the corresponding LCSR relations,
we now turn to the explicit calculation of the OPE side of the correlation function.
For definiteness, we focus in the following on model (d) and consider the correlation
function

F (d)(P, q) = i

∫︂
d4x eiP ·x ⟨0|T

{︁
ηp(x)O(d)(0)

}︁
|B+(P + q)⟩ . (4.68)

The extension to model (b) proceeds analogously. The OPE receives contributions
from both the two-particle and three-particle B-meson DAs. The corresponding
leading-order diagrams are shown in Figure 4.5. The left diagram corresponds to the
two-particle DA contribution, while the right diagram represents the three-particle
DA contribution generated by soft-gluon emission from the light-quark propagator.

The OPE calculation proceeds by contracting the time-ordered product in
Eq. (4.68). We first consider the contribution of the two-particle B-meson DAs
corresponding to the left diagram in Figure 4.5. At leading order, the u- and d-quark
fields are contracted using the free light-quark propagator. We find it most convenient
to perform the calculation entirely in coordinate space. After contracting the colour
indices, simplifying the resulting Dirac structures with the charge-conjugation identi-
ties in Eqs. (A.16) and (A.17), and taking into account the two possible contractions
of the u-quark fields, which yield identical contributions, we obtain

F (d)(P, q) =

∫︂
d4x eiP ·x −4 xαxβ[︁

(2π2)(x2)2
]︁2 ⟨0| b̄(0)PLγαγµu(x) |B+(P + q)⟩ γ5γµγβPL .

(4.69)

The remaining nonlocal vacuum-to-B matrix element is subsequently expanded in
terms of the B-meson light-cone DAs. To this end, we employ the HQET framework,
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B+(P + q)

b

u

Ψ(q)

u

d

P

Figure 4.5: Leading-order contributions to the correlation function in the LCSR
approach with B-meson DAs. Left: contribution from the two-particle DAs. Right:
diagram describing the contribution of the three-particle (quark-antiquark-gluon)
B-meson DAs. The curly line represents the gluon component of the DA, while the
cross indicates the second diagram in which the gluon is emitted from the d-quark
line.

in which the heavy b-quark field is decomposed as8

b(x) = e−imbv·x hv(x),

where vµ denotes the four-velocity of the B meson, vµ = (P + q)µ/mB, and hv is the
effective heavy-quark field in HQET. This decomposition factors out the dominant
mechanical momentum mbv

µ carried by the heavy quark, while the residual soft
dynamics are encoded in the slowly varying field hv. The resulting nonlocal matrix
elements of the form

⟨0| h̄v(0) Γu(x) |B̄(v)⟩
are then parameterized in terms of the two-particle B-meson DAs, whose definitions
and conventions are collected in Section D.3.

Substituting the decomposition of the nonlocal matrix element in terms of the B-
meson DAs from Section D.3 into Eq. (4.69), we arrive at the following intermediate
expression for the OPE representation of the correlation function:

F (d)OPE(P, q) =

(︃
ifBmB

4

)︃∫︂ ∞

0

dω

∫︂
d4x ei(P−ωv)·x xαxβ[︁

(2π2)(x2)2
]︁2

×
{︄

− Tr
[︂
γµγα(1 + /v)

]︂
ϕB+(ω) + Tr

[︂
γµγα(1 + /v)/x

]︂ i
2
ΦB

±(ω)

}︄
γ5γµγβ(1 + /v) + . . . ,

(4.70)

where for brevity only the contributions of the twist-two and twist-three DAs are
shown explicitly. After performing the Dirac algebra and evaluating the coordinate-

8At leading order in the heavy-quark expansion, this decomposition is equivalent to Eq. (B.2),
with hv ≡ bv. We retain the notation hv here to remain consistent with the standard parametrisation
of the B-meson light-cone DAs; see Section D.3.
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space integrals, we obtain

F (d)OPE(P, q) =
fBmB

16π2

∫︂ ∞

0

dω

(︄
(P − ωv)2 ln

[︂
− (P − ωv)2

]︂
ϕB+(ω)

− ln
[︂
− (P − ωv)2

]︂(︁
/P/v − ω

)︁
ΦB

±(ω)− 8 ln
[︂
− (P − ωv)2

]︂
gB+(ω)

+ 8
/P/v − ω

(P − ωv)2
GB

±(ω)

)︄
PL , (4.71)

where the contributions of the twist-four and twist-five DAs are also included. Note
that in Eq. (4.71), we retain only those terms that generate a nonvanishing imaginary
part in the variable P 2. Constant and polynomial contributions in P 2 are omitted,
since they disappear after the Borel transformation.

Repeating the same calculation for model (b), we find the simple relation

F (b)OPE(P, q) = 2F (d)OPE(P, q) . (4.72)

Consequently, the corresponding sum rules and form factors of model (b) are directly
obtained from those of model (d) through an overall factor of two.9

We now turn to the calculation of the three-particle DA contributions. These arise
from the soft-gluon emission off the light u- and d-quark propagators, corresponding
to the right diagram in Figure 4.5. For massless light quarks, we employ the light-cone
expansion of the quark propagator in the external gluon field [111]:

−i⟨0|T{qiα(x) q̄kβ(0)}|0⟩ =
/xαβδ

ik

2π2(−x2)2

+
gs(λ

a)ik

32π2(−x2)

∫︂ 1

0

du
{︂
u σµνG

aµν(ux)/x+ ū /xσµνG
aµν(ux)

}︂
αβ
,

(4.73)
where λa denote the Gell-Mann matrices, and the Dirac and colour indices are shown
explicitly.10

Using the propagator expansion in Eq. (4.73), following the same colour and
Dirac-algebra simplifications as in the two-particle case, and accounting for the
second identical contraction of the u-quark fields, we obtain for the diagram in which
the soft gluon is emitted from the u-quark propagator the intermediate expression

9Interestingly, this simple relation does not arise in the alternative LCSR approach based on
proton DAs [95, 106]. This indicates that Eq. (4.72) is a consequence of the specific Dirac and
colour structure emerging in the present B-meson-DAs formulation, rather than a fundamental
property of the underlying operators themselves.

10As explained at the end of Section 1.3, the expansion in Eq. (4.73) is equivalent order by order
to the quark propagator expansion in the FS gauge discussed in Section 1.3. However, instead
of expanding the gluon field around a local point in terms of covariant derivatives, the nonlocal
dependence on Gµν(ux) is kept explicitly. This form is more convenient for LCSRs, since it directly
matches onto the nonlocal light-cone matrix elements defining the three-particle B-meson DAs.
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F (d)OPE(P, q)
⃓⃓
u
=

1

16π4

∫︂ 1

0

du

∫︂
d4x eiP·x x

α1xα2

(−x2)3

×
[︂
u ⟨0| b̄(0)Gρβ(ux)PLγα1σ

βργµ u(x) |B+(P + q)⟩

+ ū ⟨0| b̄(0)Gρβ(ux)PLσ
βργα1γµ u(x) |B+(P + q)⟩

]︂
γ5γ

µγα2PL,

(4.74)

where ū ≡ 1− u, and P = P − σmBv, with the function σ = σ(u, ω1, ω2) defined in
Eq. (D.30). Similarly, for the diagram in which the soft gluon is emitted from the
d-quark propagator, we obtain

F (d)OPE(P, q)
⃓⃓
d
= − 1

16π4

∫︂ 1

0

du

∫︂
d4x eiP·x x

α1xα2

(−x2)3
[︂
γ5γµ

(︁
u σρβγα1 + ū γα1σ

ρβ
)︁
PL

]︂
× ⟨0| b̄(0)Gρβ(ux)PLγα2γ

µu(x) |B+(P + q)⟩ . (4.75)

The resulting matrix elements containing two quark fields and one gluon field-
strength tensor, appearing in Eqs. (4.74) and (4.75), are then expanded in terms of
the three-particle B-meson DAs using the decomposition in Eq. (D.29). Finally, for
the diagram with gluon emission from the u-quark propagator, we obtain

F (d)OPE(P, q)
⃓⃓
u
= −fBmB

64π2

∫︂ ∞

0

dω1

∫︂ ∞

0

dω2

∫︂ 1

0

du

P2

[︁
u C(P , v) + ū C(P , v)

]︁
PL ,

(4.76)
The expressions for the coefficient functions C and C are collected in Section D.4.2.

Evaluating the remaining diagrams, we further obtain

F (d)OPE(P, q)|d = −F (d)OPE(P, q)|u , (4.77)

F (b)OPE(P, q)|d = F (b)OPE(P, q)|u = 0. (4.78)

Therefore, the net contribution of the three-particle B-meson DAs to the correlation
functions of models (d) and (b) vanishes identically.

The vanishing of the three-particle DA contribution is highly nontrivial and can
be traced back to several ingredients. 1. Interpolating current: The specific form
of the proton interpolating current plays a crucial role. In particular, the Ioffe current
is given by a fixed linear combination of two independent three-quark currents (see
e.g. [107]). We verified explicitly that each of these currents separately produces
nonvanishing three-particle DA contributions, whereas the cancellation occurs only
after combining them into the particular Ioffe-current structure. 2. Operator
structure: The Lorentz structure of the effective interactions in Eqs. (4.40) and (4.41)
is equally important. In the present setup, both the diquark bilinear and the quark–Ψ
bilinear form Lorentz scalars. Modifying this structure changes the cancellation
pattern. For example, considering an interaction of the form (ūiRγρb

c
R)
(︁
d̄Rγ

ρΨ
)︁
, or

the analogous replacement d↔ b in model (b), leads to nonvanishing contributions
from the soft-gluon emission diagrams in Figure 4.5, even in combination with the
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Ioffe current. 3. Quark-mass effects: As an additional consistency check, we
repeated the calculation in momentum space using quark propagators in dimensional
regularisation. For massless light quarks, we reproduced the same relations in
Eqs. (4.77) and (4.78). On the other hand, introducing a finite strange-quark
mass, corresponding for instance to a transition of the type B → ΛΨ, generates
nonvanishing three-particle DA contributions proportional to ms.

We can now match the OPE result in Eq. (4.71) to the general decomposition
in Eq. (4.46). Using /P/v = (P 2 + /P/q)/mB, we see that the OPE contains only the

scalar structure and the /P/q structure multiplying PL. Therefore, only the invariant

amplitudes F (d)OPE
1 and F (d)OPE

4 are nonzero, while all remaining amplitudes vanish:

F (d)OPE
2,3,5,6,7,8 = 0. The nonvanishing invariant amplitudes are

F (d)OPE
1 (P 2, q2) =

fB
16π2

∞∫︂
0

dω

[︄
mB∆ω ln(−∆ω)ϕ

B
+(ω)− ln(−∆ω)

(︁
P 2 −mBω

)︁
ΦB

±(ω)

− 8mB ln(−∆ω) g
B
+(ω) + 8

(P 2 −mBω)

∆ω

GB
±(ω)

]︄
, (4.79)

F (d)OPE
4 (P 2, q2) =

fBm
2
B

16π2

∫︂ ∞

0

dω

[︃
− ln(−∆ω) Φ

B
±(ω) +

8

∆ω

GB
±(ω)

]︃
, (4.80)

where ∆ω ≡ (P − ωv)2. These are the two invariant amplitudes that enter the final
LCSR relations in Eqs. (4.66) and (4.67).

The next step is to evaluate the imaginary parts of the invariant amplitudes in
the variable s = P 2. In the expressions obtained above, the imaginary contributions
originate from two different structures: the logarithmic terms ln(−∆ω) and the pole
terms 1/∆ω. We use the standard relation

1

π
Im ln(−∆ω) = −θ(∆ω),

1

π
Im

1

∆ω + i0
= −δ(∆ω). (4.81)

The step function generated by the logarithmic terms constrains the integration region
in the variable ω through the condition ∆ω > 0. Solving the equation (P − ωv)2 = 0
for ω, one obtains the physical root 11

ω− =
m2
B + s− q2 −

√︁
(m2

B + s− q2)2 − 4m2
Bs

2mB

. (4.82)

Accordingly, the step function restricts the integration region to 0 ≤ ω ≤ ω−, while
the delta-function contribution is evaluated as

δ(∆ω) =
mB√︁

(m2
B + s− q2)2 − 4m2

Bs
δ(ω − ω−). (4.83)

11The second solution of the equation ∆ω = 0 corresponds to ω+ =
m2

B+s−q2+
√

(m2
B+s−q2)2−4m2

Bs

2mB
,

which lies outside the physical integration region relevant for the light-cone expansion. In particular,
for the kinematics considered in the LCSR derivation one has ω+ > mB, whereas the light-cone
DAs are supported in the region ω = O(ΛQCD) ≪ mB . Therefore only the root ω− contributes.

100



This relation follows from the standard identity

δ(f(ω)) =
∑︂
i

δ(ω − ωi)

|f ′(ωi)|
,

where ωi are the roots of the equation f(ω) = ∆ω = 0. Evaluating the derivative

f ′(ω) = 2ω − m2
B + s− q2

mB

at the physical root ω− yields

|f ′(ω−)| =
√︁

(m2
B + s− q2)2 − 4m2

Bs

mB

,

which directly leads to Eq. (4.83).
Using Eqs. (4.81) to (4.83), we obtain the spectral densities corresponding to the

nonvanishing invariant amplitudes in Eqs. (4.79) and (4.80):

ImF (d)OPE
1 (s, q2) =

fBmB

16π

[︄ ω−∫︂
0

dω

{︃
−∆ω(s)ϕ

B
+(ω) +

(︃
s

mB

− ω

)︃
ΦB

±(ω) + 8gB+(ω)

}︃

− 8
mB√︁

(m2
B + s− q2)2 − 4m2

Bs

(︃
s

mB

− ω−

)︃
GB

±(ω−)

]︄
,

(4.84)

ImF (d)OPE
4 (s, q2) =

fBm
2
B

16π

[︄ ω−∫︂
0

dωΦB
±(ω)− 8

mB√︁
(m2

B + s− q2)2 − 4m2
Bs

GB
±(ω−)

]︄
.

(4.85)

Here ∆ω(s) denotes ∆ω after the replacement P 2 → s.

4.3.1 Numerical Analysis

Having derived the LCSR expressions for the B → p transition form factors, we now
turn to their numerical evaluation. We first specify the input parameters entering
the sum rules.

In Table 4.3 we collect the values and intervals of all input parameters used in
the numerical analysis. Apart from the hadron masses taken from [96], the LCSR
calculation requires the proton decay constant λp defined in Eq. (4.49). For this
parameter we adopt the interval obtained in [112] from a two-point QCD sum-rule
analysis using the same Ioffe interpolating current. The definitions and models of
the B-meson DAs entering the LCSRs are summarized in Section D.3. The complete
set of two-particle and three-particle DAs depends on three nonperturbative input
parameters. The first one is the B-meson decay constant, which is accurately
determined from lattice QCD. We use the Nf = 2 + 1 + 1 FLAG average quoted
in [71]. Considerably less precise is the inverse moment of the twist-two DA, λB,
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Parameters values/intervals Source

Hadron masses mB = 5.279 GeV [96]

mp = 938.272 MeV

mΛb = 5.620 GeV

mπ+ = 139.57 MeV

Nucleon decay constant λp = −(27± 9)× 10−3 GeV 2 [112]

B-meson decay constant fB = 190.0± 1.3 MeV [71]

Inverse moment of tw2 B DA λB = 460± 110 MeV [44]

The ratio (D.25) R = λ2E/λ
2
H = 0.30+0.17

−0.12 see Section D.3.1

Borel parameter squared M2 = 1.5 - 2.0 GeV2 [109]

Duality threshold s0 = 2.25 GeV2

b-quark MS mass mb(µ = 3 GeV) = 4.47+0.04
−0.03 GeV [96]

B+-meson lifetime τB = 1.638± 0.004 ps [96]

Table 4.3: The input parameters used in the LCSR numerical analysis.

defined in Eq. (D.24). For this quantity we adopt the QCD sum-rule determination
from [44]; see also [113]. The third parameter is the ratio R = λ2E/λ

2
H introduced in

Eq. (D.25). The interval quoted in Table 4.3 is obtained by averaging the available
QCD sum-rule determinations of λE and λH from [114–116], which are based on
different two-point correlation functions.

Adopting the values in Table 4.3, we implicitly assume a common renormalisation
scale µ ∼ 1 GeV for λB and the other scale-dependent quantities entering the DAs.
This scale lies in the same range as the typical Borel scale employed in the sum rules.
A more refined treatment would require the calculation of radiative gluon corrections
to the correlation function, which remains beyond the scope of the present analysis.

The choice of the Borel parameter M2 and the effective continuum threshold s0
listed in Table 4.3 follows the same strategy adopted in previous LCSR analyses of
nucleon electromagnetic form factors [109,110]. Since in the present work we employ
the simplified version of the hadronic representation described above (see Eqs. (4.66)
and (4.67) and the corresponding discussion), where the excited baryonic resonances
are absorbed into the continuum contribution through quark–hadron duality, it is
natural to use the same effective threshold s0 ≃ (1.5 GeV)2 = 2.25 GeV2, together
with the same Borel window M2 = 1.5− 2.0 GeV2. Finally, for the estimate of the
inclusive width B → XNψ used later, we employ the MS b-quark mass at the scale
µ = 3 GeV from [96].

Having specified all input parameters, we first assess the stability of the obtained
form factors with respect to the Borel parameter M2. In Figure 4.6 we show the
dependence of the form factors on the Borel mass squared. One observes a good
stability behaviour throughout the adopted Borel window M2 = 1.5− 2.0 GeV2. In
fact, the sum rules remain reasonably stable even beyond this interval, indicating a
mild sensitivity of the results to the precise choice of the Borel parameter.
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Figure 4.6: Borel-mass dependence of the form factors F
(d)
B→PR

(left panel) and˜︁F (d)
B→PL

(right panel) at q2 = 0, evaluated at the central values of the input parameters.

The interval M 2 = 1.5− 2.0 GeV2 is used in LCSRs.

In addition, by assessing the relative size of the proton-pole contribution and the
continuum contribution above the effective threshold s0 within the adopted Borel
window, we find that the simplified hadronic ansatz employed in the present analysis
leads to a numerically subdominant pole contribution in the LCSRs. This behaviour
is a direct consequence of using an effective threshold that absorbs the nucleon
resonances into the continuum through the duality approximation. As a result, the
extracted form factors show a substantial sensitivity to the quark–hadron duality
assumption underlying the continuum subtraction procedure.

Figure 4.7: The form factors F
(d)
B→PR

(left panel) and ˜︁F (d)
B→PL

(right panel) in the
spacelike region and at central input, shown with the red solid lines. The blue dashed
(green solid) lines represent the sum of the twist-2 and twist-3 (twist-4 and twist-5)
contributions, and the black dashed line represents the twist-4 contribution.

We now evaluate the form factors at their central input values in the region of
validity of the LCSR, corresponding to spacelike momentum transfer q2 < 0. The
resulting q2 dependence of F

(d)
B→PR

and ˜︁F (d)
B→PL

is displayed in Figure 4.7. For both
form factors, the dominant contribution originates from the combined twist-two and
twist-three terms.12 The higher-twist contributions partially cancel the lower-twist

12Since the twist-three DA ϕB− enters the LCSRs only through the integrated combination
ΦB

±, involving also the twist-two DA ϕB+, it is natural to combine the twist-two and twist-three
contributions together. Analogously, the twist-four and twist-five terms appear through the
combination GB

±, and therefore their contributions are also shown jointly.
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result and reduce the final values of the form factors. In the case of F
(d)
B→PR

, the twist-
four contribution already provides the dominant part of the higher-twist correction,
indicating that the genuine twist-five effects remain relatively small. In contrast,
for ˜︁F (d)

B→PL
the difference between the isolated twist-four term and the combined

twist-four plus twist-five contribution is substantial, showing that the twist-five DA
contribution is numerically important in this case. Overall, the hierarchy between
the different twist contributions remains stable throughout the spacelike region
considered.

We now turn to the discussion of the theoretical uncertainties of the obtained
LCSR predictions. In the numerical analysis, the individual uncertainties associated
with the input parameters listed in Table 4.3 are combined in quadrature. As
representative results, we present in Table 4.4 the values of the B → p transition
form factors at q2 = 0 (denoted LCSR-B). The final predictions, including all
two-particle DA contributions up to twist five, are shown in the column denoted by
(tw2–tw5), whereas the column (tw2–tw3) is displayed only for illustration of the
impact of the higher-twist corrections.

Form factor
LCSR-B (this work) LCSR-N

(tw2-tw3) (tw2-tw5) (tw3) [95] (tw3-tw6) [106]

F
(d)
B→pR

(0) [1.4, 3.9] [0.4, 2.2] [2.4, 2.8] [0.9, 3.5]˜︁F (d)
B→pL

(0) [0.24, 0.52] [0.14, 0.35] 0 [0.4, 0.7]

F
(b)
B→pR

(0) [2.8, 7.7] [0.8, 4.4] [−0.9, −0.6] [−5.9, −2.2]˜︁F (b)
B→pL

(0) [0.5, 1.1] [0.28, 0.70] [0.07, 0.10] [−0.9, −0.4]

Table 4.4: Intervals of the B → p transition form factors at q2 = 0 (in units of 10−2

GeV2) for models (d) and (b), obtained from LCSRs with B-meson DAs (denoted as
LCSR-B), are compared with the results from LCSRs with nucleon DAs (LCSR-N).
Here the notation such as (tw2–tw5) indicates that contributions from twist-2 up to
twist-5 are included.

The resulting uncertainties are rather sizeable. The dominant source of the
error budget originates from the broad allowed intervals of the two most important
nonperturbative input parameters: the inverse moment λB of the leading-twist B-
meson DA and the proton decay constant λp. To quantify their impact, we separately
vary λB and λp while keeping all remaining input parameters fixed at their central
values. The resulting variations of the form factors at q2 = 0 are collected in Table 4.5.
We find that the uncertainties induced by λB and λp indeed account for a substantial
fraction of the total intervals quoted in Table 4.4. At the same time, both form
factors in Eqs. (4.66) and (4.67) depend on the proton decay constant through the
same overall normalisation factor 1/λp. Consequently, their ratio is independent of
this parameter.

We also observe that the inclusion of the higher-twist contributions reduces
the overall uncertainty of the final predictions. This effect originates from partial
cancellations between the leading-twist and higher-twist terms, which simultaneously
decrease the central values of the form factors and their sensitivity to the input
parameters, in agreement with the behaviour illustrated in Figure 4.7.
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Form factor
Uncertainty from λB Uncertainty from λp
(tw2-tw3) (tw2-tw5) (tw2-tw3) (tw2-tw5)

F
(d)
B→pR

(0) [1.6, 3.5] [0.5, 2.0] [1.7, 3.4] [0.8, 1.6]˜︁F (d)
B→pL

(0) [0.29, 0.39] [0.16, 0.29] [0.25, 0.49] [0.16, 0.33]

F
(b)
B→pR

(0) [3.2, 6.9] [1.0, 4.1] [3.3, 6.7] [1.6, 3.1]˜︁F (b)
B→pL

(0) [0.59, 0.77] [0.32, 0.59] [0.5, 1.0] [0.33, 0.65]

Table 4.5: The same form factors from LCSRs with B-meson DAs as in Table 4.4.
Shown are the intervals stemming from separate variations of the parameter λB or
λp with all other input parameters fixed at their central values.

Finally, it is important to stress that the quoted uncertainties should not be
interpreted statistically in the Gaussian sense. In particular, both λB and λp are
themselves extracted from QCD sum rules, where the quoted intervals reflect system-
atic variations of auxiliary sum-rule parameters rather than probability distributions.
For this reason, we prefer to present our final LCSR predictions in the form of
intervals instead of central values with Gaussian errors.

In Table 4.4 we also quote previous predictions for the B → p form factors
obtained from LCSRs based on nucleon DAs, denoted by LCSR-N . The original
analysis of [95], performed at twist-three accuracy, was later extended in [106]
to include contributions up to twist six. Comparing the LCSR-B and LCSR-N
approaches, one immediately notices that the simple relations between the form
factors in models (d) and (b) derived in Eq. (4.72) are absent in the LCSR-N
framework at any twist order. In addition, within the LCSR-N approach the form
factors in model (b) acquire opposite signs relative to those in model (d).

At the same time, it should be emphasized that the notion of twist for nucleon DAs
differs fundamentally from the twist classification used for B-meson DAs. Therefore,
a direct term-by-term comparison between twist contributions in the two approaches
is not meaningful. Nevertheless, the overall hierarchy of the twist expansion remains
an important criterion for the reliability of the OPE. In the present LCSR-B analysis
this hierarchy is reasonably well respected, as illustrated in Figure 4.7. In contrast,
the LCSR-N results of [106] exhibit very large higher-twist effects.

To investigate this point in more detail, we independently evaluated the sum-
rule expressions of [106] in the spacelike region using the same input parameters
adopted there. In particular, focusing on model (b) at q2 = −4 GeV2, where the

twist expansion is expected to be reliable, we find for the form factor F
(b)
B→pR

that
the twist-four contribution exceeds the twist-three term by roughly a factor of four,
while the twist-five contribution amounts to about 60% of the twist-three one. For
the second form factor, ˜︁F (b)

B→pL
, the enhancement is even more pronounced, with

the twist-four contribution exceeding the twist-three term by approximately one
order of magnitude. This behaviour explains the substantial difference between the
twist-three and twist-six predictions quoted in the first two columns of Table 4.4,
especially for model (b).

For model (d) the higher-twist effects in the LCSR-N approach are considerably
less dramatic, and the agreement with our LCSR-B results is correspondingly
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better. Moreover, once the rather large uncertainties of both methods are taken
into account, the predicted intervals still overlap marginally. Nevertheless, the
convergence pattern of the OPE in the LCSR-N framework, particularly for model
(b), appears questionable and deserves further investigation.

The LCSR predictions derived above are valid only in the spacelike region of
momentum transfer q2 < 0, where the OPE is expected to converge reliably. In
contrast, the physical decay region for the process B → pψ corresponds to positive
timelike momentum transfer, 0 ≤ q2 ≤ (mB −mp)

2. Therefore, in order to obtain
phenomenological predictions for the physical decay amplitudes and widths, the
form factors calculated from LCSRs in the spacelike domain must be extrapolated
analytically to the physical timelike region.

To extrapolate the LCSR predictions to the physical timelike region, we employ
the standard z-expansion method widely used for heavy-to-light form factors. We
introduce the conformal variable

z(q2, t0) =

√︁
t+ − q2 −√

t+ − t0√︁
t+ − q2 +

√
t+ − t0

, (4.86)

with t+ = (mΛb + 2mπ)
2. For simplicity, we choose the second free parameter of the

mapping to be t0 = 0, such that the point q2 = 0 corresponds to z = 0.
At this stage it is useful to recall that the correlation function in Eq. (4.44)

depends on two independent kinematic variables, P 2 and q2, which correspond to
two different hadronic channels. The variable P 2 is associated with the baryonic
channel interpolated by the Ioffe current and is therefore saturated by hadronic
states carrying the proton quantum numbers. This is the channel in which the
dispersion relation and Borel transformation were constructed in the derivation of
the LCSRs. In contrast, the variable q2 corresponds to the channel generated by the
local three-quark operators O(X) in Eqs. (4.40) and (4.41). Consequently, its analytic
structure is determined by hadronic states carrying the same quantum numbers
as these operators. The lowest singularity in this channel is given by the Λb pole,
whereas the continuum contribution starts from the Λbππ threshold and receives
additional contributions from higher excited and multiparticle states carrying the
same quantum numbers. This is precisely the reason for choosing t+ = (mΛb +2mπ)

2

in the conformal mapping variable defined in Eq. (4.86).13

Under this transformation, the spacelike region where the LCSR is evaluated and
the physical decay region are mapped to

−8.0 GeV2 < q2 < 0 → 0.083 ≥ z ≥ 0, (4.87)

m2
p < q2 < (mB −mp)

2 → −0.067 > z > −0.20. (4.88)

Choosing the lowest physical threshold in the definition of t+ ensures that only
the Λb pole remains inside the unit disk |z| < 1 to which the full complex q2 plane
is mapped. To remove this pole contribution, we multiply the form factors by the
factor (1 − q2/m2

Λb
). The resulting functions become analytic inside the unit disk

13In [95,106], a similar z-expansion was employed assuming instead the threshold t+ = (mB+mp)
2.

Here we use the physically lowest threshold corresponding to the Λbππ state. We verified that using
the higher threshold adopted in those works changes the extrapolated form factors by less than 1%.

106



and can therefore be expanded around z = 0. Since both the spacelike region used
in the LCSR and the physical decay region correspond to rather small values of |z|,
the expansion converges rapidly and can be truncated after the first few terms.

More specifically, we employ the standard Bourrely–Caprini–Lellouch (BCL)
parametrisation [117] truncated at O(z2):

F
(d)
B→pR

(q2) =
F

(d)
B→pR

(0)

1− q2/m2
Λb

{︄
1 + β

(d)
B→pR

[︄
z(q2)− z(0) +

1

2

(︂
z(q2)2 − z(0)2

)︂]︄}︄
. (4.89)

This parametrisation is specified by two quantities: the form-factor normalisation
at q2 = 0 and the slope parameter β

(d)
B→pR

. An analogous expression with the slope

parameter ˜︁β(d)
B→pL

is used for the form factor ˜︁F (d)
B→pL

(q2).
For the model-(b) form factors we employ the relations in Eq. (4.72), which imply

F
(b)
B→pR

(0) = 2F
(d)
B→pR

(0), ˜︁F (b)
B→pL

(0) = 2 ˜︁F (d)
B→pL

(0), (4.90)

together with equal slope parameters:

β
(b)
B→pR

= β
(d)
B→pR

, ˜︁β(b)
B→pL

= ˜︁β(d)
B→pL

. (4.91)

We then fit the parametrisation in Eq. (4.89) to the LCSR results obtained for
the form factors in the spacelike region q2 ≤ 0. We first employ a simplified fitting
procedure in which the normalisation of the form factor at q2 = 0 is fixed to the
LCSR prediction, while only the slope parameter is fitted. More specifically, for the
form factor F

(d)
B→pR

(q2) we determine the parameter β
(d)
B→pR

using the LCSR results
evaluated at eight equidistant points in the interval defined in Eq. (4.87). The same

procedure is repeated for the form factor ˜︁F (d)
B→pL

(q2). To estimate the uncertainty of
the fitted slope parameters, the input value of the form factor at q2 = 0 is varied
within the parametric uncertainty obtained from the LCSR analysis. The induced
variation is then propagated to the fitted slope parameters, yielding asymmetric
uncertainties for β

(d)
B→pR

and ˜︁β(d)
B→pL

. The resulting parameters of the z-expansion are
collected in Table 4.6. For the model-(b) form factors, the relations in Eqs. (4.90)
and (4.91) are used.

F
(d)
B→pR

(0) 1.0+1.2
−0.6 β

(d)
B→pR

0.99+3.4
−1.4˜︁F (d)

B→pL
(0) 0.22+0.13

−0.08
˜︁β(d)
B→pL

−1.78+0.76
−0.17

F
(b)
B→pR

(0) 2.0+2.4
−1.2 β

(b)
B→pR

0.99+3.4
−1.4˜︁F (b)

B→pL
(0) 0.44+0.26

−0.16
˜︁β(b)
B→pL

−1.78+0.76
−0.17

Table 4.6: Parameters of the z-expansion in Eq. (4.89) obtained from the fit of
LCSRs. Presented are the B → p form factors at q2 = 0 (in units of 10−2 GeV2) and
the dimensionless slope parameters.

The advantage of the fixed-normalisation fit is its simplicity and its direct corre-
spondence to the uncertainty intervals obtained from the LCSR analysis. However,
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this procedure does not explicitly account for possible correlations between the
normalisation and slope parameters entering the z-expansion. To estimate the size of
such effects, we also carried out an alternative fit in which the normalisation F

(d)
B→pR

(0)
is allowed to vary together with the slope parameter. In this case, the covariance
matrix derived from the Hessian automatically incorporates the correlations between
both quantities. We find that the resulting predictions for the branching fractions re-
main compatible, within uncertainties, with those obtained in the fixed-normalisation
approach. This indicates that the effect of parameter correlations is numerically
insignificant.

Having extrapolated the form factors to the physical timelike region, we are now
in a position to predict the branching fraction for the exclusive decay B+ → pΨ.
Using the decomposition in Eq. (4.43), the decay amplitude in Eq. (4.42) can be
written as

A(X)(B+ → pΨ) = G(X)

[︄
F

(X)
B→pR

(q2) ūpR(P ) + F
(X)
B→pL

(q2) ūpL(P )

+ ˜︁F (X)
B→pR

(q2) ūpR(P )
/q

mp

+ ˜︁F (X)
B→pL

(q2) ūpL(P )
/q

mp

]︄
ucΨ(q),

(4.92)

evaluated at q2 = m2
Ψ. The total decay width is obtained in the standard way from

the spin-summed squared amplitude integrated over the two-body phase space:

Γ(B+ → pΨ)(X) =
1

2mB

∫︂
dΦ2 |A(X)|2, (4.93)

where

dΦ2 = (2π)4δ(4)(pB − pp − pΨ)
d3pp

(2π)3 2Ep

d3pΨ
(2π)3 2EΨ

(4.94)

denotes the Lorentz-invariant two-body phase-space measure. In the present case,
the momenta are identified as pB = P + q, pp = P , and pΨ = q. For a two-body
decay, the phase-space integration can be carried out analytically and yields the
familiar kinematic factor λ1/2(m2

B,m
2
p,m

2
Ψ), where λ(x, y, z) is the Källén function

defined in Eq. (B.11). Retaining only the nonvanishing form factors, the decay width
for real-valued form factors reads

Γ(X)(B
+ → pψ) =

|G(X)|2 λ1/2(m2
B,m

2
p,m

2
ψ)

16πm3
B

{︄[︄(︂
F

(X)
B→pR

(m2
ψ)
)︂2

+
m2
ψ

m2
p

(︂ ˜︁F (X)
B→pL

(m2
ψ)
)︂2]︄(︁

m2
B −m2

p −m2
ψ

)︁
+ 2m2

ψ F
(X)
B→pR

(m2
ψ) ˜︁F (X)

B→pL
(m2

ψ)

}︄
. (4.95)

The branching fraction is then obtained from

BR(X)(B
+ → pΨ) = τB+ Γ(X)(B

+ → pΨ). (4.96)
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Figure 4.8: Branching fraction predicted for the B+ → pΨ decay in model (d) (left
panel) and model (b) (right panel). The blue bands represent the results of this work
obtained with the LCSR-B method. For comparison, the orange bands show the
results obtained using the method with nucleon DAs (LCSR-N).

The resulting branching fractions are shown in Figure 4.8 as functions of the dark-
fermion mass mΨ.

The uncertainty bands are obtained by varying independently the z-expansion
parameters entering the decay rate in Eq. (4.95). For each form factor, both the
normalisation and the slope parameter are varied over the ranges given in Table 4.6.
We use three representative values for each parameter, corresponding to its central,
maximal, and minimal values. For every fixed value of mΨ, the branching fraction
is then evaluated over the full set of parameter combinations, and the resulting
uncertainty band is defined by the global minimum and maximum obtained from this
scan. This procedure provides a conservative estimate of the theoretical uncertainty,
since it explores the full allowed parameter ranges without assuming any particular
statistical distribution or correlation pattern among the fit parameters. Consequently,
the resulting bands are expected to encompass the maximal variation of the branching-
fraction predictions compatible with the adopted LCSR input.

Moreover, in Figure 4.8 we compare our predictions with the results obtained
in the LCSR-N approach of [106]. In both approaches the effective couplings in
Eq. (4.39) are fixed to their maximal allowed values (see Table D.3),

|G(d)|2 = 1.0× 10−13 GeV−4, |G(b)|2 = 4.7× 10−15 GeV−4,

which correspond to the upper bounds inferred from the ATLAS and CMS searches for
heavy coloured particles, as discussed in [31].14 We find that the predictions obtained
from the two LCSR methods are compatible within the rather large theoretical
uncertainties. Nevertheless, throughout the full kinematic range our LCSR-B results
tend to lie below the corresponding LCSR-N predictions. Moreover, the uncertainty
bands obtained in the present analysis are noticeably narrower.

Now that we have obtained the final predictions for the form factors and the
corresponding branching fractions, it is worthwhile to perform a more detailed
comparison between the two complementary approaches based on B-meson DAs

14In [95,106], equal values |G(d)|2 = |G(b)|2 = 10−13 GeV−4 were used.
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Figure 4.9: Representative diagram entering the LCSR-N approach based on
proton DAs. In this case only the b-quark field is contracted perturbatively, while
the three light-quark fields are absorbed into the proton DAs.

(LCSR-B) and nucleon DAs (LCSR-N). Such a comparison is particularly instructive
since both methods rely on different realisations of the light-cone expansion and
organize the nonperturbative dynamics in substantially different ways.

• Structure of the correlation function and OPE diagrams: In the LCSR-
B framework, the nonperturbative B-meson matrix element contains only two
light-cone partons, such that two quark fields in the correlation function are
contracted perturbatively, generating a closed quark loop in the OPE diagrams
(see Figure 4.5). In contrast, the LCSR-N approach is based on nucleon DAs
involving three quark fields, so that only the b-quark propagator is contracted
perturbatively (see Figure 4.9). As a result, the analytical structure of the
resulting form factors becomes more complicated in the LCSR-N approach,
in particular when extracting the imaginary parts required for the dispersion
relations.

• Structure of the light-cone expansion: Both approaches are based on a
twist expansion on the light cone, but the organisation and implementation of
higher-twist effects differ substantially. In the LCSR-B framework, higher-twist
two-particle B-meson DAs can be incorporated rather directly through the
vacuum-to-B matrix elements, as done in the present work up to twist five. In
contrast, extending the LCSR-N approach to higher twists is technically more
involved, since it requires the full set of higher-twist nucleon DAs together with
their corresponding contributions to the correlation function. This leads to a
much more complicated analytical structure of the resulting sum rules.
At the same time, the concept of twist for B-meson DAs is not identical to the
twist classification employed for nucleon DAs. Therefore, a direct term-by-term
comparison of individual twist contributions between the two approaches is
not meaningful.

• Interpolating currents and hadronic representation: An important
conceptual difference between the two approaches concerns the choice of in-
terpolating current and the resulting structure of the hadronic representation.
In the present LCSR-B framework, the proton is interpolated by a baryonic
current, which leads to a considerably more involved hadronic spectrum in the
proton channel. In particular, besides the proton pole itself, one encounters
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negative-parity baryon states and, in the intermediate region, the broad Roper
resonance, which cannot be represented by a simple narrow-pole contribution.
A fully realistic treatment of this hadronic structure would require a multi-
resonance parametrisation together with additional hadronic inputs, such as
the decay constants of the excited baryons. In particular, no reliable determi-
nation of the Roper-resonance decay constant is currently available. For this
reason, we adopted a simplified hadronic ansatz in which only the proton pole
is separated explicitly, while all excited and continuum states are absorbed
into the duality continuum. As a consequence, the resulting sum rules exhibit
an enhanced sensitivity to the continuum contribution and rely more strongly
on the quark–hadron duality approximation.
In contrast, the LCSR-N approach employs an interpolating current for the
B meson. The hadronic structure in this channel is much simpler, since no
nearby opposite-parity resonance analogous to the nucleon case appears below
the continuum threshold. Consequently, the ground-state pole remains para-
metrically more dominant and the continuum contribution is relatively more
suppressed compared to the LCSR-B framework.

• Three-particle contributions: In the LCSR-B framework, the contributions
of the three-particle B-meson DAs vanish identically for both models (d) and
(b). For model (d), the cancellation occurs because the soft-gluon emission
from the d-quark propagator is equal in magnitude and opposite in sign to
the corresponding u-quark emission contribution, as shown in Eq. (4.77). In
contrast, for model (b) the three-particle DA contributions vanish term by
term already at the level of the individual diagrams, see Eq. (4.78). These
cancellations originate from the interplay between the Dirac structure of the
effective operators and the specific linear combination defining the Ioffe current.
In addition, the massless limit adopted for the light quarks also plays a
role in these cancellations; retaining finite light-quark masses would generate
nonvanishing three-particle contributions proportional to the light-quark masses.
No analogous cancellation mechanism is present in the LCSR-N approach.

• Relations between models (d) and (b): A characteristic feature of the
present LCSR-B calculation is the simple relation in Eq. (4.72). These relations
hold for the complete two-particle DA contributions. The three-particle DA
contributions, however, do not satisfy such relations individually. In the LCSR-
N approach, no analogous relations between models (d) and (b) emerge at any
twist order, and the model-(b) form factors even acquire opposite signs relative
to those in model (d) (see Table 4.4).

• Numerical size of the form factors: Although the predictions of both
methods overlap within uncertainties, the form factors obtained in the present
LCSR-B analysis are systematically smaller in magnitude than the correspond-
ing LCSR-N results. This difference propagates directly to the predicted
branching fractions.

• Uncertainty pattern: The dominant uncertainties in the present work
originate from the inverse moment λB and the proton decay constant λp. Even
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with these sizeable uncertainties, the resulting bands remain narrower than
those obtained in the LCSR-N approach. Moreover, in the present analysis the
inclusion of higher-twist contributions tends to stabilize the final predictions
due to partial cancellations between different twist components.

• Hierarchy of twist contributions and convergence of the OPE: The
overall hierarchy of the twist expansion provides an important criterion for as-
sessing the convergence and reliability of the OPE in both sum-rule approaches.
In the present LCSR-B analysis, the lowest-twist contributions dominate the
form factors, while the higher-twist corrections remain systematically sup-
pressed throughout the spacelike region considered. This hierarchical pattern,
together with the observed stability under variation of the Borel parameter,
indicates a reasonably controlled OPE.
In contrast, the situation is substantially different in the LCSR-N framework,
especially for model (b). Using the sum-rule expressions and input parameters
of Ref. [106], we evaluated the separate twist contributions at q2 = −4 GeV2.

For the form factor F
(b)
B→pR

, the twist-four contribution is approximately four
times larger than the twist-three term, while the twist-five correction still
amounts to roughly 60% of the twist-three contribution. An even stronger
enhancement is observed for ˜︁F (b)

B→pL
, where the twist-four contribution exceeds

the twist-three one by nearly an order of magnitude.
Tracing the origin of this enhancement in more detail, one finds that the domi-
nant effect arises from the twist-four T2,4-contributions in the decomposition
of the nucleon DAs [106]. These terms introduce the parameter fd2 , directly
related to the next-to-conformal coefficient ξ10, whose numerical value is known
rather poorly and is typically assigned a conservative uncertainty of about
50% [118]. As a result, the twist-four correction becomes anomalously large
in model (b) and significantly enhances the predicted branching fraction. In
contrast, for model (d) these specific contributions cancel identically in the
course of the calculation, explaining why the higher-twist effects remain much
more moderate in that case.
Overall, this pattern implies that higher-twist terms dominate the final result
in the LCSR-N framework for model (b), raising questions about the conver-
gence of the corresponding OPE and indicating that the higher-twist structure
deserves further investigation.

• Overall consistency: Despite these conceptual and numerical differences,
both approaches lead to branching-fraction predictions that remain compatible
within their relatively large theoretical uncertainties. This agreement provides
a nontrivial cross-check of the general magnitude of the exclusive B → pΨ
transition amplitudes.

4.4 Ratio of Exclusive to Inclusive Decay Widths

The branching-fraction predictions shown in Figure 4.8 were obtained by fixing
the effective couplings G(d,b) to their maximal values allowed by the current LHC
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constraints from ATLAS and CMS searches for heavy coloured particles. On the
other hand, the inclusive contribution generated by the corresponding quark-level
transition b→ ψud was calculated within the HQE framework in Section 4.2. Having
both the exclusive and inclusive decay rates at hand, we can now relate them within
the Mesogenesis framework and derive a lower bound on the exclusive branching
fraction.

Using the condition on the inclusive decay rate in Eq. (4.4), one can obtain a
corresponding lower bound on the exclusive decay by considering the ratio of the
exclusive and inclusive decay widths. Multiplying this ratio by the lower limit on the
inclusive branching fraction directly yields a lower bound for the exclusive branching
fraction. To this end, we introduce the exclusive-to-inclusive ratio

R[excl/incl](B
+ → pΨ) ≡ Γ(B+ → pΨ)

Γ(B+ → XNΨ)
× 10−4 =

BR(B+ → pΨ)

BR(B+ → XNΨ)
× 10−4. (4.97)

Here XN denotes all possible kinematically accessible baryonic hadronic states
produced after the underlying quark-level transition b̄ → udΨ. Together with the
spectator u-quark of the B+ meson, the produced quarks form a visible uud system
carrying the quantum numbers of a proton. The lowest such state is the proton itself,
corresponding to the exclusive channel B+ → pΨ, whereas the inclusive state XN

also contains excited nucleon and baryonic resonance states, as well as multiparticle
hadronic configurations such as N∗, ∆, N∗π, pππ, and similar states, whenever
kinematically allowed.

For the inclusive decay width entering the ratio Eq. (4.97), we use the HQE
prediction including all contributions up to dimension six. More specifically, we
include the dimension-three free-quark contribution, the dimension-five chromo-
magnetic and kinetic corrections, and the dimension-six Darwin-term contribution
for the two-quark operators, together with the dimension-six four-quark operator
contributions. The corresponding expressions can be found in Eqs. (4.26) to (4.33).

The resulting lower limits on the exclusive branching fraction are shown in
Figure 4.10 for models (d) and (b). The solid green curves represent the central
predictions obtained from the exclusive-to-inclusive ratio in Eq. (4.97), while the
dashed green curves indicate the maximal values of the lower limits after including
the estimated theoretical uncertainties. For comparison, the shaded orange and
blue regions display the current experimental upper bounds from BaBar [98] and
Belle/Belle II [97] searches for B → p + invisible decays. The remaining white
regions therefore correspond to the parameter space currently allowed by experiment.
As discussed in Section 4.2, the inclusion of subleading terms in the HQE reveals
specific regions of the dark-fermion mass mψ where the OPE description ceases to
be reliable. More precisely, for sufficiently large values of mψ, the subleading power
corrections become larger than the leading dimension-three contribution, signaling a
breakdown of the convergence of the expansion. In model (d) this behaviour occurs
for mψ ∼ 2 GeV, whereas in model (b) it appears around mψ ∼ 3 GeV. For this
reason, when evaluating the exclusive-to-inclusive ratio and the corresponding lower
bounds in Figure 4.10, we restrict the plots to the regions below these values of mψ,
where the HQE remains under theoretical control.

The uncertainty band shown in Figure 4.10, enclosed between the solid and
dashed green curves, is obtained following the same conservative procedure adopted
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Figure 4.10: Branching fraction BR(B+ → pΨ) as a function of mΨ for model (d)
(left panel) and model (b) (right panel). The solid green lines present the predicted
lower limit in Eq. (4.97), and the dashed green lines indicate the maximal value of
this limit within estimated uncertainties; orange and blue shaded regions display
experimental upper limits set by, respectively, BaBar [98] and Belle/Belle II [97]
measurements of the B → p + invisible decays. The white areas indicate the
parameter space allowed by current experimental data.

for the exclusive branching fractions in Figure 4.8. More specifically, the parameters
entering the exclusive-to-inclusive ratio are varied independently over their allowed
ranges, and the extremal values obtained from the full scan are used to define the
uncertainty interval. In addition, we assign an extra 10% uncertainty to the inclusive
width in order to account for residual theoretical effects not included explicitly
in the calculation, such as renormalisation-scale dependence, scheme ambiguities,
and neglected higher-order perturbative and power corrections within the HQE.
Numerically, the total uncertainty is dominated by the form factors F

(d)
B→pR

(0) and

F
(b)
B→pR

(0) determined in Table 4.4. To remain conservative in deriving phenomeno-
logical constraints, we interpret the lower edge of the uncertainty band as our final
prediction for the lower bound on BR(B+ → pΨ).

Important note: Shortly after completing our work on B-Mesogenesis, the study [119]
appeared, employing LHC searches for jets accompanied by missing energy to con-
strain baryon-number violating operators. A subset of these operators corresponds
to the Mesogenesis scenarios considered in the present work. Their analysis indicates
that the flavour structure associated with the quark combination bud is strongly
constrained by current data, whereas scenarios involving heavier flavours, such as bcs,
remain phenomenologically viable. In the latter case, the corresponding exclusive
decay channels are expected to involve charmed baryons, including B0,+ → Ξ0,+

c Ψ and
Bs → Ω0

cΨ. This observation further highlights the importance of a flavour-flexible
framework for exclusive form-factor calculations. In particular, the LCSR approach
developed in the present work can be generalised to a broad class of baryonic final
states beyond the proton channel considered here. At the same time, our inclusive
HQE analysis already incorporates the complete set of Mesogenesis operators, inde-
pendently of the flavour assignment, making the framework suitable for studying a
wide variety of exclusive-to-inclusive decay patterns in future investigations.
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Chapter 5

Summary and Outlook
In this thesis, we have explored several aspects of heavy-hadron lifetimes within and
beyond the SM, employing both the HQE and the method of LCSR. The results
presented here collectively contribute to a more complete theoretical understanding of
inclusive and exclusive B-meson decays and provide a model-independent framework
for testing new-physics effects in heavy-flavour observables.
In the SM part of this work, we extended the theoretical description of inclusive
non-leptonic B-hadron decays within the HQE by deriving previously unknown
higher-order contributions. These include the complete leading-order dimension-
seven two-quark Wilson coefficients for the CKM-favoured decay channels b→ cūd
and b → cc̄s, as well as the previously missing dimension-five and dimension-six
contributions of the SM QCD-penguin operators. Together, these results provide
essential ingredients for future high-precision predictions of inclusive B-hadron decay
widths and lifetime ratios.
In the second part of this thesis, we extended the HQE to a model-independent
effective Hamiltonian describing |∆B| = 1 non-leptonic b-hadron decays beyond the
SM. We derived the leading-order Wilson coefficients of the HQE up to and including
the dimension-six contributions, comprising the free-quark term, the chromomagnetic
correction, the two-quark Darwin contribution, and the previously uncalculated
WA topology of the dimension-six four-quark operators. The resulting expressions
provide a model-independent framework for studying short-distance new physics in
inclusive b-hadron decays and can be readily matched onto a broad class of ultraviolet
completions.
Finally, we investigated the phenomenological implications of B -Mesogenesis, in
which the origin of the baryon asymmetry of the Universe is linked to the dark-
matter sector through exotic b-hadron decays. We analysed the impact of the new
interactions on inclusive B-meson decay widths and lifetime ratios within the HQE,
including power corrections up to the Darwin term. We further studied the conver-
gence of the HQE in the presence of a massive dark-sector fermion in the final state,
identifying the region of parameter space where the operator product expansion
remains reliable.
Complementing the inclusive analysis, we performed an exclusive calculation of the
baryon-number-violating decay B+ → pψ using the method of LCSR. By computing
the relevant B → p transition form factors from B-meson distribution amplitudes,
we predicted the corresponding branching fraction and established a quantitative
connection between the inclusive and exclusive descriptions. This allowed us to
derive a lower bound on BR(B+ → pψ). A comparison with the experimental upper
bounds from BaBar and Belle/Belle II then enabled us to determine the regions of
parameter space that are currently allowed by experiment.
Several directions for future research naturally follow from the work presented in
this thesis. On the theoretical side, an important next step is the computation of
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next-to-leading-order (NLO) QCD corrections to the Darwin term. These corrections
are crucial for further reducing the theoretical uncertainty in lifetime predictions and
for enabling a more precise comparison with experimental data.
Another promising direction is the detailed matching of specific BSM scenarios—such
as extended Higgs sectors, leptoquarks, or heavy neutral fermions—onto the general
operator basis developed here. This would allow for direct phenomenological appli-
cations of the formalism and provide quantitative constraints on the corresponding
Wilson coefficients from lifetime measurements.
Furthermore, a natural next step is the synthesis of these calculations: integrating the
new dimension-seven SM corrections with the full set of dimension-six BSM operators
to perform a global phenomenological analysis. Such a study would sharpen the SM
prediction for lifetimes and lifetime ratios while providing a consistent framework to
constrain general New Physics.
The LCSR framework can also be extended to a broader class of exclusive channels,
including baryonic and multi-body decays, where hadronic uncertainties remain
significant. Such analyses would improve our understanding of the transition be-
tween inclusive and exclusive regimes and could play an important role in testing
quark-hadron duality.
Moreover, future experimental progress in flavour physics—at Belle II, LHCb Up-
grade II, and future colliders—will provide unprecedented precision in heavy-hadron
lifetime measurements. Confronting these data with the refined theoretical predic-
tions developed in this thesis will offer a powerful probe of both SM dynamics and
possible new-physics contributions.
Finally, the questions addressed in this thesis represent only a small part of a much
broader programme in heavy-flavour physics. The theoretical tools developed and
extended here—including effective field theories, the HQE, and LCSRs—are suffi-
ciently versatile to be applied to a wide range of precision studies within and beyond
the SM. As experimental measurements continue to improve, these methods will
remain indispensable for interpreting the data and for uncovering possible signs of
new physics. In this sense, this thesis is not only about heavy-hadron lifetimes, but
about developing a broader framework for precision flavour physics. It is, indeed,
more than a lifetime.
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Appendix A

Collection of Useful Formulas
The S-matrix element Sfi connects the asymptotic initial and final states in scattering
processes. It is commonly written as

Sfi = ⟨f | Ŝ | i⟩ , (A.1)

where |i⟩ and |f⟩ denote the initial and final states, respectively. The S-operator is
the time-ordered exponential of the interaction Lagrangian Lint,

Ŝ = T exp

[︄
i

∫︂
d4xLint(x)

]︄
, (A.2)

which can be expanded to second order as

Sfi = ⟨f |1 + i

∫︂
d4xT{Lint(x)} −

1

2

∫︂
d4x d4y T{Lint(x)Lint(y)}+ · · · |i⟩ . (A.3)

Here, the first-order term gives the leading transition amplitude, while the second-
order term accounts for processes with two interaction vertices or loop corrections.
The transition amplitude Tfi is then defined through

Sfi = δfi + i(2π)4δ(4)(pf − pi)Tfi . (A.4)

The interaction Lagrangian consists of QCD and electroweak contributions:

Lint = LQCD + LEW . (A.5)

In this thesis, we focus on weak transitions of quarks. The relevant part of the
electroweak Lagrangian for quark flavour-changing processes is

Lweak = − g√
2
Vij [ūiγ

µPL dj]W
+
µ + h.c. , (A.6)

where PL = (1 − γ5)/2, Vij are CKM matrix elements, ui and dj denote up- and
down-type quark fields, and W+

µ is the charged weak boson.
The QCD Lagrangian for quarks and gluons is

LQCD = q̄(iγµDµ−mq)q−
1

4
Ga
µνG

aµν , Ga
µν = ∂µA

a
ν−∂νAaµ+gsfabcAbµAcν . (A.7)

where q denotes the quark fields, mq their masses, Ga
µν is the gluon field strength

tensor, gs the strong coupling, T a the SU(3)c generators, and A
a
µ the gluon fields.

The covariant derivative acting on a field in the fundamental representation is
defined by

iDµ = i∂µ + gsA
a
µt
a, (A.8)
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where ta = λa/2 are the generators of SU(3)c. For fields transforming in the adjoint
representation, the covariant derivative takes the analogous form

iDµ = i∂µ + gsA
a
µT

a, (A.9)

where the generators are given by

(T a)bc = −ifabc, (A.10)

with fabc the totally antisymmetric structure constants of SU(3)c. The generators
satisfy the Lie algebra

[ta, tb] = ifabctc, [T a, T b] = ifabcT c. (A.11)

The gluon field-strength tensor is defined by

Gµν = Ga
µν t

a, Ga
µν = ∂µA

a
ν − ∂νA

a
µ + gsf

abcAbµA
c
ν . (A.12)

Equivalently, in the fundamental representation it can be expressed through the
commutator of two covariant derivatives (see e.g. Refs. [62, 120]),

Gµν = i[iDµ, iDν ]. (A.13)

Successive covariant derivatives acting on the field-strength tensor are therefore given
by

DαGµν = i[iDα, [iDµ, iDν ]], (A.14)

DβDαGµν = i[iDβ, [iDα, [iDµ, iDν ]]]. (A.15)

The following are the properties of the charge conjugation operator which are used
in this work:

ψ̄R = ψ̄PL, ψR = PRψ,

ψ̄c = −ψT C−1, ψc = C(ψ̄)T ,

ψ̄cR = −ψT (PR)T C−1, ψcR = C(PL)
T (ψ̄)T ,

(A.16)

CγµC−1 = −(γµ)T , Cγ5C
−1 = (γ5)

T ,

CγµγνC−1 = (γµ)T (γν)T , CPRγ
µC−1 = −(γµ)T (PL)

T ,

C(PL)
T (γµ)T (PR)

TC−1 = −PLγµ,

PL ≡
(︃
1− γ5

2

)︃
, PR ≡

(︃
1 + γ5

2

)︃
.

(A.17)
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Appendix B

Supplementary Material for the
Dimension-Seven Calculations

B.1 HQE Operator Basis

Within the HQE, the transition operator in Eq. (2.1) is expanded in terms of local
operators of increasing dimension. This appendix summarizes the complete basis
of local two-quark HQE operators up to dimension seven employed throughout this
thesis. The operators are grouped according to their mass dimension and follow the
conventions of Appendix A.

Following the conventions of Refs. [121,122], the hadronic matrix elements are
parameterised as follows.

The dimension-five and dimension-six HQE parameters are defined by

2mB µ
2
π(B) = −⟨B(pB)|b̄v(iDµ)(iD

µ)bv|B(pB)⟩,
2mB µ

2
G(B) = ⟨B(pB)|b̄v(iDµ)(iDν)(−iσµν)bv|B(pB)⟩,

2mB ρ
3
D(B) = ⟨B(pB)|b̄v(iDµ)(iv ·D)(iDµ)bv|B(pB)⟩,

2mB ρ
3
LS(B) = ⟨B(pB)|b̄v(iDµ)(iv ·D)(iDν)(−iσµν)bv|B(pB)⟩,

(B.1)

Here, µ2
π and µ

2
G parameterise the kinetic and chromomagnetic operators at dimension

five, respectively, whereas ρ3D and ρ3LS correspond to the Darwin and spin–orbit
operators at dimension six. Moreover, σµν = i[γµ, γν ]/2, vµ = pµB/mB, and bv
denotes the rephased full-QCD b-quark field, defined through

b(x) = e−imbv·x bv(x), (B.2)

where the exponential factor removes the large momentum mbv
µ carried by the heavy

quark. The independent dimension-seven matrix elements are defined as

2mB r
4
G = ⟨B(pB)|b̄v[(iDµ), (iDν)][(iD

µ), (iDν)]bv|B(pB)⟩,
2mB r

4
E = ⟨B(pB)|b̄v[(iv ·D), (iDµ)][(iv ·D), (iDµ)]bv|B(pB)⟩,

2mB s
4
B = ⟨B(pB)|b̄v[(iDµ), (iDα)][(iD

µ), (iDβ)](−iσαβ)bv|B(pB)⟩,
2mB s

4
E = ⟨B(pB)|b̄v[(iv ·D), (iDα)][(iv ·D), (iDβ)](−iσαβ)bv|B(pB)⟩,

2mB s
4
qB = ⟨B(pB)|b̄v[(iDµ), [(iD

µ), [(iDα), (iDβ)]]](−iσαβ)bv|B(pB)⟩.

(B.3)

Here, r4G and r4E parameterise the spin-independent field-strength and chromoelectric
structures, respectively, while s4B and s4E describe spin-dependent structures involving
two field strengths. The parameter s4qB instead corresponds to a spin-dependent
structure involving covariant derivatives of the field-strength tensor.
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Furthermore, the matrix elements r4G and r4E can be decomposed into colour-singlet
and colour-octet components using the SU(3)c identity {ta, tb} = δab/Nc + dabctc.
The corresponding matrix elements are defined by

2mB r
(1)
G = ⟨B(pB)|b̄vbv Ga

µνG
µν a|B(pB)⟩,

2mB r
(8)
G = ⟨B(pB)|b̄vtcbv dabcGa

µνG
µν b|B(pB)⟩,

2mB r
(1)
E = ⟨B(pB)|b̄vbv vαvβGa

ανG
βν a|B(pB)⟩,

2mB r
(8)
E = ⟨B(pB)|b̄vtcbv vαvβdabcGa

ανG
βν b|B(pB)⟩.

(B.4)

The colour decomposition is particularly relevant for distinguishing semileptonic
from non-leptonic decays at leading order QCD. In the semileptonic case, the colour
structure involves a product of two colour generators, such that the colour-singlet
and colour-octet matrix elements enter only through the combination implied by
the identity above. In non-leptonic decays, additional colour contractions allow the
colour-singlet matrix elements r

(1)
G and r

(1)
E to appear separately.

B.2 Loop Integrals

The two-loop integrals arising in the matching of the dimension-seven and dimension
six two-quark operators can be reduced, by means of IBP identities, to a small set of
master integrals. We define the generic scalar integral as

In1n2n3 =

∫︂
d4l1
(2π)4

∫︂
d4l2
(2π)4

1

[l21 −m2
1]
n1 [l22 −m2

2]
n2 [(l1 + l2 − pb)2 −m2

3]
n3
, (B.5)

where ni ∈ N0 and the Feynman +iε prescription is understood for all propagators.
The complete set of master integrals required for the present calculation is

{I111, I211, I121, I112, I011, I101, I110} . (B.6)

The first four integrals correspond to the scalar sunrise topology with three
propagators of masses m1, m2, and m3 [123, 124]. Since increasing the power of a
propagator is equivalent to differentiating with respect to the corresponding mass
squared, they satisfy

I211 =
∂

∂m2
1

I111, I121 =
∂

∂m2
2

I111, I112 =
∂

∂m2
3

I111. (B.7)

The remaining three master integrals factorize into products of scalar tadpole
integrals. For example,

I101 =

∫︂
d4l1
(2π)4

1

l21 −m2
1 + iε

∫︂
d4l2
(2π)4

1

l22 −m2
3 + iε

, (B.8)

which follows after the change of variables l1 + l2 − pb → l2. Analogous relations
hold for I011 and I110. Since the imaginary part of a product of tadpole integrals
vanishes,

Im I101 = Im I110 = Im I011 = 0, (B.9)
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these integrals do not contribute to the absorptive part of the transition operator.
Consequently, it is sufficient to determine the discontinuity of the single master

integral I111 in the physical region p2b ≥ (m1 +m2 +m3)
2, from which the remaining

master integrals follow through differentiation. Using the result of Ref. [74], evaluated
in four dimensions, one finds

Im I111 =
1

256π3

∫︂ (
√
s−m1)2

(m2+m3)2
dt

√︁
λ(t,m2

2,m
2
3)λ(s, t,m

2
1)

ts
, (B.10)

where s = p2b and

λ(x, y, z) = x2 + y2 + z2 − 2xy − 2xz − 2yz (B.11)

denotes the Källén function. The master integral I111 admits a closed analytical
representation only when at most two internal masses are non-vanishing. This is
sufficient for all decay channels considered in this work except for the b → cc̄s
transition, where all three internal propagators carry finite masses. In this case, the
analytical expression is obtained only after combining the two-quark contribution
with the corresponding four-quark mixing terms, leading to the cancellation of the
IR logarithms. Using the result of Ref. [100], one finds[︂
M112(ρ, η)−

√︁
1− 4ρ log(η)

]︂
η→0

= 2(1− ρ) log

(︃
1 +

√
1− 4ρ

1−√
1− 4ρ

)︃
+
√︁

1− 4ρ
[︂
1 + 2 log(ρ)− 4 log

(︂√︁
1− 4ρ

)︂]︂
,

(B.12)

where

M112(ρ, η) = 256π3 Im I112

⃓⃓⃓⃓
m2

1=m
2
2=m

2
c , m

2
3=m

2
q , p

2
b=m

2
b

, (B.13)

with ρ = m2
c/m

2
b and η = m2

q/m
2
b .

Finally, the gluon corrections to the four-quark operators reduce to one-loop
tadpole integrals. Throughout the calculations we employ the standard dimensional-
regularisation result

µ2ϵ

∫︂
dDq

(2π)D
1

(q2 −m2 + i0)b
= i(−1)−b

µ2ϵ

(4π)D/2
(m2)D/2−b

Γ
(︁
b− D

2

)︁
Γ(b)

, (B.14)

where D = 4− 2ϵ and µ denotes the renormalisation scale introduced to keep the
strong coupling dimensionless in dimensional regularisation.

B.3 Trace Formulas for Colour-Decomposed Ma-

trix Elements

The trace formulas provide the systematic translation between general hadronic
matrix elements and the independent HQE parameters defined in Eqs. (B.1), (B.3)
and (B.4) [87, 125, 126]. While the complete set of trace formulas at O(1/m4

b)

121



for the combined matrix elements r4G and r4E was derived in [79, 125], the colour
decomposition of these matrix elements requires corresponding formulas for the
separate colour-singlet and colour-octet components r

(1)
G , r

(8)
G , r

(1)
E , and r

(8)
E presented

in Eq. (B.4). In this appendix, we derive these relations.
We start with the colour singlet case and write the most general matrix element

⟨B(v)|b̄v,jbv,i
(︁
Ga
µνG

a
αβ

)︁
|B(v)⟩ = Mij,µναβ, (B.15)

where i, j are Dirac indices and µ, ν, α, β are Lorentz indices. Note that no colour
indices appear, since everything is colour singlet. Concerning the Lorentz indices,
we have to construct this from the metric tensor g and the velocity vector v, and
possibly also from Lorentz indices related to the Dirac matrices.

For the trivial case of Dirac matrices, we have the four indices generated by the
two structures

R
(G)
µναβ = g⊥µαg

⊥
νβ − g⊥ναg

⊥
µβ, (B.16)

R
(E)
µναβ = g⊥µαvνvβ − g⊥ναvµvβ − g⊥µβvαvν + g⊥νβvαvµ, (B.17)

with g⊥µν = gµν − vµvν , which are antisymmetric under µ ↔ ν and α ↔ β and
symmetric under (µν) ↔ (αβ). Dirac matrices that carry Lorentz indices are γµ and
σµν . Since we are at highest order, γµ is equivalent to vµ, while σµν is antisymmetric
in µ and ν and no scalar operator can be formed with a single σµν . In this way we
obtain

Mij,µναβ =

(︃ ̸ v + 1

2

)︃
ij

[︂
a
(1)
G R

(G)
µναβ + a

(1)
E R

(E)
µναβ

]︂
, (B.18)

where a
(1)
G and a

(1)
E are determined from Eqs. (B.16) and (B.17) in terms of r

(1)
G and

r
(1)
E , and we get

2MBr
(1)
G = 12a

(1)
G , (B.19)

2MBr
(1)
E = 2

[︂
6a

(1)
G + 3a

(1)
E

]︂
. (B.20)

The formulae for the octet part look completely the same, with the replacement
superscript (1) → (8).
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Appendix C

Supplementary Analytical Results
for the BSM Darwin Term
This appendix collects the supplementary analytical results for the generalised
effective Hamiltonian discussed in Section 3.3. Owing to the length of the complete
expressions, machine-readable versions of all matching coefficients are provided in
the ancillary files accompanying Ref. [89], to which the interested reader is referred.
The notation and conventions adopted throughout this appendix are the same as
those introduced in Chapter 3.

C.1 Results for the b → uc̄s Transition

For completeness, we collect here the matching coefficients for the CKM-suppressed
transition b→ uc̄s. As discussed in Section 3.2, the cancellation of the IR divergences
in this channel requires the inclusion of the WA contribution in addition to the PI
and WE topologies (see Figure 3.1). The corresponding WA matching coefficients
are given in Section C.3.

Dimension-three contribution (Γ3): The independent non-vanishing coefficient

functions P
(ucs)
i,j (ρ) are

P
(ucs)
1,1 (ρ) = 1− 8ρ− 12ρ2 log ρ+ 8ρ3 − ρ4 , (C.1)

P
(ucs)
1,7 (ρ) =

√
ρ
(︁
− 1− 9ρ+ 9ρ2 + ρ3 − 6ρ(1 + ρ) log ρ

)︁
. (C.2)

The remaining non-vanishing coefficient functions are obtained from

P
(ucs)
2,2 = P

(ucs)
3,3 = P

(ucs)
4,4 = P

(ucs)
1,1 ,

4P
(ucs)
5,5 = 4P

(ucs)
6,6 = 4P

(ucs)
7,7 = 4P

(ucs)
8,8 = P

(ucs)
1,1 ,

1

12
P

(ucs)
9,9 =

1

12
P

(ucs)
10,10 = P

(ucs)
1,1 ,

P
(ucs)
3,4 = 4P

(ucs)
5,6 = 4P

(ucs)
7,8 =

1

12
P

(ucs)
9,10 = P

(ucs)
1,1 ,

P
(ucs)
1,8 = P

(ucs)
2,8 = P

(ucs)
3,5 = P

(ucs)
4,5 = P

(ucs)
1,7 ,

− 1

12
P

(ucs)
1,9 = − 1

12
P

(ucs)
1,10 = − 1

12
P

(ucs)
2,10 = P

(ucs)
1,7 ,

P
(ucs)
i,j = P

(ucs)
i−1,j+1, for even i and odd j ,

(C.3)

while all other coefficient functions vanish identically.
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Dimension-five contribution (Γ5): The independent non-vanishing chromomag-

netic coefficient functions G
(ucs)
i,j (ρ) are

G
(ucs)
1,1 (ρ) = −1

2

(︁
5ρ4 − 24ρ3 + 24ρ2 + 12ρ2 log ρ− 8ρ+ 3

)︁
, (C.4)

G
(ucs)
1,2 (ρ) = −1

2

(︁
19 + 16ρ− 24ρ2 − 16ρ3 + 5ρ4 + 12ρ(4 + ρ) log ρ

)︁
, (C.5)

G
(ucs)
1,7 (ρ) =

1

2

√
ρ
(︁
− 5 + 3ρ− 3ρ2 + 5ρ3 − 6ρ(1 + ρ) log ρ

)︁
, (C.6)

G
(ucs)
1,8 (ρ) =

3

2

√
ρ
(︁
− 9 + 7ρ+ ρ2 + ρ3 − 2(2 + 3ρ+ ρ2) log ρ

)︁
, (C.7)

G
(ucs)
1,9 (ρ) = 2

√
ρ
(︁
− 17 + 15ρ+ 9ρ2 − 7ρ3 + 6ρ(−5 + 3ρ) log ρ

)︁
, (C.8)

G
(ucs)
2,8 (ρ) =

1

2

√
ρ
(︁
11− 9ρ− 3ρ2 + ρ3 − 6(−3 + ρ)ρ log ρ

)︁
, (C.9)

G
(ucs)
2,10 (ρ) = −2

√
ρ
(︁
1− 3ρ− 9ρ2 + 11ρ3 + 6(1− 3ρ)ρ log ρ

)︁
, (C.10)

G
(ucs)
3,4 (ρ) =

1

2

(︁
13− 40ρ+ 24ρ2 + 8ρ3 − 5ρ4 − 12ρ2 log ρ

)︁
, (C.11)

G
(ucs)
3,6 (ρ) =

1

6

√
ρ
(︁
− 17− 9ρ+ 9ρ2 + 17ρ3 − 6(−2 + 9ρ+ 3ρ2) log ρ

)︁
, (C.12)

G
(ucs)
7,10 (ρ) = −4

(︁
− 4 + 3ρ+ ρ3 − 6ρ log ρ

)︁
, (C.13)

G
(ucs)
8,10 (ρ) = 8(1− ρ)3 , (C.14)

G
(ucs)
9,9 (ρ) = −2

(︁
25− 72ρ+ 120ρ2 − 88ρ3 + 15ρ4 + 36ρ2 log ρ

)︁
, (C.15)

G
(ucs)
9,10 (ρ) = −2

(︁
25 + 72ρ− 72ρ2 − 40ρ3 + 15ρ4 + 12ρ(8 + 3ρ) log ρ

)︁
, (C.16)

G
(ucs)
10,10(ρ) = 2

(︁
23− 72ρ+ 24ρ2 + 40ρ3 − 15ρ4 − 36ρ2 log ρ

)︁
. (C.17)

The remaining non-vanishing coefficient functions are obtained from the relations

G
(ucs)
2,2 = G

(ucs)
3,3 = 4G

(ucs)
6,6 = 4G

(ucs)
8,8 = G

(ucs)
1,1 , G

(ucs)
1,10 = −12G

(ucs)
1,8 ,

G
(ucs)
4,4 = 4G

(ucs)
5,5 = 4G

(ucs)
5,6 = 4G

(ucs)
7,7 = 4G

(ucs)
7,8 = G

(ucs)
3,4 , G

(ucs)
3,5 = G

(ucs)
4,6 = G

(ucs)
1,7 ,

G
(ucs)
i,j = G

(ucs)
i−1,j+1 for even i and odd j ,

(C.18)
while all other coefficient functions vanish identically.

Dimension-six contribution (Γ6): The independent non-vanishing Darwin coef-

ficient functions D
(ucs)
i,j (ρ) are

D
(ucs)
1,1 (ρ) =

2

3
(1− ρ)

(︁
9 + 11ρ− 25ρ2 + 5ρ3 − 24(1− ρ2) log(1− ρ)− 12ρ2 log ρ

)︁
,

(C.19)
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D
(ucs)
1,2 (ρ) = −2

3

(︁
41− 26ρ+ 18ρ2 − 38ρ3 + 5ρ4 + 48(1− ρ)2(1 + ρ) log(1− ρ)

+ 12(2 + 5ρ+ 2ρ2 − 2ρ3) log ρ
)︁
, (C.20)

D
(ucs)
1,7 (ρ) =

2

3

√
ρ
(︂
− 8 + 27ρ− 24ρ2 + 5ρ3

+ 12(1− ρ)2 log(1− ρ)− 6ρ(−2 + ρ) log ρ
)︂
, (C.21)

D
(ucs)
1,8 (ρ) =

2

3

√
ρ
(︂
7 + 6ρ− 15ρ2 + 2ρ3

+ 24(1− ρ)2 log(1− ρ) + 6(1 + 4ρ− 2ρ2) log ρ
)︂
, (C.22)

D
(ucs)
1,9 (ρ) = −8

√
ρ
(︁
ρ(7− 8ρ+ ρ2 − 6(−2 + ρ) log ρ) + 12(1− ρ)2 log(1− ρ)

)︁
,

(C.23)

D
(ucs)
2,8 (ρ) = −2

3

√
ρ
(︁
− 4 + 3ρ+ ρ3 − 12(1− ρ)2 log(1− ρ) + 6ρ(−2 + ρ) log ρ

)︁
,

(C.24)

D
(ucs)
2,10 (ρ) = −8

√
ρ
(︂
− 4 + 17ρ− 16ρ2 + 3ρ3

+ 12(1− ρ)2 log(1− ρ)− 6ρ(−2 + ρ) log ρ
)︂
, (C.25)

D
(ucs)
3,4 (ρ) = −2

3

(︁
− 51 + 94ρ− 42ρ2 − 6ρ3 + 5ρ4 + 24(1− ρ)2(3 + ρ) log(1− ρ)

− 12(−1 + ρ2 + ρ3) log ρ
)︁
, (C.26)

D
(ucs)
3,6 (ρ) = 4

√
ρ
(︁
1 + 3ρ− 5ρ2 + ρ3 + 4(1− ρ)2 log(1− ρ) + 2(1 + 2ρ− ρ2) log ρ

)︁
,

(C.27)

D
(ucs)
4,4 (ρ) = −2

3

(︂
− 59 + 112ρ− 66ρ2 + 8ρ3 + 5ρ4

+ 48(1− ρ)2 log(1− ρ)− 24ρ2 log ρ
)︂
, (C.28)

D
(ucs)
7,8 (ρ) = −1

6

(︁
− 55 + 106ρ− 54ρ2 − 2ρ3 + 5ρ4 + 24(1− ρ)2(3 + ρ) log(1− ρ)

− 12(−1 + ρ2 + ρ3) log ρ
)︁
, (C.29)

D
(ucs)
7,10 (ρ) =

8

3

(︂
22− 27ρ+ 12ρ2 − 7ρ3

− 6(1− ρ)3 log(1− ρ) + 3(1 + 5ρ+ 3ρ2 − ρ3) log ρ
)︂
, (C.30)

D
(ucs)
8,8 (ρ) =

1

6
(1− ρ)

(︁
13 + 3ρ− 21ρ2 + 5ρ3 − 24(1− ρ2) log(1− ρ)− 12ρ2 log ρ

)︁
,

(C.31)

D
(ucs)
8,10 (ρ) =

4

3

(︁
23− 51ρ+ 45ρ2 − 17ρ3 − 12(1− ρ)3 log(1− ρ) + 6(3− ρ)ρ2 log ρ

)︁
,

(C.32)
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D
(ucs)
9,9 (ρ) = −8

3

(︁
7− 72ρ+ 162ρ2 − 112ρ3 + 15ρ4 + 48(1− ρ)2(1 + 2ρ) log(1− ρ)

+ 24(3− 2ρ)ρ2 log ρ
)︁
, (C.33)

D
(ucs)
9,10 (ρ) = −8

3

(︁
11 + 102ρ− 66ρ2 − 62ρ3 + 15ρ4 + 24(1− ρ)2(7 + 5ρ) log(1− ρ)

+ 12(5 + 10ρ+ 3ρ2 − 5ρ3) log ρ
)︁
, (C.34)

D
(ucs)
10,10(ρ) = −8

3

(︁
− 131 + 234ρ− 108ρ2 − 10ρ3 + 15ρ4 + 24(1− ρ)2(5 + ρ) log(1− ρ)

− 12ρ2(3 + ρ) log ρ
)︁
. (C.35)

The remaining non-vanishing coefficient functions are obtained from

D
(ucs)
2,2 = D

(ucs)
3,3 = 4D

(ucs)
6,6 = D

(ucs)
1,1 , D

(ucs)
1,10 = −12D

(ucs)
1,8 ,

D
(ucs)
3,5 = D

(ucs)
4,6 = D

(ucs)
1,7 , D

(ucs)
5,5 = D

(ucs)
7,7 =

1

4
D

(ucs)
4,4 , D

(ucs)
5,6 =

1

4
D

(ucs)
3,4 ,

D
(ucs)
i,j = D

(ucs)
i−1,j+1, for even i and odd j ,

(C.36)
while all other coefficient functions vanish identically.

C.2 Results for the b → uūd Transition

The dimension-three and dimension-five matching coefficients for the b → uūd
transition are obtained directly from the corresponding b → cūd results by taking
the massless limit ρ → 0. The Darwin contribution is an exception, as the IR
divergences arising from the expansion of the q1-quark propagator require a dedicated
matching calculation in the massless case. The corresponding coefficient functions
are presented below.

Dimension-six contribution (Γ6): The independent non-vanishing Darwin coef-

ficient functions D
(uud)
i,j are

D
(uud)
1,1 (ρ) = 6 , D

(uud)
1,2 (ρ) = −34

3
, D

(uud)
3,4 (ρ) =

110

3
, D

(uud)
4,4 (ρ) =

118

3
, (C.37)

D
(uud)
5,5 (ρ) =

59

6
, D

(uud)
5,6 (ρ) =

55

6
, D

(uud)
6,6 (ρ) =

3

2
, D

(uud)
7,8 (ρ) =

21

2
, (C.38)

D
(uud)
7,10 (ρ) = 48 , D

(uud)
8,8 (ρ) =

13

6
, D

(uud)
8,10 (ρ) =

92

3
, D

(uud)
9,9 (ρ) = −56

3
,

(C.39)

D
(uud)
9,10 (ρ) = 120 , D

(uud)
10,10 (ρ) =

1048

3
. (C.40)

The remaining non-vanishing coefficients follow from the relations
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D
(uud)
3,3 = D

(uud)
1,1 , D

(uud)
7,7 = D

(uud)
5,5 , D

(uud)
2,2 = D

(uud)
1,1 ,

D
(uud)
i,j = D

(uud)
i−1,j+1 for even i and odd j, (C.41)

while all other coefficient functions vanish identically.

C.3 Results for the WA Topology

In this appendix we collect the matching coefficients for the WA topology induced by
the generalised effective Hamiltonian in Eq. (3.1). As discussed in Section 3.2, these
contributions are required to complete the dimension-six four-quark matching and to
ensure the cancellation of the IR divergences in the b→ uc̄s and b→ uūd channels.

Following the notation of Ref. [81], the WA contribution to the transition operator
for internal quark flavours q2 = c, u and q3 = d, s is parametrised as

Im T q2q3
WA =

G2
Fm

2
b

6π
|Vub|2|Vq2q3 |2 (1− ρ)2

[︃ 20∑︂
m,n=1

Cm C∗
nN ′

mnA
WA, q2q3
mn

]︃
, (C.42)

where the colour factor N ′
mn is given by N ′

mn = Nc if both indices m and n are
odd, and N ′

mn = 1 otherwise. For convenience, the primed Wilson coefficients are
incorporated into the same index according to

Cm ≡ C ′
m−10 , m > 10 . (C.43)

The independent non-vanishing coefficient functions AWA, q2q3
mn are given below for the

q2q3 = cs channel, retaining the full charm-mass dependence. The corresponding
expressions for q2q3 = ud follow from the massless limit, ρ→ 0.

AWA,cs
1,1 = −

[︂
O1

(︂
1 +

ρ

2

)︂
−O2(1 + 2ρ)

]︂
, AWA,cs

1,3 = −
[︂
O′

5

(︂
1 +

ρ

2

)︂
−O′

6(1 + 2ρ)
]︂
,

(C.44)

AWA,cs
1,5 = −3

2
O′

6

√
ρ , AWA,cs

1,7 = −3

2
O2

√
ρ , AWA,cs

1,9 = −6
√
ρ
[︁
O1 −O2

]︁
, (C.45)

AWA,cs
3,5 = −3

2
O′

2

√
ρ , AWA,cs

3,7 = −3

2
O6

√
ρ , AWA,cs

3,9 = −6
√
ρ
[︁
O5 −O6

]︁
, (C.46)

AWA,cs
5,5 =

3

2
O′

2 , AWA,cs
5,7 =

3

2
O6 , AWA,cs

9,9 = −8 (O1 −O2) (1 + 2ρ) , (C.47)

where the ∆B = 0 operators O(′)
i are defined in Eqs. (3.12) to (3.15). The remaining

non-vanishing coefficient functions follow from the symmetry relations

AWA,cs
3,3 = AWA,cs

1,1

⃓⃓⃓
Oi↔O′

i

, AWA,cs
7,7 = AWA,cs

5,5

⃓⃓⃓
Oi↔O′

i

, (C.48)

AWA,cs
m,n =

{︄
AWA,cs
m,n−1, m odd, n even,

AWA,cs
m−1,n+1, m even, n odd,

(C.49)
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AWA,cs
m,n = AWA,cs

m−1,n−1

⃓⃓⃓⃓
⃓
O(′)
i →

⎛⎜⎝O(′)
i

Nc

+2O(′)
i+2

⎞⎟⎠
, m, n even, (C.50)

AWA,cs
m,n = AWA,cs

n,m

⃓⃓⃓
Oi↔O′

i

, m ̸= n, (C.51)

AWA,cs
m,n = AWA,cs

m+10,n+10

⃓⃓⃓
Oi↔O′

i

, m, n ∈ {1, . . . , 10}, (C.52)

while all other coefficient functions vanish identically.

C.4 Contribution of SM QCD-Penguin Operators

up to Dimension-Six

As discussed in Section 3.1, the SM QCD-penguin operators are related to the
generalised operator basis through the Fierz identities in Eqs. (3.8) to (3.10). Conse-

quently, once the matching coefficients F (q1q2q3)
i,j have been determined (see Eqs. (3.17)

and (3.19)), the corresponding SM penguin contributions follow directly without
requiring an independent calculation.

The interference between the current-current operators Qqqq3
1,2 and the QCD-

penguin operators Qqq3
3,...,6 is given by

Γint
PO(b→ qq̄q3)

Γ0

= 2Re
(︁
ξqq3ξ

∗
tq3

)︁ [︄
C1

(︂
C3F (qqq3)

1,2 + C4F (qqq3)
1,1 − 2C5F (qqq3)

1,6 − 2C6F (qqq3)
1,5

)︂
+ C2

(︂
C3F (qqq3)

2,2 + C4F (qqq3)
2,1 − 2C5F (qqq3)

2,6 − 2C6F (qqq3)
2,5

)︂]︄
.

(C.53)

where q = u, c, q3 = d, s, and we have introduced the shorthand ξxy ≡ VxbV
∗
xy.

The contribution arising from the double insertion of the QCD-penguin operators
takes the form

Γquad
PO (b→ qq̄q3)

Γ0

= |ξtq3 |2
[︄(︂
C2

3F (qqq3)
2,2 + 2C3C4F (qqq3)

2,1 + C2
4F (qqq3)

1,1

)︂
+ 4
(︂
C2

5F (qqq3)
6,6 + 2C5C6F (qqq3)

6,5 + C2
6F (qqq3)

5,5

)︂
− 4
(︂
C3C5F (qqq3)

2,6 + C3C6F (qqq3)
2,5 + C4C5F (qqq3)

1,6 + C4C6F (qqq3)
1,5

)︂]︄
.

(C.54)

The quadratic contribution is valid for q = u, d, s, c. Since the masses of the light
quarks are neglected, the corresponding coefficient functions satisfy

Fddq3
i,j = F ssq3

i,j = Fuuq3
i,j . (C.55)
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As a consistency check, we have verified that the leading-power contributions obtained
by inserting the functions P

(ccs)
i,j (ρ) into Eqs. (C.53) and (C.54) reproduce the known

SM results of Ref. [91]. Throughout this section the Wilson coefficients are understood
to be the real-valued SM coefficients.
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Appendix D

Supplementary Material for the
B-Mesogenesis Analysis
The free quark propagator in coordinate space is given by

S
(q)
jn (x, y) = δjn S

(q)
0 (x− y),

S
(q)
0 (x− y) =

∫︂
d4p

(2π)4
/p+m

p2 −m2 + iϵ
e−ip·(x−y),(︂

S
(q)
0

)︂T
(x− y) =

∫︂
d4p

(2π)4
pµ(γ

µ)T +m

p2 −m2 + iϵ
e−ip·(x−y).

(D.1)

Furthermore, the following one-loop tensor integral frequently appears in the evalua-
tion of the dimension-six four-quark contributions. Its absorptive part is given by
(see, e.g., Appendices B and C of Ref. [62])

Im

(︃
i

∫︂
d4k

(2π)4
kµkν − kµpν

[k2 −m2
1][(p− k)2 −m2

2]

)︃
=

p2
√︁
λ(1, r1, r2)

192π

(︃
gµνλ(1, r1, r2)− 2

pµpν
p2

(2(r1 − r2)
2 − (1 + r1 + r2))

)︃
,

(D.2)

where ri = m2
i /p

2 and λ(a, b, c) = (a− b− c)2 − 4bc denotes the Källén function.
The matrix elements of the four-quark operators arising in the B-Mesogenesis

calculations are expressed in terms of the operator basis1

Õq
1 = 4 (q̄iγµPRb

i)(b̄kγµPRq
k),

Õq
2 = 4 (q̄iPLb

i)(b̄kPRq
k),

Õq
3 = 4 (q̄iγµPRt

a
ikb

k)(b̄rγµPRt
a
rmq

m),

Õq
4 = 4 (q̄iPLt

a
ikb

k)(b̄rPRt
a
rmq

m),

(D.3)

where q = u, d. Their hadronic matrix elements are parameterized as [38,127]

⟨B|Õq
1,2|B⟩ = f 2

BM
2
B B

q
1,2,

⟨B|Õq
3,4|B⟩ = f 2

BM
2
B B

q
3,4,

(D.4)

where Bq
1,2 and Bq

3,4 denote the corresponding bag parameters. Throughout this
work, isospin symmetry is assumed,

Bu
i = Bd

i , i = 1, . . . , 4. (D.5)

1The operator basis differs from the corresponding SM basis only by the replacement PL ↔ PR

(see Eq. (3.15)). Owing to parity invariance of QCD, the parametrisation of the hadronic matrix
elements is identical to that of the SM operators.

131



D.1 Input Parameters

For the bottom and charm quark masses we use the values obtained from the global
fit of Ref. [128],

mkin
b (1GeV) = (4.573± 0.012)GeV, mc(2GeV) = (1.090± 0.010)GeV. (D.6)

The B-meson decay constants are taken from the lattice-QCD averages of Ref. [129],

fB = (0.1900± 0.0013)GeV, fBs = (0.2303± 0.0013)GeV. (D.7)

The B-meson masses are taken from the Particle Data Group [96],

mB+ = 5.27934GeV, mBd = 5.27965GeV, mBs = 5.36688GeV. (D.8)

The CKM matrix elements are taken from the global fit of the CKMfitter collabora-
tion [130] (online update). The HQE matrix elements entering the dimension-three,
-five, and -six contributions are summarised in Table D.1. The corresponding Bag
parameters parameterising the forward matrix elements of the dimension-six ∆B = 0
four-quark operators are collected in Table D.2.2

Parameter B+, Bd Source Bs Source

µ2π(Bq) [GeV2] 0.454± 0.043 Exp. fit [128] 0.534± 0.074 Exp. fit + Ref. [102]

µ2G(Bq) [GeV2] 0.274± 0.053 Exp. fit [128] 0.321± 0.072 Exp. fit + Ref. [102]

ρ3D(Bq) [GeV3] 0.176± 0.019 Exp. fit [128] 0.210± 0.034 Exp. fit + Ref. [102]

Table D.1: Input values of the two-quark non-perturbative parameters.

µ0 = 1.5GeV B̃q
1 B̃q

2 B̃q
3 B̃q

4

⟨Bu,d|Õu,di |Bu,d⟩ 1.0026+0.0246
−0.0221 0.9982+0.0206

−0.0214 −0.0057+0.0221
−0.0225 −0.0014+0.0216

−0.0221

⟨Bs|Õsi |Bs⟩ 1.0022+0.0246
−0.0221 0.9983+0.0246

−0.0221 −0.0036+0.0265
−0.0270 −0.0009+0.0259

−0.0265

Table D.2: Input values of the dimension-six Bag parameters at the renormalisation
scale µ0 = 1.5GeV, collected from Ref. [102] and references therein.

Tables D.3 and D.4 define the effective B-Mesogenesis couplings Gf1f2
X and list

their corresponding upper bounds from Ref. [31]. Here, X = I, . . . ,VI denotes the
topologies shown in Figure 4.1, whereas f1 and f2 identify the internal fermions
propagating in the loop of the corresponding diagram.

2The parametrisations of the SM and Mesogenesis four-quark operators are identical, since the
two operator bases differ only by their chiral structure; see Ref. [131].
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Table D.3: H−1/3 Constants and their Max values, taken from Ref. [31].

Parameter Max Value (GeV)−4 Source

Gψu
III =

yubyψd
M2

Y

y∗uby
∗
ψd

M2
Y

1× 10−13 Table II

Gψc
III =

ycbyψd
M2

Y

y∗cby
∗
ψd

M2
Y

1.5× 10−12 Table II

Guψ
III =

yudyψb
M2

Y

y∗udy
∗
ψb

M2
Y

4.7× 10−15 Table II

Gcψ
III =

ycdyψb
M2

Y

y∗cdy
∗
ψb

M2
Y

1.6× 10−13 Table II

Gψu
II =

yubyψd
M2

Y

y∗udy
∗
ψb

M2
Y

2.2× 10−14 Table II

Gψc
II =

ycbyψd
M2

Y

y∗cdy
∗
ψb

M2
Y

4.9× 10−13 Table II

Guψ
II =

yudyψb
M2

Y

y∗uby
∗
ψd

M2
Y

2.2× 10−14 Table II

Gcψ
II =

ycdyψb
M2

Y

y∗cby
∗
ψd

M2
Y

4.9× 10−13 Table II

Gψψ
I =

yψdy
∗
ψb

M2
Y

yψby
∗
ψd

M2
Y

1.7× 10−15 Eq. (43j), Eq. (41a)

Guu
I =

yudy
∗
ub

M2
Y

yuby
∗
ud

M2
Y

1.7× 10−15 Eq. (43f), Eq. (41a)

Gcc
I =

ycdy
∗
cb

M2
Y

ycby
∗
cd

M2
Y

1.7× 10−15 Eq. (43f), Eq. (41a)

Gcu
I =

yudy
∗
cb

M2
Y

ycby
∗
ud

M2
Y

8.5× 10−16 Eq. (43e), Eq. (41a)

Guc
I =

ycdy
∗
ub

M2
Y

yuby
∗
cd

M2
Y

8.5× 10−16 Eq. (43e), Eq. (41a)

Gsψ
IV =

yψsyub
M2

Y

y∗uby
∗
ψs

M2
Y

1× 10−13 Table II

Gdψ
IV =

yψdyub
M2

Y

y∗uby
∗
ψd

M2
Y

1× 10−13 Table II

Gψs
III =

yψbyus
M2

Y

y∗usy
∗
ψb

M2
Y

3.7× 10−14 Table II

Gψd
III =

yψbyud
M2

Y

y∗udy
∗
ψb

M2
Y

4.7× 10−15 Table II

Gψs
V =

yψsyub
M2

Y

y∗usy
∗
ψb

M2
Y

6.3× 10−14 Table II

Gψd
V =

yψdyub
M2

Y

y∗udy
∗
ψb

M2
Y

2.2× 10−14 Table II

Gψs
V I =

yψbyus
M2

Y

y∗uby
∗
ψs

M2
Y

6.3× 10−14 Table II

Gψd
V I =

yψbyud
M2

Y

y∗uby
∗
ψd

M2
Y

2.2× 10−14 Table II

Continued on the next page
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Table D.3 – continued from previous page

Parameter Max Value (GeV)−4 Source

Gcs
IV =

ycsy
∗
ub

M2
Y

yuby
∗
cs

M2
Y

8.5× 10−15 Eq. (43g), Eq. (41a)

Gus
IV =

yusy
∗
ub

M2
Y

yuby
∗
us

M2
Y

8.5× 10−15 Eq. (43g), Eq. (41a)

Gcd
IV =

ycdy
∗
ub

M2
Y

yuby
∗
cd

M2
Y

8.5× 10−16 Eq. (43e), Eq. (41a)

Gud
IV =

yudy
∗
ub

M2
Y

yuby
∗
ud

M2
Y

1.7× 10−15 Eq. (43f), Eq. (41a)

Gcs
I =

yusy
∗
cb

M2
Y

ycby
∗
us

M2
Y

8.5× 10−15 Eq. (43g), Eq. (41a)

Gus
I =

yusy
∗
ub

M2
Y

yuby
∗
us

M2
Y

8.5× 10−15 Eq. (43g), Eq. (41a)

Gcd
I =

yudy
∗
cb

M2
Y

ycby
∗
ud

M2
Y

8.5× 10−16 Eq. (43e), Eq. (41a)

Gud
I =

yudy
∗
ub

M2
Y

yuby
∗
ud

M2
Y

1.7× 10−15 Eq. (43f), Eq. (41a)

Table D.4: H2/3 Constants and their Max values, taken from Ref. [31].

Parameter Max Value (GeV)−4 Source

Guψ
IV =

ybdyψu
M2

Y

y∗bdy
∗
ψu

M2
Y

2.5× 10−13 Table II

Gcψ
IV =

ybdyψc
M2

Y

y∗bdy
∗
ψc

M2
Y

2.5× 10−13 Table II

Gds
IV =

ydsy
∗
bd

M2
Y

ybdy
∗
ds

M2
Y

8.5× 10−15 Eq. (44d), Eq. (41a)

Gds
I =

ydsy
∗
bd

M2
Y

ybdy
∗
ds

M2
Y

8.5× 10−15 Eq. (44d), Eq. (41a)

Gss
I =

ydsy
∗
bs

M2
Y

ybsy
∗
ds

M2
Y

1.7× 10−15 Eq. (44c), Eq. (41a)

Gdψ
III =

ybdyψu
M2

Y

y∗bdy
∗
ψu

M2
Y

2.5× 10−13 Table II

Gsψ
III =

ybsyψu
M2

Y

y∗bsy
∗
ψu

M2
Y

1.2× 10−12 Table II

D.2 Power-Suppressed Effects in the SM: A Com-

parison

In Section 4.2.1, we showed that within the Mesogenesis framework, power-suppressed
contributions can exceed the leading dimension-three term in the HQE in certain
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Figure D.1: Total decay width Γ(B+) arising from the SM operator (cb)(du) ,
shown as a function of ρf = (mf/mb)

2. The plots display the individual HQE
contributions (left) and the corresponding ratios Rd = |Γd/Γ3| (right). The vertical
lines indicate the values of ρf where subleading terms exceed the leading contribution
(the corresponding mf values are also indicated). For the dimension-six four-quark
contribution, which originates from the PI topology and is negative across the full
range, the line marks the point where its absolute value exceeds Γ3. Both C1 and
C2 are included. The sharp spikes in the Rd plot occur where the numerator, Γd,
changes sign.

regions of the dark-sector fermion mass mψ. It is instructive to compare this
behaviour with the corresponding situation in the SM. Since the Mesogenesis analysis
is performed under the assumption that a single operator dominates at a time,
we consider the analogous SM operator O = (u d)(c b), which induces the familiar
PI topology in the B+ meson. We therefore study the HQE contributions to the
inclusive decay b→ cūd as a function of the scaled charm-quark mass ρc = m2

c/m
2
b .

The corresponding SM effective Hamiltonian reads

HSM
eff =

4GF√
2
VcbV

∗
ud

[︁
C1(µb)Q

cud
1 + C2(µb)Q

cud
2

]︁
+ h.c. , (D.9)

where Qcud
1,2 are the current–current operators defined in Eq. (1.9).

Using the LO Wilson coefficients C1(4.5GeV) = 1.11 and C2(4.5GeV) = −0.26
from Ref. [102], together with the numerical inputs collected in Section D.1, we
show in Figure D.1 the individual HQE contributions and their ratios to the leading
dimension-three term. By varying the charm-quark mass over the kinematic range
analogous to that spanned by the dark-fermion mass mψ in the Mesogenesis anal-
ysis, we observe a qualitatively similar hierarchy: in certain regions of parameter
space, power-suppressed contributions become larger than the leading term. This
demonstrates that the breakdown of the HQE hierarchy observed in the Mesogenesis
scenario is not a peculiarity of that model, but rather a generic feature of the HQE
when the relevant mass scales approach the kinematic boundaries of the decay.

Despite this qualitative similarity, the size of the power corrections differs between
the two scenarios. In the SM, the dimension-six four-quark contributions generated
by PI topology remain modest compared with the leading dimension-three term
throughout the physical parameter space. In the Mesogenesis framework, however,
the corresponding PI topology can produce much larger corrections, causing the
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Figure D.2: Total decay width Γ(B+) arising from the SM operator (cb)(du), as a
function of ρf = (mf/mb)

2. The plots show the individual HQE contributions (left)
and the ratios Rd = |Γd/Γ3| (right). The upper panels display the case with only C1

switched on, while the lower panels correspond to only C2. Vertical lines mark the
values of ρf where subleading terms exceed the leading dimension-three width (the
corresponding mf values are also indicated).

power-suppressed terms to compete with—or even exceed—the leading contribution,
as demonstrated in Figures 4.2 and 4.3.

To isolate the differences between the SM PI topology and the corresponding
PI topology in Mesogenesis, we first eliminate the interference between the two
current–current operators by setting C2 = 0. The SM Hamiltonian then reduces to

HSM
b→cud(x) = ˜︁GF (c̄iγµPLb

i)(d̄jγµPLu
j)(x) + h.c., (D.10)

where ˜︁GF = 4GF√
2
VcbV

∗
udC1. The corresponding Mesogenesis operator is

H−1/3
b→ψud(x) = C

(ud)
ψ ϵijk (ū

i
Rb

c,j
R )(ψ̄ dc,kR )(x) + h.c.. (D.11)

The two operators differ only in their Dirac and colour structures. These differ-
ences can be identified separately already at leading order. Replacing |C(ud)

ψ |2 →
| ˜︁GF |2, the SM dimension-three contribution is related to the corresponding Mesogen-
esis result by

ΓSM
3 (B+) = Γ

−1/3
3 (B+)× 4⏞⏟⏟⏞

Dirac

× 3

2⏞⏟⏟⏞
color

. (D.12)

The same Dirac and colour structures also determine the dimension-six four-quark
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contributions. In the SM, the PI contribution is

ΓSM
PI ∝ 4

(︃
1

Nc

Q̃1 + 2Q̃3

)︃
, (D.13)

where the operators Q̃1,3 are defined in Eq. (D.3). By contrast, the corresponding PI
contribution in Mesogenesis reads

Γ
−1/3

PI
∝
(︃
Nc − 1

Nc

Q̃1 − 2Q̃3

)︃ ⃓⃓⃓
PL→PR

. (D.14)

The SM contribution retains the overall factor of 4 originating from the Dirac
structure. The colour structure, however, differs from that of the Mesogenesis
operator, leading to a different linear combination of the four-quark operators.

Employing the parametrisation of the forward matrix elements in terms of the

bag parameters listed in Table D.2, we find that the combination
(︂
Nc−1
Nc

)︂
B̃u

1 − 2B̃u
3

appearing in Mesogenesis is approximately twice as large in magnitude as the

corresponding SM combination
(︂

1
Nc

)︂
B̃u

1 + 2B̃u
3 . This modified colour structure

therefore enhances the dimension-six four-quark contribution in Mesogenesis relative
to the SM.

Finally, reinstating the full SM operator basis by including the interference with
the operator proportional to C2 further suppresses the dimension-six four-quark
contribution. Numerically, the magnitude of the PI term is reduced by approximately
a factor of two, shifting the point at which it overtakes the leading dimension-three
contribution from ρc ≃ 0.4 (for C2 = 0) to ρc ≃ 0.6 (for the physical values of C1 and
C2), as shown in Figure D.2. No analogous cancellation occurs in the Mesogenesis
framework, where a single operator is assumed to dominate, allowing the enhanced
bag-parameter combination to remain fully effective.

Taken together, these observations explain why the relative size of the PI contri-
bution is substantially larger in Mesogenesis than the corresponding PI contribution
in the SM. Two effects are responsible for this enhancement. First, the different
colour structure of the Mesogenesis operator selects a more favorable combination
of bag parameters. Second, under the assumption of single-operator dominance,
the Mesogenesis contribution is not subject to the destructive interference between
current–current operators that further suppresses the PI contribution in the SM.
Therefore, the ratio Γdim6/Γdim3 is systematically enhanced in the Mesogenesis frame-
work, allowing the dimension-six contribution to exceed the leading dimension-three
term over sizable regions of parameter space. For calculations involving BSM oper-
ators with the same colour structure as the SM but different Dirac structures, see
Ref. [81].

D.3 B-meson Distribution Amplitudes

D.3.1 Two-Particle B-meson DAs

The nonlocal vacuum-to-B matrix element appearing in Eq. (4.69) is parameterised
in terms of the two-particle B-meson light-cone distribution amplitudes (DAs).
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Employing the HQET decomposition of the heavy-quark field, we use the standard
parametrisation [114] (for its derivation, see Section D.3.3) 3

i⟨0|h̄vα(0)[0, x]uβ(x)|B̄(v)⟩ = fBmB

4

∞∫︂
0

dω e−iωv·x

[︄{︂
ϕB+(ω) + x2gB+(ω)

}︂[︂
(1 + /v)γ5

]︂
βα

− 1

2v · x
{︂
ϕB+(ω)− ϕB−(ω) + x2

(︁
gB+(ω)− gB−(ω)

)︁}︂[︂
/x(1 + /v)γ5

]︂
βα

]︄
,

(D.15)

where [0, x] denotes the gauge link ensuring gauge invariance, and ω corresponds
to the light-cone projection of the spectator quark momentum in the B-meson rest
frame.

The functions ϕB+(ω), ϕ
B
−(ω), g

B
+(ω), and gB−(ω) represent the two-particle B-

meson DAs of twist two, three, four, and five, respectively, following the classification
of [133]. The twist-two and twist-three DAs satisfy the normalisation conditions∫︂ ∞

0

dω ϕB±(ω) = 1 . (D.16)

To eliminate the explicit factors 1/(v ·x) appearing in Eq. (D.15), it is convenient
to introduce the integrated combination [134]

ΦB
±(ω) ≡

∫︂ ω

0

dτ
(︁
ϕB+(τ)− ϕB−(τ)

)︁
, (D.17)

such that
d

dω
ΦB

±(ω) = ϕB+(ω)− ϕB−(ω), ΦB
±(0) = ΦB

±(∞) = 0.

Analogously, we define

GB
±(ω) ≡

∫︂ ω

0

dτ
(︁
gB+(τ)− gB−(τ)

)︁
. (D.18)

For the numerical analysis we adopt the standard exponential model for the
twist-two DA [114],

ϕB+(ω) =
ω

λ2B
e−ω/λB , (D.19)

while for the twist-three and twist-four DAs we employ the corresponding exponential
ansatz proposed in [133]

ϕB−(ω) =
1

λB
e−ω/λB +

1

2λB

[︃
1− 2ω

λB
+

ω2

2λ2B

]︃
1−R

1 + 2R
e−ω/λB , (D.20)

3The parametrisation given here differs by an overall minus sign from that used in Ref. [132].
This originates from a different convention for the charge-conjugation matrix, where Ref. [132]
adopts C = γ2γ0. While such an overall phase does not affect physical observables, since the form
factors enter quadratically in the branching fraction (see Eq. (4.95)), the same convention also enters
the perturbative derivation of the correlation function in Eq. (4.44) through the charge-conjugation
identities. Consequently, the overall sign is compensated, and the final results are identical.
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gB+(ω) =
3ω2

16λB

3 + 4R

1 + 2R
e−ω/λB . (D.21)

For the twist-five DA we employ the Wandzura–Wilczek inspired model used
in [135],

gB−(ω) =
3ω

4
e−ω/λB . (D.22)

To assess the numerical impact of the twist-five contribution, we also consider
the approximation in which the term proportional to gB− is neglected. In this case,
one simply replaces

GB
±(ω) → GB

+(ω) =

∫︂ ω

0

dτ gB+(τ) (D.23)

in the final expressions for the invariant amplitudes.
The set of B-meson DAs employed in this work depends on three nonperturbative

parameters: the decay constant fB, the inverse moment of the twist-two DA,

1

λB
=

∫︂ ∞

0

dω
ϕB+(ω)

ω
, (D.24)

and the ratio

R ≡ λ2E
λ2H

, (D.25)

where λE and λH parameterize the matrix elements of local heavy-light quark-
antiquark-gluon operators in HQET.

D.3.2 Three-Particle B-meson DAs

In addition to the two-particle contributions discussed above, the OPE also receives
corrections from three-particle quark-antiquark-gluon B-meson DAs. For complete-
ness, we summarise here the corresponding definitions and conventions used in the
present work.

We employ the HQET parametrisation of the vacuum-to-B matrix element with
one gluon-field insertion derived in [133]. More specifically, we use the form presented
in [136] for the B̄ meson, rewritten with explicit Dirac indices and charge-conjugated
to the B+ matrix element, adopting the same charge-conjugation convention as in
the two-particle DA parametrisation in Eq. (D.15):

⟨0|h̄vα(0) gs
λa

2
Ga
µν(ux)uβ(x)|B+(v)⟩ = fBmB

4

∫︂ ∞

0

dω1 dω2 e
−i(ω1+uω2)v·x

×
{︄
γ5

[︄
− (vµγν − vνγµ)ϕ3 −

i

2
σµν(ϕ3 − ϕ4) +

xµvν − xνvµ
2v · x (ϕ3 + ϕ4 − 2ψ4)

+
xµγν − xνγµ

2v · x (ϕ3 + ˜︁ψ4) +
iϵµναβx

αvβ

2v · x γ5(ϕ3 − ϕ4 + 2 ˜︁ψ4)

− iϵµναβx
α

2v · x γβγ5(ϕ3 − ϕ4 + ˜︁ψ4) +
(xµvν − xνvµ)/x

2(v · x)2 (ϕ4 − ψ4 − ˜︁ψ4)

− /x(xµγν − xνγµ)

4(v · x)2 (ϕ3 − ϕ4 + 2 ˜︁ψ4)

]︄
(1− /v)

}︄
βα

. (D.26)
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Here ϕ3 denotes the twist-three DA, while ϕ4, ψ4, and ˜︁ψ4 are twist-four DAs. For
brevity, their dependence on (ω1, ω2) is suppressed, and the Wilson lines on the
left-hand side are not shown explicitly.

Similarly to the two-particle case, it is convenient to eliminate the explicit factors
of 1/(v · x) by introducing integrated DAs:

Φ(ω1, ω2) ≡
∫︂ ω1

0

dτ Φ(τ, ω2), (D.27)

where

Φ = {ϕ3, ϕ4, ψ4, ˜︁ψ4}.
To remove the terms proportional to 1/(v ·x)2, we further define the doubly integrated
DAs

Φ(ω1, ω2) ≡
∫︂ ω1

0

dτ Φ(τ, ω2). (D.28)

Using these definitions, the matrix element Eq. (D.26) can be rewritten in a more
compact form free of inverse powers of (v · x):

⟨0|h̄vα(0) gs
λa

2
Ga
µν(ux)uβ(x)|B+(v)⟩ = −fBmB

4

∫︂ ∞

0

dω1 dω2 e
−iσmBv·x

×
{︄
γ5

[︄
− (vµγν − vνγµ)ϕ3 −

i

2
σµν(ϕ3 − ϕ4) +

i

2
(xµvν − xνvµ)(ϕ3 + ϕ4 − 2ψ4)

+
i

2
(xµγν − xνγµ)(ϕ3 + ˜︁ψ4)−

1

2
ϵµναβx

αvβγ5(ϕ3 − ϕ4 + 2 ˜︁ψ4)

+
1

2
ϵµναβx

αγβγ5(ϕ3 − ϕ4 + ˜︁ψ4)−
1

2
(xµvν − xνvµ)/x(ϕ4 − ψ4 − ˜︁ψ4)

+
1

4
/x(xµγν − xνγµ)(ϕ3 − ϕ4 + 2 ˜︁ψ4)

]︄
(1− /v)

}︄
βα

. (D.29)

where we introduced

σ(u, ω1, ω2) ≡
ω1 + uω2

mB

. (D.30)

For completeness, we also quote the exponential model for the three-particle DAs
proposed in [133]:

ϕ3(ω1, ω2) = −3ω1ω
2
2

4λ3B

1−R

1 + 2R
e−(ω1+ω2)/λB ,

ϕ4(ω1, ω2) =
3ω2

2

4λ2B

1 +R

1 + 2R
e−(ω1+ω2)/λB ,

ψ4(ω1, ω2) = R ˜︁ψ4(ω1, ω2) =
3ω1ω2

2λ2B

R

1 + 2R
e−(ω1+ω2)/λB . (D.31)

All three-particle DAs in this model are therefore determined by the same
nonperturbative parameters λB and R already entering the two-particle DAs.
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D.3.3 B+-meson DAs from the B−-meson Parametrisation

In this section, we obtain the parametrisation of the B+-meson light-cone DAs from
the corresponding B−-meson parametrisation using charge-conjugation symmetry.

We start from the parametrisation in Ref. [137]

⟨0|q̄β(z) bα(0)|B−(v)⟩ = − ifBMB

4

∫︂ ∞

0

dω e−iωv·z

×
[︄
(1 + /v)

(︃
ϕB+(ω)−

ϕB+(ω)− ϕB−(ω)

2 v ·z /z

)︃
γ5

]︄
αβ

. (D.32)

For simplicity, the gauge link between the quark fields is suppressed throughout this
derivation. We write this in the form

⟨0|q̄β(z) bα(0)|B−(v)⟩ = A
[︁
(1 + /v)γ5

]︁
αβ

+B
[︁
(1 + /v)/zγ5

]︁
αβ
, (D.33)

with

A = − ifBMB

4

∫︂ ∞

0

dω e−iωv·z ϕB+(ω), (D.34)

B =
ifBMB

8 v ·z

∫︂ ∞

0

dω e−iωv·z
(︁
ϕB+(ω)− ϕB−(ω)

)︁
. (D.35)

We now obtain the corresponding B+ matrix element by applying charge conjugation
with the operator ˆ︁C:

⟨0|q̄β(z) bα(0)|B−⟩ = ⟨0| ˆ︁C−1 ˆ︁C q̄β(z) ˆ︁C−1⏞ ⏟⏟ ⏞ ˆ︁C bα(0) ˆ︁C−1⏞ ⏟⏟ ⏞ ˆ︁C|B−⟩. (D.36)

Using (see the relations in Eq. (A.16))4

ˆ︁C|B−⟩ = |B+⟩, (D.37)ˆ︁C q̄β(z) ˆ︁C−1 = −Cββ′ qβ′(z), (D.38)ˆ︁C bα(0) ˆ︁C−1 = C−1
α′α b̄α′(0), (D.39)

one obtains

⟨0|b̄α′(0) qβ′(z)|B+⟩C−1
α′αCββ′ = A

[︁
(1 + /v)γ5

]︁
αβ

+B
[︁
(1 + /v)/zγ5

]︁
αβ
. (D.40)

Multiplying by Cαα2 and C−1
β2β

gives

⟨0|b̄α2(0) qβ2(z)|B+⟩ = A
[︂
C(1 + /v)γ5C

−1
]︂
α2β2

+B
[︂
C(1 + /v)/zγ5C

−1
]︂
α2β2

. (D.41)

C(1 + /v)γ5C
−1 = (1− /vT )γT5 =

[︁
γ5(1− /v)

]︁T
=
[︁
(1 + /v)γ5

]︁T
, (D.42)

4Note that ˆ︁C denotes the charge-conjugation operator, whereas C denotes the corresponding
charge-conjugation matrix acting on Dirac indices.
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C(1 + /v)/zγ5C
−1 = (1− /vT )(−/zT )γT5 = −

[︁
γ5/z(1− /v)

]︁T
=
[︁
/z(1 + /v)γ5

]︁T
. (D.43)

Therefore,

⟨0|b̄α(0) qβ(z)|B+⟩ = A
[︁
(1 + /v)γ5

]︁
βα

+B
[︁
/z(1 + /v)γ5

]︁
βα
. (D.44)

Finally, substituting the expressions for A and B yields

⟨0|b̄α(0) qβ(z)|B+(v)⟩ = − ifBMB

4

∫︂ ∞

0

dω e−iωv·z

×
[︄
ϕB+(ω) (1 + /v)γ5 −

ϕB+(ω)− ϕB−(ω)

2 v ·z /z(1 + /v)γ5

]︄
βα

,

(D.45)

which coincides with the expression in Ref. [114].

D.4 B-Mesogenesis Additional Results

D.4.1 Inclusive Results from HQE

In this section we collect the explicit expressions for the coefficients entering
Eqs. (4.26), (4.33) and (4.34).

Throughout this appendix, we employ the abbreviations

∆ρψ ≡
√︁

1− 4ρψ, Λρψ ≡ log

(︃
1 + ∆ρψ

1−∆ρψ

)︃
. (D.46)

We start with the two-quark operators.

For C
(d)
ψψ:

f
(ψψd)
0 =

1

2

[︂
∆ρψ

(︁
1− 14ρψ − 2ρ2ψ − 12ρ3ψ

)︁
+ 24ρ2ψ(1− ρ2ψ) Λρψ

]︂
(D.47)

f
(ψψd)
G =

1

4

[︂
24ρ2ψ(1− 5ρ2ψ) Λρψ −∆ρψ

(︁
3− 10ρψ + 10ρ2ψ + 60ρ3ψ

)︁]︂
(D.48)

f
(ψψd)
D =

1

3

[︄
∆ρψ

(︁
9 + 22ρψ − 34ρ2ψ − 60ρ3ψ

)︁
+ 24∆ρψ log

(︃
ρψ

1− 4ρψ

)︃

+ 24
(︁
1− 2ρψ − ρ2ψ − 2ρ3ψ − 5ρ4ψ

)︁
Λρψ

]︄
. (D.49)

For C
(d)
cu :

f
(cud)
0 = −2

[︂
ρ4c − 8ρ3c + 8ρc + 12ρ2c log ρc − 1

]︂
, (D.50)
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f
(cud)
G = −5ρ4c + 28ρ3c − 48ρ2c + 20ρc − 12(ρc − 2)ρc log ρc + 5, (D.51)

f
(cud)
D =

4

3

[︂
− 5ρ4c + 26ρ3c − 45ρ2c − 10ρc − 12(ρc − 1)2(ρc + 1) log(1− ρc)

+ 6(ρ3c − ρ2c + 5ρc + 2) log ρc + 34
]︂
. (D.52)

For C
(d)
uc :

f
(ucd)
0 = f

(cud)
0 , (D.53)

f
(ucd)
G = −5ρ4c + 16ρ3c − 16ρc − 12ρ2c log ρc + 5, (D.54)

f
(ucd)
D = −2

3

[︂
10ρ4c − 15ρ3c − 18ρ2c + 71ρc + 12(ρc − 1)2(ρc + 5) log(1− ρc)

− 6(ρ3c + 3ρ2c + 1) log ρc − 48
]︂

(D.55)

For C
(d)
cc :

f
(ccd)
0 =

1

4
f
(ψψd)
0 |ρψ→ρc , (D.56)

f
(ccd)
G = ∆ρc

(︁
5 + 14ρc + 14ρ2c − 60ρ3c

)︁
− 24ρc

(︁
1− ρc − 2ρ2c + 5ρ3c

)︁
Λρc , (D.57)

f
(ccd)
D =

2

3

[︄
∆ρc

(︃
72− ρc + 22ρ2c − 120ρ3c + 12 log

ρc
1− 4ρc

)︃

− 6
(︁
40ρ4c − 14ρ3c + 8ρ2c + 5ρc + 3

)︁
Λρc

]︄
. (D.58)

For operators involving two distinct massive final states (e.g. c and ψ), the Darwin
term requires two-scale master integrals that are not available in closed form. Since
these contributions are expected to be numerically subleading, with the dominant
subleading effects arising from the dimension-6 four-quark operators, we restrict the
analysis in such cases to the dimension-5 level. The complete expressions for the
dimension-3 and dimension-5 terms are lengthy and can be provided upon request.

The above results also apply to the Wilson coefficients obtained by replacing d→ s.
For operators with only light quarks (u, d, s) in the final state, the corresponding
expressions are obtained in the massless limit of the massive cases.

We now turn to the four-quark contributions. The result for topology IV in model
(d), corresponding to the coefficients Γ

(ψud),u
IV,a , was already derived in Eq. (4.24); for

completeness, we repeat it here in the unified notation.

Contributions to Γ(B+):

Γ̃
(ψud),u
IV,1 = −2(1− ρψ)

2, Γ̃
(ψud),u
IV,2 = Γ̃

(ψud),u
IV,4 = 0, Γ̃

(ψud),u
IV,3 = 6(1− ρψ)

2,

(D.59)

Γ̃
(ψ̃ud),u
IV,1 = −1

3
(1− ρψ)

2(2 + ρψ), Γ̃
(ψ̃ud),u
IV,2 =

2

3
(1− ρψ)

2(2ρψ + 1), (D.60)
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Γ̃
(ψ̃ud),u
IV,3 = (1− ρψ)

2(2 + ρψ), Γ̃
(ψ̃ud),u
IV,4 = −2(1− ρψ)

2(2ρψ + 1). (D.61)

Γ̃
(cud),u
I,1 = −2

3
(1− ρc)

2(2 + ρc), Γ̃
(cud),u
I,2 =

4

3
(1− ρc)

2(2ρc + 1),

Γ̃
(cud),u
I,3 = −(1− ρc)

2(2 + ρc), Γ̃
(cud),u
I,4 = 2(1− ρc)

2(2ρc + 1), (D.62)

Γ̃
(ucd),u
IV,1 = −4(1− ρc)

2, Γ̃
(ucd),u
IV,2 = Γ̃

(ucd),u
IV,4 = 0, Γ̃

(ucd),u
IV,3 = 12(1− ρc)

2,

(D.63)

where ρf = m2
f/m

2
b . Finally, the massless limit follows from

Γ̃
(uud),u
IV,a = Γ̃

(ucd),u
IV,a

⃓⃓⃓
ρc→0

, Γ̃
(uud),u
I,a = Γ̃

(ucd),u
I,a

⃓⃓⃓
ρc→0

. (D.64)

Contributions to Γ(Bq):

Γ̃
(ψcd),q
III,1 =

1

3

√︂
λ(1, ρc, ρψ) (ρ

2
ψ + ρ2c + ρψ + ρc − 2ρψρc − 2),

Γ̃
(ψcd),q
III,2 =

−2

3

√︂
λ(1, ρc, ρψ) (2ρ

2
ψ + 2ρ2c − ρψ − ρc − 4ρψρc − 1),

Γ̃
(ψcd),q
III,3 = −3 Γ̃

(ψcd),q
III,1 , Γ̃

(ψcd),q
III,4 = −3 Γ̃

(ψcd),q
III,2 , (D.65)

Γ̃
(ψψd),q
I,1 = −

√︁
1− 4ρψ (1− ρψ), Γ̃

(ψψd),q
I,2 =

√︁
1− 4ρψ (2ρψ + 1),

Γ̃
(ψψd),q
I,3 = Γ̃

(ψψd),q
I,4 = 0, (D.66)

Γ̃
(ccd),q
I,1 = −4

3

√︁
1− 4ρc (1− ρc), Γ̃

(ccd),q
I,2 =

4

3

√︁
1− 4ρc (2ρc + 1),

Γ̃
(ccd),q
I,3 = −2

√︁
1− 4ρc (1− ρc), Γ̃

(ccd),q
I,4 = 2

√︁
1− 4ρc (2ρc + 1), (D.67)

Γ̃
(cud),q
I,1 = −2

3
(1− ρc)

2 (2 + ρc), Γ̃
(cud),q
I,2 =

4

3
(1− ρc)

2 (2ρc + 1),

Γ̃
(cud),q
I,3 = −(1− ρc)

2 (2 + ρc), Γ̃
(cud),q
I,4 = 2(1− ρc)

2 (2ρc + 1). (D.68)

The following relations hold

Γ̃
(ψ̃cd),q
III,a = Γ̃

(ψcd),q
III,a , Γ̃

(ψud),q
III,a = Γ̃

(ψ̃ud),q
III,a = Γ̃

(ψcd),q
III,a

⃓⃓⃓
ρc→0

, Γ̃
(ucd),q
I,a = Γ̃

(cud),q
I,a ,

Γ̃
(uud),q
I,a = Γ̃

(cud),q
I,a

⃓⃓⃓
ρc→0

. (D.69)

Moreover, since in our analysis we work in the massless limit for the light quarks,
md = ms = 0, the corresponding coefficients above are identical under the interchange
d↔ s.
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D.4.2 Exclusive Results from LCSR

In this section we collect the final expressions for the LCSR results derived in
Eq. (4.76).

C(P , v) =
[︂
8(P·v) /P/v − 16(P·v)2

]︂
ϕ3 + 8(P·v − /P/v)(ϕ3 − ϕ4)

+ 8(4P·v − /P/v) ˜︁ψ4 −
4

P2

[︂
P2 + 2(P·v) /P/v

]︂
(ϕ4 − ψ4 − ˜︁ψ4)

− 12(ϕ3 − ϕ4 + 2 ˜︁ψ4),

C(P , v) = 12P2Log(−P2)ϕ4 − 4(P·v − /P/v)(ϕ3 − ϕ4)

− 4(4P·v − /P/v) ˜︁ψ4 +
4

P2

[︂
P2 + 2(P·v) /P/v

]︂
(ϕ4 − ψ4 − ˜︁ψ4)

+ 12(ϕ3 − ϕ4 + 2 ˜︁ψ4), (D.70)

where P = P − σmBv. In the above expressions, terms that do not generate an
imaginary part in the variable P 2 are omitted, since they do not contribute to the
final LCSR expressions.

D.4.3 Supplementary Plots

This appendix collects the results for the remaining operators considered in our
analysis. While the main text focuses on the representative cases (O = (bu)(ψd) and
O = (du)(ψb)), the following plots provide a systematic overview and illustrate to
what extent the observed features generalize across the operator basis.
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Figure D.3: (Part 1) Total decay width Γ(B+) induced by the Mesogenesis (BSM)
operators as a function of ρf = (mf/mb)

2. The left and right columns show the
individual HQE contributions and the corresponding ratios Rd = |Γd/Γ3|, respectively.
The vertical lines indicate the values of ρf (and the corresponding mf) where a
subleading contribution exceeds the leading dimension-three term Γ3. The curves
terminate at the kinematic threshold where the loop particles can no longer be
produced on shell, while the spikes in Rd arise from zeros of the corresponding
subleading contribution.
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Figure D.4: (Part 2): Additional plots for different operators with the same colour
coding as in the previous Figure.
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Figure D.5: (Part 3): Additional plots for different operators with the same colour
coding as in the previous Figure.
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Figure D.6: (Part 1): Total decay width of Γ(B+) arising purely from the Meso-
genesis (BSM) operators as a function of ρf = (mf/mb)

2. The figure displays the
cumulative sum of all terms up to the indicated dimension. The vertical lines indicate
the value of ρf , where the contribution exceeds the leading dimension-three Γ3 term
(the corresponding mf values are also indicated).
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Figure D.7: (Part 2): Total decay width of Γ(B+) arising purely from the Mesoge-
nesis (BSM) operators as a function of ρf = (mf/mb)

2, with the same colour coding
as in the previous figure.
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Figure D.8: Lifetime ratio τ (Bs)/τ (Bd) as a function of the dark fermion mass mψ,
including both SM and SM+NP predictions for representative operators. The NP
contribution is found to be negligible compared to present theoretical uncertainties.
(Operators involving two distinct massive final states are not shown, as the corre-
sponding Darwin-term contribution has not yet been calculated.)
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Figure D.9: (Part 1): Constraints on the Wilson coefficients as a function of the
dark fermion mass mψ, derived from the lifetime ratios τ(Bs)/τ(Bd) (orange) and
τ(B+)/τ(Bd) (magenta), compared to collider constraints (blue).
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Figure D.10: (Part 2): Constraints on the Wilson coefficients as a function
of the dark fermion mass mψ, with the same colour coding as in the previous
figure. (Operators involving two distinct massive final states are not shown, as the
corresponding Darwin-term contribution has not yet been calculated.)

153



Figure D.11: The lifetime ratio τ(B+)/τ(Bd) for H−1/3 as a function of mψ,

using the upper limits of one of the constants Gq1q2
X and setting the others to

zero. The red region shows the SM error, whereas the experimental value is shown
in green. The non-vanishing constants from up to down and left to right are
Gψu
III , G

ψc
III , G

uψ
III , G

cψ
III , G

ψu
II , G

ψc
II , G

uψ
II , G

cψ
II , G

ψψ
I , Guu

I = Gcc
I , G

cu
I , G

uc
I
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Figure D.12: The lifetime ratio τ(B+)/τ(Bd) for H−1/3 as a function of mψ,

using the upper limits of one of the constants Gf1f2
X and setting the others to

zero. The red region shows the SM error, whereas the experimental value is shown
in green. The non-vanishing constants from up to down and left to right are
Gψd
IV , G

ψs
IV , G

ψd
III , G

ψs
III , G

ψd
V , G

ψs
V , G

ψd
V I , G

ψs
V I , G

ud
IV , G

cd
IV , G

sc
I , G

su
IV , G

du
I , G

dc
I , G

sc
I , G

su
I .
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Figure D.13: The lifetime ratio τ(B+)/τ(Bd) for H2/3 as a function of mψ, using

the upper limits of one of the constants Gf1f2
X and setting the others to zero. The red

region shows the SM error, whereas the experimental value is shown in green. The non-
vanishing constants from up to down and left to right are Guψ

IV , G
cψ
IV , G

ds
IV , G

ds
I , G

ss
I =

Gdψ
III , G

sψ
III ,
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Figure D.14: H2/3: Constraints on the couplings Gf1f2
X derived from various sources.

The magenta regions indicate the values allowed by the lifetime ratio τ(B+)/τ(Bd),
while the blue region corresponds to the constraints obtained from collider signals or
flavour mixing, as studied in [31].
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(a) (b)

(c) (d)

(e)

Figure D.15: H2/3: Allowed regions of the inclusive branching ratio of the different

operators proportional to the couplings Gf1f2
X . Values of the inclusive branching

fraction above 5% are excluded by the bounds from the total decay rate of B
mesons, therefore we do not show regions above 0.05 in the plots. The figure shows
the difference between using the values allowed by the lifetime ratio τ(B+)/τ(Bd)
(magenta) and those allowed by collider signals or flavour mixing (blue), as studied
in [31], to compute the inclusive branching ratio. The plots correspond to the
following couplings: (a) Guψ

IV +Gdψ
III (b) G

cψ
IV (c) Gds

I +Gds
IV (d) Gss

I (e) Gsψ
III .
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Figure D.16: H−1/3 (Part 1): Constraints on the couplings Gf1f2
X derived from

various sources. The magenta regions indicate the values allowed by the lifetime
ratio τ(B+)/τ(Bd), while the blue region corresponds to the constraints obtained
from collider signals or flavour mixing, as studied in [31].
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Figure D.17: H−1/3 (Part 2): Additional constraints on the couplings Gf1f2
X with

the same colour coding as in the previous Figure.
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(a) (b)

(c) (d)

(e) (f)

Figure D.18: H−1/3 (Part 1): The inclusive branching ratio of the different operators

proportional to the couplings Gf1f2
X . Values of the inclusive branching fraction above

5% are excluded by the bounds from the total decay rate of B mesons, therefore
we do not show regions above 0.05 in the plots. The figure shows the difference
between using the values allowed by the lifetime ratio τ (B+)/τ (Bd) and those allowed
by collider signals or flavour mixing, as studied in [31], to compute the inclusive
branching ratio. The plots correspond to the following couplings: (a) Gψu

III +Gdψ
IV (b)

Gψc
III (c) G

cψ
III (d) G

ψψ
I (e) Gud

IV (f) Gcc
I .
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(a) (b)

(c) (d)

(e) (f)

Figure D.19: H−1/3 (Part 2): Additional branching ratio plots with the same
colour coding. Values of the inclusive branching fraction above 5% are excluded
by the bounds from the total decay rate of B mesons, therefore we do not show
regions above 0.05 in the plots. The plots correspond to the following couplings: (a)
Guc
I +Gcd

IV (b) Gsψ
IV (c) Gψc

III (d) G
us
IV+

us
I (e) Gcs

IV (f) Gcs
I .
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