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Abstract

This dissertation investigates the impact of job preemptions and restarts in
online machine scheduling, with a focus on three fundamental objectives.
An online scheduling algorithm determines whether to process a job or
not without knowing the future events. One important extension to the
classical online scheduling framework is the use of restarts. Allowing
restarts means that the processing of a job may be interrupted, but in this
case the interrupted job loses all its previous progress and must be started
again later, until it is completed without interruptions. This model also
known as preemption with restarts. Although restarts can potentially be
very beneficial in the context of online scheduling, there has been relatively

little research on this topic up until now.

First, we study the problem of minimizing the total completion time on
a single machine. We present a simple deterministic online algorithm
that achieves a competitive ratio better than 1.4568, improving upon the
previous best bound of 3/2. The algorithm follows an increasing-size
processing order and interrupts a running job only when doing so reduces
the completion time of an arriving job by more than a factor of 1.4568

compared to processing it immediately.

Second, we extend the results to the minimization of total weighted comple-
tion time. For the case of equal processing times, we design a deterministic
online algorithm that achieves a competitive ratio better than 1.325 based
on carefully structured decision intervals. The algorithm uses at most three
restarts for the entire schedule and redefines these decision intervals in

certain situations to avoid further interruptions.

Finally, we consider the weighted makespan minimization problem. This
problem is generalization of the classical makespan minimization problem.
We present a deterministic online algorithm that achieves a competitive
ratio better than 1.3098 in the case where all jobs have equal processing

times.






Zusammenfassung

Diese Dissertation untersucht die Auswirkungen von Unterbrechungen
und Neustarts von Jobs in Online-Scheduling und konzentriert sich dabei
auf drei grundlegende Zielfanktionen. Ein Online-Scheduling-Algorithmus
entscheidet, wann ein Job ausgefiihrt wird oder nicht, ohne die zukiinftigen
Ereignisse zu kennen. Eine wichtige Erweiterung des klassischen Online-
Scheduling-Modells ist die Verwendung von Neustarts. Neustarts erlauben
es, die Ausfithrung eines Jobs zu unterbrechen; in diesem Fall verliert der
unterbrochene Job jedoch sdmtlichen bislang erzielten Fortschritt und muss
zu einem spéateren Zeitpunkt vollstandig neu begonnen werden, bis er ohne
Unterbrechung abgeschlossen ist. Dieses Modell ist auch als Preemption mit
Neustarts bekannt. Obwohl Neustarts im Kontext des Online-Schedulings
potenziell sehr vorteilhaft sein kénnen, wurde dieses Thema bislang nur
relativ wenig untersucht.

Zunéchst betrachten wir das Problem der Minimierung der Summe der
Abschlusszeiten auf einer einzelnen Maschine. Wir présentieren einen ein-
fachen deterministischen Online-Algorithmus, der ein Kompetitivitatsver-
héltnis besser als 1.4568 erreicht und damit die bisher beste Schranke
von 3/2 verbessert. Der Algorithmus folgt einer Bearbeitungsreihenfolge
nach zunehmender Grofe und unterbricht einen laufenden Auftrag nur
dann, wenn dadurch die Fertigstellungszeit eines eintreffenden Auftrags
im Vergleich zur sofortigen Bearbeitung um mehr als den Faktor 1.4568
reduziert wird.

Im zweiten Teil erweitern wir die Resultate auf die Minimierung der
gewichteten gesamten Abschlusszeit. Fiir den Fall gleicher Bearbeitungszeiten
entwickeln wir einen deterministischen Online-Algorithmus, ein Kompetitiv-
itatsverhaltnis besser als 1.325 erreicht, basierend auf sorgféltig strukturi-
erten Entscheidungsintervallen. Der Algorithmus verwendet hochstens drei
Neustarts iiber den gesamten Ablauf hinweg und definiert diese Entschei-
dungsintervalle in bestimmten Situationen gezielt neu, um weitere Unter-
brechungen zu vermeiden.

Abschliefsend betrachten wir das Problem der Minimierung des gewichteten
Makespans. Dieses Problem stellt eine Verallgemeinerung des klassischen
Makespan-Minimierungsproblems dar. Wir présentieren einen determinis-
tischen Online-Algorithmus, der im Fall gleicher Bearbeitungszeiten einen
Wettbewerbsfaktor besser als 1.3098 erreicht.
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CHAPTER

Introduction

Scheduling is a fundamental problem in computer science and operations
research, concerned with allocating limited resources over time. Essentially,
scheduling is about deciding which tasks should be executed according
to time and resource availability constraints, in order to achieve specific
objectives such as optimizing productivity, minimizing costs or maximizing
throughput. The evolution of scheduling can be traced back to early
civilizations and their efforts to manage time and resources efficiently, all
the way to the modern computing era where scheduling problems have

become more complex and dynamic.

The concept of scheduling took a more formalized shape during the In-
dustrial Revolution (late 18th to early 19th century) with the advent of
machinery and the need for efficient production, managing the flow of
materials and labor became crucial for maximizing productivity. As fac-
tories grew larger and more complex, there was a need to assign tasks to
workers and machines to meet the demands of mass production. During
this period, Frederick Taylor introduced the principles of scientific manage-
ment, including time and motion studies which aimed to optimizing worker
efficiency. Later, in the 1910s, Henry Gantt developed the Gantt chart, a
tool for visualizing and scheduling tasks. These innovations, along with
the increasing importance of time and motion studies helped recognize

scheduling problems as essential for maintaining efficient operations.

Operations Research evolved into a formalized scientific approach during
World War II, when better decision-making in military logistics and training
schedules became essential. During this time, optimization methods were

formalized to improve resource allocation and task scheduling. As the com-
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plexity of scheduling increased, especially with the growth of manufacturing
and later in computer systems, the mathematical optimization began to
play a significant role. Scheduling is an optimization problem, where the
goal is to find the best solution for task allocation given certain constraints.
Optimization techniques provided a framework to systematically solve these
problems. With advancements in mathematical modeling and algorithms,
the challenge of scheduling evolved into a discipline that could address more

complex scenarios and constraints to achieve the most effective solutions.

Optimization problem An optimization problem P is defined by a set
of inputs Z and a cost function C'. For each input I € Z, there exists a
set of feasible solutions F'(I). Each solution J € F'(I) is associated with a

positive real number C(7, J), representing its objective function value.

Optimization problems are generally categorized into two types: maximiza-
tion and minimization problems. This dissertation primarily focuses on
minimization problems, where the goal is to minimize the cost associated

with a solution.

Given an input I, an algorithm ALG produces a solution ALG[I] € F(I),
with the cost of this solution denoted as ALG(I) = C(I,ALG[I]). An
optimal algorithm OPT finds the best solution for any input, ensuring that
for all feasible inputs I:

OPT(I) = Jrenl;g)C(I, J).

1.1 Optimization under Uncertainty

Optimization under uncertainty is a widely studied field with a wide range
of applications. The key challenge in this field is making decisions or finding
optimal solutions when the inputs to the problem are not fully known or
are subject to variation. Uncertainty can be modeled in several ways and
different approaches are used depending on the nature of the problem and

the type of uncertainty involved.

One of the most common approaches is to make stochastic assumptions

about the input. In this case, the uncertain parameters are modeled using
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probability distributions. For example, the processing time of jobs might
be considered as a random variable with a known distribution, such as a

normal or exponential distribution, rather than a fixed value.

When the parameters are only known approximately, this situation is
modeled by robust optimization. In robust optimization, the goal is to find
solutions that perform well even under a range of possible variations of
the uncertain parameters, ensuring that the solution is not overly sensitive
to any specific estimate. This approach is particularly useful in scenarios
where the uncertainty is too large or complex to model probabilistically
and more general assumptions about the range of uncertainty must be

made.

A survey on this topic was published by Bertsimas et al. [32], which provides
a comprehensive overview of various methods and approaches used in robust

optimization, along with their applications and challenges.

1.2 Online Optimization Problems

In many optimization problems, it is typically assumed that all relevant
information is available in advance. However, in real-world scenarios this

assumption often does not hold.

As an example, consider a busy office with only one printer serving all
employees. This printer can handle only one print job at a time. Typically,
printers process jobs in the order they arrive. This approach can result in
delays, particularly when small or urgent jobs are queued behind larger

ones.

Employee A sends a large document to print. The printer immediately
begins working on this job. Shortly after, Employee B submits a small
document that needs to be printed quickly. Because the printer is occupied,
Employee B’s request must wait patiently. Just as the printer finishes
Employee A’s lengthy job, Employee C sends another print request for a

medium-sized but urgent document.

At this point, the printer’s controller faces a decision. Should it print
Employee B’s document next to reduce waiting time, or to prioritize the

urgent job submitted later? If the controller follows the simple first-come,
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first-served rule, Employee C’s urgent request will be delayed further,

potentially causing problems for critical tasks.

An online problem can also be classified as semi-online when some partial
information about future inputs is available in advance. This additional
knowledge can help make better decisions, even though the full input
sequence is not known. For instance, in an online scheduling problem, the
jobs might be known to be ordered by their processing times, the processing
times might fall within a restricted range, or even the minimum size job

might be known ahead of time.

Online algorithms  Optimization algorithms can be classified into offline
and online algorithms. Offline algorithms have access to the entire input
before computing a solution. Many offline optimization problems are NP-
hard, meaning that finding the exact optimal solution is computationally
infeasible. In contrast, online algorithms operate in environments where the
input is revealed sequentially, requiring the algorithm to make irrevocable
decisions at each step without knowledge of future inputs. Since they lack
complete information, online algorithms must make decisions based only

on the data available at the time.

Competitive analysis Competitive analysis is a worst-case performance
measure used to evaluate online algorithms. It compares the performance
of an online algorithm to an optimal offline algorithm that has complete
knowledge of future inputs. This approach provides a worst-case guarantee
on how well an online algorithm performs relative to the best possible

strategy and it is a fundamental tool in the study of online algorithms.

The competitive ratio R of an online algorithm ALG is defined as

ALG(I)
R =sup ———.
Y OPT(I)
This means that if an algorithm has a competitive ratio of R, we have the
guarantee that no matter how bad the input (from the point of view of
the algorithm), the algorithm will never have cost more than R times the

optimal cost. Note that the focus here is entirely on the lack of knowledge
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about the input; the online algorithm may use as much computation as it

needs to make its decisions.

The concept behind the competitive ratio can be viewed as the analysis of a
two-player zero-sum game, where the online algorithm competes against the
optimal offline algorithm, which plays the role of an adversary by selecting
the worst-case input sequence. Consider again our previous example, a
system with a single printer serving multiple users, where only one job
can be processed at a time. The printer does not have prior knowledge
of future job arrivals and their processing times or their priorities. Now,
imagine an idealized printer that has complete knowledge of all job arrivals,
processing times and priorities in advance. This printer can schedule the
jobs optimally to minimize total weighted completion time and ensure that

higher-priority jobs are appropriately prioritized.

The competitive ratio measures the performance of the real-time printer
relative to this optimal offline scheduler. For instance, if the real printer
requires 50 time units to complete all jobs while the optimal scheduler
could complete them in 30 time units, the competitive ratio is 50/30 ~ 1.67.
This indicates that the online scheduler performs approximately 67% worse

than the optimal offline solution.

To overcome the unrealistic power of the adversary, some models allow
randomization in the online algorithm. The adversary knows the random
process used by the online algorithm but not the outcome of that process.
Such an oblivious adversary must commit to a sequence before the online

algorithm begins.

1.3 Online Machine Scheduling Problem

The machine scheduling problem is an important challenge in the de-
velopment of optimization algorithms and computational methods. The
objective is to assign a set of tasks to a set of machines in a way that
optimizes certain criteria, such as minimizing the total completion time,
reducing waiting periods or balancing the workload among machines. This
problem has wide-ranging applications, for example in manufacturing where

products must be processed in a specific order, in computer systems where
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tasks are distributed across processors, and in logistics where deliveries

must be scheduled efficiently.

In offline machine scheduling scenarios, all tasks and resources are known
in advance, allowing for careful planning and optimization. However, in
real-world applications, information about tasks often arrives sequentially
and decisions must be made without knowledge of future tasks. This brings
us to the area of online machine scheduling. The online scheduling is
particularly relevant in modern multi-core processors and cloud computing
environments, where tasks must be efficiently distributed across CPUs
to maximize performance. For example, in a CPU scheduler, processes
arrive unpredictably, requiring real-time decisions about which task should
be executed next. If a high-priority process arrives after the system has
already committed resources to a lower-priority task, inefficiencies may
arise. Similarly, in cloud computing, virtual machines must be assigned
dynamically to available servers, ensuring that computational resources are

utilized efficiently while maintaining quality-of-service guarantees.

In online machine scheduling, the arrival of jobs can be categorized into
two main types: over time and over a list. Jobs arriving over time means
that each job has a specific release time, after which it can be processed
(as discussed in [151]). On the other hand, jobs arriving over a list means
that a new job only arrives once the current job has been scheduled on the
machine (as discussed in [7]). In this work, we focus solely on the scenario

where all jobs arrive over time.

One of the earliest online algorithms was developed in the 1960s considered
load balancing [82], although they were not widely studied until the early
1990s. Over the years, researchers have explored numerous objectives, each
designed to address different practical needs and constraints. A collection

of objective functions that will be discussed is as follows:

e Makespan (Ci.y): The time required to complete all tasks. The
objective is to ensure that the time at which all machines are finished
is minimized.

e Weighted Makespan (W (C,.x): The maximum weighted comple-

tion time of the jobs.
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e Total Completion Time () C;): The sum of completion times
for all tasks. This objective is important in environments where
the timely completion of each task contributes to overall system
performance. Note that minimizing ) C; is equivalent to minimizing

average completion time.

e Weighted Completion Time () w;C;): Each task has a weight
representing its importance. The aim is to minimize the weighted
sum of completion times, balancing the need to prioritize more critical

tasks while maintaining overall efficiency.

e Total Flow Time () Fj): The sum of the time periods from the
release of each task to its completion. This is significant in optimizing
the turnaround time for tasks in a system, ensuring quicker processing

and throughput.

e Total Weighted Flow Time (> w;F;): Each task has a weight
representing its importance. The aim is to minimize the weighted

sum of flow times.

Minimizing the maximum weighted flow time is equivalent to minimizing
the weighted makespan when all jobs are available at time 0. The same
relation exists between ) F; and ) C;. Moreover, since the average
completion time is simply a scaled version of the total completion time, the
bounds for total completion time also apply to the average completion time.
In certain cases, minimizing the total completion time can also help reduce

the overall makespan, thereby linking these two performance metrics.

In scheduling theory, problems are commonly described using a three-field
notation a|S3|y introduced by Graham et al. [82]. The first field («) specifies
the machine environment, such as a single machine or multiple parallel
machines. The second field (f) describes any specific characteristics or
constraints of the problem, such as whether tasks have deadlines. The third
field () denotes the objective function that needs to be optimized, such as
minimizing the makespan, total completion time, or maximum lateness. In
this thesis, we use this notation to categorize and discuss various machine

scheduling problems.
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We now formally define the general form of three problems considered in
this work. A detailed description of each problem will be provided in the

subsequent chapters.

Remark: For clarity and simplicity, jobs are occasionally referred to by
their indices 1,2,...,n instead of using the full notation Jy, Js, ..., J,.

These notations are equivalent throughout the text.

Definition 1.1. Online Machine Scheduling for Minimizing the Total

Completion Time
e Input. A list M = (My, M, ..., M,,) of m(> 1) machines, a se-
quence J = Jy,...,J, of n(>> m) jobs are given, where each J; is
characterized by its processing time p; and release time (arrival time)
rj, where 1 < j < n.
e Objective. Minimization of 3 7_, C;.

Definition 1.2. Online Machine Scheduling for Minimizing the Total
Weighted Completion Time

e Input. A list M = (My, My, ..., M,,) of m(> 1) machines, a se-
quence J = Jy,...,Jy of n(>> m) jobs are given, where each J; is
characterized by its processing time p;, weight w; and release time
(arrival time) r;, where 1 < j <n.

o Objective. Minimization of 3 7, w;C;.

Definition 1.3. Online Machine Scheduling for Minimizing the Weighted
Makespan

e Input. A list M = (M, Ms, ..., M,,) of m(> 1) machines, a se-
quence J = Jy,...,Jy of n(>> m) jobs are given, where each J; is
characterized by its processing time p;, weight w; and release time

(arrival time) r;, where 1 < j < n.
e Objective. Minimization of WC\ax

The table 1.1 summarizes several various online and semi-online algorithms
for scheduling problems and presents the competitive ratios of the best-

known online algorithms for each of these problems.



Chapter 1. Introduction 9

Table 1.1: Summary of several various deterministic online and semi-online algo-
rithms for machine scheduling problems and the lower bound on the competitive
ratios of these problems.

Problem Algorithm | Competitive Lower References
Ratio Bound

1|7, online | > C} DSPT 2 2 [135, 95]
1| r;,online, pmtn | - C; SRPT 1 1 [117]
1| r;,online, restart | > C; RSPT 1.5 1.2108 [154]
1| r;, online, restart | Y C; IRSPT 1.4568 1.2108 Chapter 3
1| r;,online, p; = a;t | > C; D-SGR 1+ Gmax 1+ Gmax [123]

P | r;,online, pmtn | Y~ C; SRPT 5/4 1.047 [124]
1| r;,online, pmtn | >~ w;C; WRSPT 1.2259 1.1038 [102]
1|7, online | 3~ w;C; D-SWPT 2 2 [19]

P | r;,online | > w;C} Online(e) 1.791 1.309 [143, 124]
1| r;, online, Brex <oy | 5 S0 SD-SWPT 14+1/8 1+1/8 [149]

1| r;,online, p; = p,restart | > w;C; LW-3R 1.3247 1.09725 Chapter 4
1| r;, online, pmtn | WClax LW rule 1 1 [44]
1|7, online | WChax DLW 2 2 44, 119]
P | r;,online, p; = p | WCiax DLW 1.618 1.618 [119]
1| r;, online, 1-restart, p; = p | WChax A 1.4656 1.4656 [121]
1| r;,online, p; = p, restart | WChax LIW 1.3098 1.2344 Chapter 5

1.3.1 Online Single Machine Scheduling

In the study of online scheduling problems, a key focus is on the single
machine scenario where the objective is to efficiently schedule jobs on a
single machine. Single machine scheduling serves as a fundamental problem
for understanding more complex scheduling environments. The simplicity
of this model allows to develop algorithms and theoretical insights that
can later be extended to parallel machines and other environments. Fur-
thermore, online single machine scheduling represents real-world situations
in industries where a single resource (such as a machine, worker or server)
handles tasks that arrive online and is crucial because many practical
applications, including manufacturing processes and cloud computing tasks,

often rely on a single processing unit.
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In the online scheduling, some models allow restarts where a job that has
already started may be interrupted and later restarted from the beginning.
In the following, we distinguish between settings that allow such restarts

and those that do not, beginning with the case without restarts.

Online Single Machine Scheduling without Restarts

In the online single machine scheduling without restarts, each job must
be processed in the order it is scheduled without any interruption, once
it begins. Once a job is accepted and starts processing, it must run to
completion without the possibility of preemption. This constraint adds an
additional difficulty to the scheduling problem, as the decision to start a
job must take into account not only the current jobs in the system but also

potential future arrivals.

The absence of restarts in online scheduling models is particularly relevant
in real-world systems where jobs (once initiated) cannot be paused or
re-allocated to different resources. For example, in manufacturing processes
where a machine must complete a task before moving on to the next or in
cloud computing scenarios where data processing jobs are costly to stop
and restart. In these environments, decisions must be made in real-time,
based only on information about jobs that have already arrived, without

knowing the future jobs.

In the context of single machine scheduling for minimizing the total com-
pletion time () C;) without restarts, various online algorithms have been
developed, ranging from simple heuristics like First Come First Served
(FCFS) and Shortest Processing Time (SPT) to more sophisticated al-
gorithms that attempt to predict the impact of future arrivals based on

probabilistic models.

It is known that simple greedy strategies such as Shortest Processing Time
(SPT) are effective in minimizing the total completion time in offline settings
but face challenges in the online context. The best-known competitive ratio
for deterministic algorithms is 2 [95]. In the randomized setting, a weaker
bound is known: any randomized online algorithm for minimizing ) C; on

a single machine has a performance bound of at least % ~ 1.58 [49][147].
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Another challenge in online scheduling without restarts is balancing job
priorities. In environments where jobs have varying levels of importance or
deadlines, scheduling decisions must consider both the job’s urgency and its
processing time. In the weighted setting, where each job is assigned a weight,
the SPT rule generalizes to scheduling jobs in non-decreasing order of the
ratio % where p; is the processing time and wj is the weight of job J;. This
yields an optimal schedule for minimizing the total weighted completion
time in the offline setting. An optimal algorithm for the deterministic
online total weighted completion time problem on a single machine without
preemption was presented by Anderson and Potts [18]. Their delayed-
WSPT algorithm guarantees a competitive ratio of 2. Moreover Hoogeveen
and Vestjens [96] proved that no deterministic algorithm can achieve a

better bound even when all jobs have unit weight.

In the context of single machine scheduling for minimizing the weighted
makespan, Feng and Yuan [137] were the first to introduce the Wy, for
the single machine scheduling. Later, Li [119] explored the online version
of this problem and established a lower bound of 2 on the competitive ratio
for deterministic algorithms. For the case of identical parallel machines,
Li also proposed the optimal online algorithm. Chai et al. [45] further
refined these results by developing two deterministic online algorithms with

a competitive ratio of 2.

Online Single Machine Scheduling with Restarts

The concept of restarts was first introduced by Shmoys et al. [142] in the
context of makespan minimization. Online scheduling models with restarts
allow for greater flexibility (Naturally, in an offline environment nothing

changes if restarts are allowed, since all jobs are known in advance).

In this model, it is possible to interrupt a running job in case a more critical
job arrives (a smaller one, or a heavier one), but in this case the job that
was running must be restarted from the beginning: the work done on it is
lost. This can lead to significant improvements but it also introduces new
challenges, such as determining when a job should be restarted and how
much computational effort is lost by interrupting a partially completed job
(Figure 1.1).
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0 1 1.6 3.1

Figure 1.1: Example of preemptive with restarts scheduling model.

This model, also referred to as preemption with restarts, contrasts with the
more widely examined preemption with resume model, in which interrupted

jobs can continue from the point of interruption (Figure 1.2).

0 1 1.6 2.6 3.1

Figure 1.2: Example of preemptive with resume scheduling model.

In preemption with resume model for minimizing the total completion
time, an optimal preemptive schedule can be built online by applying the
SRPT algorithm. At all times, this algorithm processes the job with the
smallest remaining processing time. In the weighted setting, when release
times are introduced but preemption is allowed, the classic scheduling
rules can be extended: at every moment, the scheduler should execute the
job with the Weighted Shortest Remaining Processing Time (WSRPT).
In the online setting, the best known competitive ratio of WSRPT is
1.2259 and the best known lower bound is 1.1038 by Jamalabadi and
Schwiegelshohn [103]. Furthermore, a range of linear programming (LP)-
based approaches have been developed. These include both preemptive and
non-preemptive time-indexed LP relaxations, as well as completion-time
relaxations [81, 90, 138, 30, 65].

The motivation for the preemption with restarts model is clear, because
in many real-world scenarios, it is impractical to interrupt ongoing tasks
without incurring loss of progress. As a simple practical example, bread
cannot be taken out of the oven partway through baking and then returned
later without compromising its quality. Interestingly, when restarts are
not allowed, research has shown that there is no difference in competitive
ratios between weighted and unweighted models for minimizing the total
completion time; both scenarios achieve an optimal competitive ratio of
2, as demonstrated by Hoogeveen and Vestjens [95] and Anderson and

Potts [19]. It is hypothesized that the competitive ratio remains at 3/2 when
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restarts are permitted. However, the existing 3/2-competitive algorithm for
minimizing the total completion time with restarts does not easily extend
to weight considerations, emphasizing the need for a deeper understanding

of the unweighted problem before tackling the weighted variant.

1.3.2 Related Results

A foundational result by Lenstra, Rinnooy Kan, and Brucker [118] showed
that the problem of minimizing the total completion time on a single
machine with release dates is strongly NP-hard. However, the problem
becomes polynomial-time solvable when all release dates are zero, using
the Shortest Processing Time (SPT) rule [145]. Dessouky and Deogun [61]
proposed a branch-and-bound algorithm. Deogun [59] presented a par-
titioning scheme. Chand, Traub, and Uzsoy [46] used a decomposition
approach to improve branch-and-bound algorithms. Gazmuri [80] gave a
probabilistic analysis. Posner [136] studied a greedy method and proved
that it yields an optimal solution under certain conditions. Chu [53] defined
a few algorithms which use a local optimal condition to make scheduling

decisions.

All of the algorithms in the literature mentioned above are offline in the
sense that the algorithms know all the information about jobs even before

they arrive in the system.

Shmoys et al. [142] showed that restarts help to minimize the makespan of
jobs with unknown sizes on m related machines (machines with speeds).
Their algorithm obtains a competitive ratio of O(logm), while the lower
bound without restarts is 2(y/m). Van den Akker et al. [153] considered
the objective of minimizing the maximum delivery time on a single machine
and introduced a 3/2-competitive algorithm, which is optimal. In this
problem, after its processing on the machine, each job need to be delivered,
which takes a certain delivery time (which depends on the job and is

specified in advance).

Further, Hoogeveen et al. [95] showed that restarts help to minimize the
number of early jobs (jobs that complete on or before their due date)
on a single machine, obtaining an (optimal) competitive ratio of 2 while

without restarts, it is not possible to be competitive at all (not even with



14 Chapter 1. Introduction

preemptions). Chrobak et al. [52] contributed to this area by studying
packet scheduling. They consider jobs with release times and deadlines,
where the objective is to maximize the throughput, which is the number of
completed jobs. They gave a deterministic 3/2-competitive algorithm in the
model that allows restarts, and showed that in this model the ratio 3/2 is
optimal. The weighted version of this problem was first considered by Fung
et al. [75], who gave a 4.56-competitive algorithm. In fact they considered
the more general problem of broadcast scheduling. In this problem, there
are multiple clients that request pages of possibly different lengths. A
single server broadcasts the pages, and broadcasting a page satisfies all
existing requests for it. The server is allowed to abort the current page it
is broadcasting before its completion and start a new one. To satisfy an
aborted request, the requested page has to be broadcasted again from the
beginning. They later improved this result using randomized algorithms,

achieving a competitive ratio of 3.

Finally, the model of online algorithms with advice, introduced by Bocken-
hauer et al. [35], adds another dimension to scheduling under uncertainty.
In this model, an online algorithm has access to an advice tapes containing
bits with information about the input. For instance, the advice can reveal
how many jobs the input will contain (using self-delimiting encoding).
While most studies in this model focus on online-list inputs, its applica-
bility to online-time inputs remains an open and interesting question. It
might appear that if an algorithm has the ability to restart jobs, then it
is no longer as important to have advice (put another way, advice cannot
help online algorithms very much in this case) as an algorithm can always
restart a job if a more important job comes in. However, in fact advice
could be very useful here, as it is in many cases by no means clear whether

an algorithm should restart its job.

1.4 Structure and Publications

The main part of this thesis is divided into five chapters.

Chapter 2 This chapter provides a survey of recent advancements in the
field of online algorithms. While several of the results discussed are closely

related to the topics examined in subsequent chapters, we also include
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notable developments that although not directly connected, have attracted
considerable attention within the field. The content of this chapter is based
on the SIGACT News column from 2022 to 2025 [10, 14, 13, 12|, which
presents a selection of influential papers from major conferences on various
aspects of online algorithms. These surveys were prepared in collaboration
with Rob van Stee, Séren Schmidt and Paul Hesse.

Chapter 3 This chapter is devoted to the online single machine scheduling
problem with restarts, to minimizing the total completion time. Chapter
3 is based on the proposed algorithm in [15] and we present a detailed
competitive analysis of our algorithm, proving a 1.4568-competitive ratio
for minimizing the total completion time. Additionally, we established
lower bounds on the total completion time in different settings. The paper
was prepared in collaboration with Rob van Stee and is published in the
proceeding of the 15th Workshop on Approximation and Online Algorithms
(WAOA 2024).

Chapter 4 This chapter is devoted to the online single machine schedul-
ing problem with restarts, to minimizing the total weighted completion
time. Chapter 4 is based on the proposed algorithm in [16] and we present a
detailed competitive analysis of our algorithm, proving a 1.3247-competitive
ratio for minimizing the total weighted completion time for the case where
all jobs have the same processing time. The paper was prepared in collabo-
ration with Rob van Stee and is currently submitted to a conference for

presentation.

Chapter 5 This chapter is devoted to the online single machine schedul-
ing problem with restarts, to minimizing the weighted makespan. Chapter
5 is based on the proposed algorithm in [11] and we present a detailed
competitive analysis of our algorithm, proving a 1.3098-competitive ratio
ratio for minimizing the weighted makespan for the case where all jobs have
the same processing time. We established lower bounds demonstrating the
limits of this scheduling objective. This paper is currently submitted to a
conference for presentation. We also considered the offline version of mini-
mizing the weighted makespan and this paper is currently in preparation
for submission to a peer-reviewed journal. These papers were prepared in
collaboration with Klaus Jansen, Lis Pirotton, Rob van Stee and Corinna

Wambsganz.
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Chapter 6 Finally, in chapter 6, we explores the broader implications
of our findings, discusses the limitations of the proposed algorithms, and

outlines potential directions for future research.

The following publications are the foundation of this thesis: (All of these

papers have been created working together with my advisor Rob van Stee)

e [12] Aflatoun Amouzandeh, Séren Schmitt, Rob van Stee: SIGACT
News Online Algorithms Column 40: 2022 in review. SIGACT News
54(1): 90-104 (2023)

e [13] Aflatoun Amouzandeh, Séren Schmitt, Rob van Stee: SIGACT
News Online Algorithms Column 41: 2023 in review. SIGACT News
54(4): 108-125 (2024)

e [15] Aflatoun Amouzandeh, Rob van Stee: Improved Online Schedul-
ing with Restarts on a Single Machine. Proceedings of the 15th
Workshop on Approximation and Online Algorithms (WAOA 2024),
pp. 16-30 (2024) and Under review in Theory of Computing Systems.

e [14] Aflatoun Amouzandeh, Séren Schmitt, Rob van Stee: SIGACT
News Online Algorithms Column 43: 2024 in review. SIGACT News
55(4): 94-107 (2024)

e [10] Aflatoun Amouzandeh, Paul Hesse, Soren Schmitt, Rob van Stee:
SIGACT News Online Algorithms Column 44: 2025 in review. To
appear in SIGACT News.

e [11] Aflatoun Amouzandeh, Klaus Jansen, Lis Pirotton, Rob van Stee
and Corinna Wambsganz : Minimizing the Weighted Makespan with
Restarts on a Single Machine arXiv preprint arXiv:2510.09589 (2025)

e Aflatoun Amouzandeh, Klaus Jansen, Lis Pirotton, Rob van Stee
and Corinna Wambsganz: Minimizing the Weighted Makespan. In

preparation for submission to a journal.

e [16] Aflatoun Amouzandeh, Rob van Stee: Minimizing the Total
Weighted Completion time with Restarts on a Single Machine. Under

review in a conference.



CHAPTER

Survey of Online Algorithms

Online optimization considers settings where input is revealed over time
and decisions must be made without knowledge of future events. These
challenges make the design of effective algorithms both demanding and
interesting. As a result, the field is broad and includes a wide range of
problems, many of which are actively studied and continue to develop

rapidly.

In this chapter, we survey selected results in this field that were published
from the year 2022 to 2025. During this time, a number of impactful
papers appeared in premier conferences, advancing our understanding of
algorithmic techniques under online constraints. We highlight a subset
of these results and focus on contributions that are closely related to our

work.

While our emphasis lies in scheduling theory, it is important to acknowl-
edge the diverse and rapidly evolving nature of online optimization as a
whole. The papers discussed here, along with similar presentations on
different topics, can be found in the annual SIGACT News column on

online algorithms.

2.1 Online Scheduling

We begin by some of the most recent results in the area. In particular,
at SODA 2025, Qingyun Chen, Sungjin Im and Aditya Petety present a
scalable algorithm for minimizing the total flow time in several settings. A
scalable algorithm is an algorithm that is O(1)-competitive with arbitrarily

small resource augmentation on the speed and is in many setting the
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best possible result. The results of this paper are inspired by viewing
the Shortest Remaining Processing Time algorithm (SRPT) as a form
of gradient descent, meaning that we process the jobs that decrease the
residual optimum the most. It is shown that this works in settings in which
the offline residual optimum problem is supermodular, by generalizing the
potential function introduced a few years ago [43|. Finally, it is shown that
if maximizing a linear function subject to the contraints is a substitute
function, then the residual optimum is supermodular. This is done using a
connection to Walrasian markets. Scalable algorithms are presented in this
way for matroid scheduling, generalized flow scheduling, speed-up curves on
partitioned resources and minimizing the weighted flow time on unrelated
machines. This last result reproduces a result from [17], the other results
are new. The authors show furthermore that they also recover other results

from the literature in an easier way.

In ESA 2025, Ekin Ergen [68] considers an extension of online makespan
scheduling on identical parallel machines by introducing scenarios. In this
problem, jobs are revealed one by one with their processing times, and each
job must be assigned irrevocably to one of m identical machines as soon as
it is revealed. Each scenario is defined as a subset of jobs. The numbers of
machines m and the number of scenarios K are known in advance. The

objective is to minimize the maximum makespan of the worst-case scenario.

Ekin Ergen proves the existence of a 5/3-competitive algorithm for the case
of two machines and two scenarios (m = K = 2). For larger numbers of
machines or scenarios, tight and near-tight bounds are established. These
lower bounds are proved for the special case of unit processing times using
constructions based on hypergraph coloring. Furthermore, an optimal
2-competitive algorithm is proposed for unit processing times, K = 3, and

varying m.

In ITCS 2023, Varun Gupta et al. [88] explore two fully-dynamic multi-
dimensional vector load balancing problems with recourse. The problems
involve scheduling and bin packing for a stream of n job insertions and
deletions, where each job is represented as a vector in Rgo. The algorithm
can reassign jobs from one machine or bin to another, and the total number

of times any job is reassigned is called its recourse. The authors present
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two algorithms for the fully-dynamic online vector scheduling problem with
recourse. In this problem, the algorithm must maintain an assignment
of the active jobs to m identical machines, to minimize the makespan
(maximum load on any dimension on any machine). Their first algorithm is
a randomized algorithm with a competitive ratio of O(%) and an O(1)
amortized recourse against oblivious adversaries. The second algorithm is
a deterministic O(log d)-competitive algorithm with an instance-dependent
recourse bound against adaptive adversaries. The authors also consider the
fully-dynamic online vector bin packing problem, where the size of all jobs in
all coordinates is O(@). In the vector bin packing problem, the algorithm
must maintain an assignment of active jobs into a number of bins of unit
capacity in all dimensions, to minimize the number of bins currently used.
For this problem, they present a randomized O(1)-competitive algorithm

with O(logn) recourse against oblivious adversaries.

Sungjin Im et al. [100] consider online load balancing on unrelated machines.
In this setting, the size of a job depends on the machine: each incoming job
is given as a vector of m components, specifying the size of this job on each
machine. For the strict online model, it is known that the competitive ratio
is O(logm). The current paper considers the random order model and gives
a lower bound of Q(y/logm) for the special case of graph balancing. In
this model, edges representing jobs arrive online, and we must immediately
orient each arriving edge towards one of its endpoints. The objective is
to minimize the maximum indegree of any vertex. This corresponds to
scheduling on unrelated machines where each job has unit size on exactly
two machines and infinite size on the rest. The greedy algorithm which
assigns each job to the less loaded machine is shown to have a competitive
ratio of 2(logm/loglogm) for graph balancing. For the general case of
scheduling on unrelated machines, an algorithm with competitive ratio

O(log m/loglogm) is presented.

2.2 Online Packing

One of the most studied problems in the field of competitive analysis are
packing problems. Items of some size and shape arrive (online) and have

to be irrevocably packed into containers of some other size and shape.
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The goal is to minimize the used space. Many packing problems allow
for O(1)-approximations offline and O(1)-competitive algorithms online.
This holds if the arriving items are polygons which may be rotated and
either packed into the collection of 1 x 1 bins (bin packing) or the infinite
strip of width 1 (strip packing) even in the online version. If the polygons
may not be rotated there still exist O(1)-approximations for the offline
version. The conjecture that there also exist O(1)-competitive algorithms
for the online version arose naturally. However, in SODA 2023 Anders
Aamand et al. disprove this conjecture for several online packing problems,

including bin packing and strip packing [1]. They show a lower bound of

Q (\/Iog n/loglog n) for bin packing and strip packing, where n is the
number of polygons in the input. To do so they connect strip packing to
the seemingly unrelated problem of online sorting. In online sorting we
are given an array A of size [yn| and n reals from the interval [0, 1] arrive
online. The reals should be placed into the array in such a way that the
total sum of the absolute differences of consecutive numbers is minimized.
The optimum is to sort the numbers in the array. The two problems
are connected in the sense that if there exists a C-competitive algorithm
for strip packing, then there exists a 4C-competitive algorithm for online
sorting with v = 2C. Hence a lower bound on online sorting implies a
lower bound on strip packing. They complement their negative results
with an O (n'%63~!log n)-competitive algorithm for online strip packing,
which recursively subdivides the strip into parallelograms and embeds the

polygons into parallelograms.

Aniket Murhekar et al. [133] explore a variant of the dynamic bin packing
problem (DBP) motivated by cloud computing applications called Mi-
nUsageTime DBP. In this problem, items (jobs) appear online and must
be packed into bins (servers) without exceeding their resource capacity
while minimizing server usage time. They further extend this problem
to MinUsageTime Dynamic Vector Bin Packing (DVBP), where jobs and

servers have multidimensional resource demands.

In SPAA 2023, the authors briefly announce their results about the com-
petitive ratios of Any Fit packing algorithms, specifically First Fit, Next
Fit, Best Fit and Move To Front, for solving DVBP. They demonstrate

that the competitive ratio of Move To Front for this problem is at most
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(21 + 1)d + 1, where p represents the ratio of the maximum to minimum
item durations. This result implies a significant improvement over previous
bounds, particularly when d = 1. Their study also establishes lower bounds
for Any Fit packing algorithms, demonstrating almost tight lower bounds in
specific cases for First Fit, Next Fit and Move To Front. Additionally, their
research includes an experimental study of the average-case performance of
these algorithms using randomly generated synthetic data, that shows the

Move To Front algorithm outperforms other Any Fit packing algorithms.

Packing Integer Programs (PIPs) are an important class of integer programs.
In the online setting, we are given a column vectors b, ¢ with nonnegative
entries and the columns of an unknown constraint matrix A € [0, 1]9*"
are revealed sequentially and each having an associated value. We seek
a vector z € {0,1}", which maximizes the inner product ¢’z, subject to

Az <b.

In SODA 2022, robust algorithms for packing integer programs in the
Byzantine secretary and Prophet-with-Augmentations models were designed
by C.J. Argue et al. [20]. The general idea of these algorithms is based
on the robust threshold estimation using tools from online learning. They
have also improved known results [38] for the case of packing a single item

or an independent set in a matroid.

The Byzantine secretary model is one attempt to model adversarial corrup-
tions in the stochastic models [110, 38]. In this model each column of A
is either red or green, where these colors are not known to the algorithm.
Red columns R choose their arrival times adversarially and green columns
G arrive independently and uniformly at random. The benchmark is now
the value of the optimal green set. Let gmax and OPT(G \ gmax) denote the
green column with the largest value and the optimal value of the offline
PIP when restricted to the green columns without g¢,,.y, respectively. They
have shown existence of an algorithm for PIPs with value Q(G \ gmax) in
Byzantine secretary model when the entries of b are 2(polylogn). They
have also obtained more nuanced results when the algorithms are given a
very rough estimate of the OPT'(G).

Similarly, the authors use the idea of these algorithms to obtain robust

algorithms for PIPs in the prophet model as well. In this model the
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columns of matrix A are known up-front, but the value of each column is
drawn independently from a distribution. Specifically, they have considered
the Prophet-with-Augmentations framework [101] where an adversary is
allowed to perturb the values by adding nonnegative values. In this case

they have shown algorithms robust to such perturbations.

Packing and covering linear programs (LPs) are the problems of the form:

Covering LP(C) : min {c¢'z|Az > b}, Packing LP(P) : max {b'y|ATy < ¢},
eRL, yeRT,

where A € RT[", b € RY, and ¢ € RY,. The two programs are dual to
each other, so xjve denote by OPT > 0 their shared optimum. We say « is a
e-approximation for C if Az > b and ¢z < (14 ¢)OPT. Similarly, we say y is
a e-approximation for P if ATy < cand b’y > OPT/(1 +¢).

In SODA 2023, Sayan Bhattacharya et al. [33| study the Packing-covering LPs.
While the central focus of their paper lies in dynamic setting for packing-covering
LPs, the authors also consider the online version of this problem. In the online
covering LP problem C with m constraints and n variables, the constraints
of C arrive online one after another. They improved the existing O(logn)-
competitive lower bound for this problem by allowing some amount of recourse.
For the online covering LP problem recourse is defined to be the number of
times the value of any variable is decreased. They also consider online packing
LP where the constrains of the LP arrive one after another. Consequently, they
obtain (1 + ¢)-competitive online algorithms for both covering and packing LPs
with polylogarithmic total recourse. Furthermore, they show the first streaming
algorithm for general packing covering LPs with linear space and polylogarithmic

passes.

2.3 Online Coloring

In ICALP 2022, Yossi Azar et al. [22] consider an online coloring problem
motivated by machine scheduling with conflicts. Given a set of n vertices with
weights and a k-coloring of the vertices the edges arrive online. An algorithm
has to output a proper k-coloring at every step and has to pay the weight of a
vertex if it gets recolored. They call this problem Competitive Vertex Recoloring
or (Semi-Dynamic) Online Disengagement. The goal is to minimize the overall
cost. Vertices represent jobs, colors represent machines and edges represent

a conflict between two jobs. The authors first focus on the bipartite graphs.



Chapter 2. Survey of Online Algorithms 23

By combining a greedy approach that recolors the lighter component and a
conservative approach that recolors components to stay close (in the sense of
Hamming distance) to the initial coloring they present an O(logn)-competitive
deterministic algorithm. They complement this result by showing a matching
lower bound of Q(logn) even for randomized algorithms. The second part
of the paper is about general graphs with (A + 1)-colorings, where A is an
upper bound on the number of neighbors of the nodes. In this setting the
authors present an O(A)-competitive deterministic algorithm and an O (log A)-
competitive randomized algorithm. The algorithms are based on the same idea
and only differ in the method of selecting the new colors. If edge deletion is also
allowed the problem is called Full-Dynamic Online Disengagement. For this case
any deterministic algorithm is Q(n)-competitive and any randomized algorithm

. logn cps
is <loglogn)—compet1t1ve.

In the edge coloring problem under online edge arrivals, the input is the vertex
set V' and the maximum degree A of an n-node graph G = (V, E'). The edges of
G are revealed over time, and the online algorithm has to irrevocably assign a
color to each newly arriving edge such that any two incident edges have different
colors. The objective is to minimize the number of distinct colors used. For
this problem, back in 1992 Bar-Noy et al. [28] showed that the greedy algorithm
which assigns every arriving edge any valid color uses at most 2A — 1 colors,
and for graphs with degree A = O(logn) no algorithm can maintain a proper
coloring using fewer than 2A — 1 colors. This bound just means that any edge
coloring algorithm needs w(logn) additional colors to achieve a proper coloring.
They conjectured that the online algorithm which uses A + O(v/Alogn) colors
and samples a color for each edge uniformly at random from the set of valid

colors succeeds with constant probability.

In STOC 2022, Janardhan Kulkarni et al. [112] make the first progress towards
proving this longstanding conjecture. They consider the recent result by Gamlath
et al. [76] that shows a lower bound of 2 for the online matching problem in
the edge arrival setting (a valid coloring for a graph can be viewed as a set
of matchings on that graph), whereas better algorithms exist for the vertex
arrival setting. It seemed possible that the edge coloring problem might have
the same property. Instead, this paper gives an (ﬁ + 0(1)) A-edge coloring
with high probability in the oblivious adversary setting. The algorithm is based
on reducing this problem to a matching problem on locally treelike graphs, and
then applying a tree recurrence based approach for arguing correlation decay.

This is (apparently) a well known and widely used technique in the statistical
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physics and sampling literature [155, 144, 26]. The idea is that as long as the
underlying graph is a tree (so far), the probabilities that either endpoint of a
new edge are already matched are independent, because those endpoints are
in separate connected components. If the graph is sufficiently treelike, the
correlation between these probabilities is still very low and the argument also

goes through.

In graph coloring, each vertex in a given graph needs to be assigned a color (a
positive integer) such that no two adjacent vertex have the same color. This
problem, including the dynamic version where vertices are inserted and deleted
over time, is a fundamental problem in computer science. Many pessimistic
lower bounds for online graph coloring have been revealed. To go beyond these
bounds, several settings were proposed. One of them is the limited recourse
framework. Here the algorithm is allowed to change a limited number of past
decisions. Even in this setting, maintaining a reasonable coloring requires a large

amount of recourse even for forests.

As a result, the focus has shifted to coloring interval and unit interval graphs.
Bosek et al. [36] showed that a recourse budget of O(k?) per update is sufficient
for maintaining a (k + 1)-coloring of a k-colorable graph. If an actual k-coloring
is required, a budget of O(k!y/n) is sufficient if only vertex insertions occur,
where n is the length of the input sequence (number of insertions). A lower
bound of Q(logn) was provided as well. In ESA 2022, Bartlomiej Bosek and
Anna Zych-Pawlewicz 37| improved both of these bounds by an exponential
factor, to O(k"logn) and Q(n) respectively.

Rajmohan Rajaraman and Omar Wasim in their paper [141] presented at ESA
2024 consider the online recoloring problem introduced recently by Azar et
al. [22]. Their paper addresses algorithmic challenges in scheduling virtual
machines (VMs) or processes in distributed systems and cloud services. In the
online recoloring problem, there is a fixed set V of n vertices and an initial
coloring cq : V — [k] for some k € Z>%. As edges representing requests arrive
over time, a proper coloring must be maintained for the graph G; induced by
requests until time ¢. This ensure that adjacent vertices receive different colors.
In the distributed systems, a vertex corresponds to a VM, an edge corresponds
to the requirement that the two endpoint VMs be on different clusters, and a
coloring is an allocation of VMs to clusters. The objective is to minimize the

total weight of recolored vertices over the sequence of online requests.

The authors propose competitive algorithms for capacitated online recoloring
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and fully dynamic recoloring, in which there is a bound on the number or
weight of vertices in each color. They mainly introduce an O(logn)-competitive
deterministic algorithm for weighted bipartite graphs using (1 + ¢)-resource
augmented, where € € (0, 1) is an arbitrary small constant. They also present an
O(nlogn)-competitive algorithm for the fully dynamic recoloring in unweighted
setting with (1 + ¢)-augmentation, where € € [8/n,1). Additionally, they
introduce a study on A-recoloring in an overprovisioned setting. In this setting,
there are n vertices, and A colors. Each color is assigned exactly n/A vertices
initially. The graph induced by the input sequence has a maximum degree of
(1 — e)A and each color i € [A] has a capacity of (1 + &)n/A, for an arbitrarily
small constant € > 0. Their main result in this setting is an O(1)-competitive
randomized algorithm for cases where A = O(+/n/logn).

2.4 Online Matching

Susanne Albers and Sebastian Schubert study the b-matching problem in bipartite
graphs G = (S, R, F) in their ESA paper [8]. The offline set S consists of servers
and vertices (request) of the right hand side R arrive online. A server s can
answer (or can be matched) to bs requests. The objective is to maximize the
overall number of matched requests. The authors consider (k, d)-graphs, where
k is a lower bound on the degree of each server and d is an upper bound on
the degree of each request. For this setting they improve the previously best
known bound of 1 —1/ ek/d significantly by presenting an asymptotically optimal
algorithm (for & > d > 2) if b tends to infinity.

In STOC 2022, Zhiyi Huang et al. [98] considered the problem of online stochastic
matching. In this problem, there are two sets of vertices, one offline and one
online. The offline vertices are known in advance and the online vertices arrive
over time. In a strict worst-case setting, the ratio (e — 1)/e is optimal for this
problem. We can also consider the case where the online vertices are drawn
according to some distribution. In previous papers, the idea of the power of
two choices was used. The algorithm finds two candidate offline neighbors
based on the distribution of online vertices and matches the online vertex to the
first unmatched candidate if there is any. Here the candidates are determined
independent of which offline vertices have been matched so far. The authors
of the current paper improve on this in two ways: by using more than two
choices and by focusing on unmatched neighbors. They analyze this by using

online correlated selection and by considering the overall progress of the online
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algorithm rather than characterizing the matching probabilities of individual

offline vertices.

Niv Buchbinder, Seffi Naor and David Wajc [41] consider online bipartite match-
ing problems in SODA 2023. Currently, for many such problems, the best known
fractional algorithms outperform their randomized integral counterparts, even
though lossless rounding is possible. Nikhil Devanur et al. [62] explained this by

showing that online lossless rounding is impossible.

In the current paper, the fact that each randomized online algorithm induces a
fractional algorithm with the same competitive ratio (by setting the fractional
values of the decision variables to their expected value under the randomized
algorithm) is used for the first time to generate upper bounds. The authors add
constraints to reduce the online integrality gap. The added constraints allow for
lossless online rounding in this specific setting, and give new online matching
algorithms, a resolution to an open problem concerning randomness and advice
complexity of online matching and a systematic method of designing algorithms

for online correlated selection.

In ESA 2023, Tlan Reuven Cohen and Binghui Peng [55] explore various general-
izations of the online bipartite matching problem in the context of (k, d)-bounded
degree graphs. These graphs, initially proposed by Naor and Wajc [134], model
natural properties on the degrees of advertisers and queries in the allocation
and ad-auctions problems. While previous studies concentrated on situations
where k& > d, the authors in [55] consider the scenario where k& < d. In this
scenario, advertisers express interest in a large number of ad slots and each ad

slot attracts only a relatively small number of advertisers.

Their research introduces an algorithm based on fractional techniques and
establishes a competitive ratio 7(k, d) = 1— %% (1—1)4=F for the b-matching [106]
and allocation problems under the small-bid assumption. The algorithm’s
performance is analyzed using primal-dual techniques. They extend their analysis
to the online ad-auctions problem (the Adwords problem) under equally valued
bids case. Additionally, they demonstrate that achieving 7(k, d)-competitiveness
is impossible for the AdWords problem in arbitrary valued case, even in (k, d)-

bounded degree graphs.

Also in ESA, Jingxun Liang et al. [120] consider perturbed versions of the
standard Ranking and Balance algorithms for online matching. The randomized

algorithm Ranking [108] has a competitive ratio of 1 —1/e, and the deterministic
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algorithm Balance [106] achieves the same competitive ratio for the fractional
version of the problem. Perturbed-Balance is (1 — 1/e)-competitive for the
weighted version of the problem, and Perturbed-Ranking is (1 — 1/e)-competitive
for the special case in which all edges incident to an offline vertex u have the
same weight which is equal to the budget of that vertex. This problem is known

as vertex-weighted online bipartite matching.

Both these algorithms select the offline vertex w which maximizes f(z,,)wy, on
arrival of the online vertex u, where f(z) =1 — e*~!; only the definition of z,,
is different. For Perturbed-Ranking, x, corresponds to the random rank of w,
whereas for Perturbed-Balance, it corresponds to the fraction of budget spent so
far. Liang et al. show that this choice of f is the only one that works, in that
all other choices (apart from scaling) give inferior results. Interestingly, they
also show that for the version of the problem in which the budgets of the offline
vertices are unknown, Perturbed-Ranking does not achieve the competitive ratio
of 1 — 1/e for any perturbation function. As this is the only known algorithm
for this problem, the authors conjecture that there is no (1 — 1/e)-competitive

algorithm for this problem.

In ICALP 2023, Michal Feldman et al. [72] study truthful mechanisms for welfare
maximization in online bipartite matching. Unlike most online matching settings
where agents arrive online, they consider a reversed online matching problem
that items arrive online while buyers are present throughout the process and
can strategize over future rounds. In this setting, every buyer is associated with
a (possibly private) desired set of items and has a private value for receiving at
least one of them. Truthful mechanisms in addition to finding a good matching,
also ensure that it is in the agents’ best interest to report their true values.
These mechanisms can also charge some payment from the agents in order to
encourage truthful reporting of values. The authors explore different scenarios
of this problem, including myopic and non-myopic agents, prompt and tardy
payment mechanisms, and whether agents have private or public information

about their desired items.

Specifically, for the agents who do not strategize over the future (i.e., myopic
agents), they present a truthful deterministic prompt mechanism that guarantees
achieving at least a half of the optimal welfare and a randomized prompt
mechanism that is e/(e — 1)-competitive. In the case of non-myopic agents
who can strategize about their values but not about their desired items, similar
competitive ratios are achieved when the mechanism is allowed to delay payment

decisions until the end of the online phase to set prices (i.e., tardy mechanism).
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The authors establish strong impossibility results for prompt mechanism in
this scenario. Finally, they consider non-myopic agents when both valuations
and desired items are private and they also discuss the concept of ex-post vs.
ex-ante truthfulness, considering whether agents should report their true values
to maximize their expected utility or their utility in any realization of the

mechanism’s random choices.

In APPROX 2023, Lindsey Deryckere and Seeun William Umboh [60] introduced
the study of the online min-cost perfect matching problem with set delay (MPMD-
Set), which generalizes the online min-cost perfect matching problem with delay
(MPMD). In this problem, m requests arrive over time in a metric space of n
points and the algorithm must choose to either match a request or delay it.
The delay costs are determined by the set of pending requests. The goal is to
create a perfect matching of all requests while minimizing the sum of distances
between matched requests and the total delay costs. The authors consider the
non-clairvoyant setting, meaning that the algorithm does not have knowledge of

future delay costs.

They demonstrate that achieving a deterministic algorithms with competitive
ratio based solely on n or m is impossible for MPMD-Set. Therefore, the authors
concentrate on a size-based delay, where the instantaneous delay cost at any
point in time is a monotone non-decreasing function of the number of unmatched
requests at that time. Their main result includes the development of an O(2™)-
competitive deterministic algorithm and an O(m?*)-competitive randomized
algorithm for MPMD-Size (size-based delay) problem in the non-clairvoyant
setting. They also establishes lower bounds on competitive ratios of both
deterministic and randomized algorithms for MPMD-Set problem. Additionally,
the authors provide an O(m)-competitive deterministic algorithm for MPMD

with uniform concave delay in the clairvoyant setting.

There are various problems in which it is required to select a subset of elements
under some conditions. One example is selecting a subset of edges that form
a matching in a graph. A tool for doing this is contention resolution schemes.
Calum MacRury et al. [130] consider a setting where each edge e is initially
active according to a known probability z.. The goal of the contention resolution
scheme is to select every edge e with probability at least ¢ conditional on it being
active, for a constant ¢ which is as large as possible, over both the randomness
in the active edges and any randomness in the selection of the algorithm. That
is, each edge must be selected with unconditional probability at least cx.. Since

¢ must always be small if one vertex is incident to edges with very high sum of



Chapter 2. Survey of Online Algorithms 29

the z. values, it is typically required that the vector of z. values is feasible in
the fractional relaxation, meaning it must lie in the matching polytope: the sum
of x. values of edges incident to any vertex must be at most 1. This condition is

satisfied in many settings.

The authors provide improved online and random-order contention resolution
schemes for both general graphs and bipartite graphs, as well as new impossibility
results. In particular, the online contention resolution scheme provided by Moran
Feldman et al. [73] is shown to achieve ¢ = 0.349 for bipartite graphs, up from
0.337 (for general graphs) before. For general graphs, the result is improved
to ¢ = 0.344. Tt is also shown that a value better than 0.4 cannot be achieved
(0.433 on bipartite graphs), and that the scheme considered here can reach at
most 0.361 for general graphs and at most 0.382 for bipartite graphs.

In WAOA 2024, Tung-Wei Kuo [114]| considers the online bipartite perfect
matching problem with delays, where m requests and m servers arrive over time
and the online algorithm can delay matching between servers and requests at a
cost. The goal is to minimize the total distance and delay costs. The author
presents a deterministic algorithm with a competitive ratio of O(\/mlog2 m) for
the case where servers and requests are on the real line. This algorithm is based on
the Robust Matching (RM) algorithm introduced by Sharath Raghvendra [139)]
for the minimum cost bipartite perfect matching problem, where no delays are

allowed and all servers arrive at the beginning.

In SODA 2024, Shuyi Yan [157] proposes an algorithm for the edge-weighted
online stochastic matching problem. In this problem, we are given a bipartite
graph consisting of offline vertices and a set I of online vertex types, along with
a distribution over these types. Each online vertex type ¢ € I has an arrival
rate \;, which represents the expected number of online vertices of that type.
As each online vertex arrives, it independently samples its type from the given
distribution and must be immediately and irrevocably matched to an offline
vertex. Each edge in the graph has a weight, and the objective is to maximize

the expected total weight of the resulting matching.

Previous work on online stochastic matching in weighted setting includes re-
sults on vertex weighted matching [97, 99|, edge-weighted matching with free
disposal [99] and edge weighted matching under the integral assumption [89, 39].
However, these results applied only to specific models or assumptions, such as
requiring free disposal or integral arrival rates. For the general edge-weighted

setting, no algorithm had previously surpassed the 1 — % benchmark.
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Yan’s proposed algorithm utilizes an LP-based preprocessing technique and
builds on the Poisson arrival model to simplify the analysis of the problem. This
algorithm achieves a competitive ratio of 0.645 in the general edge-weighted
setting. Specifically, this result improves upon the 1 — é competitive ratio bound

for online stochastic matching |71].

2.5 Allocations and Auctions

Jiang et al. [105] considered several online resource allocation problems in SODA
2022, in particular online stochastic knapsack and k-unit prophet inequalities.
There is a single resource that can be arbitrarily subdivided. Queries specifying
a reward and a size arrive online. Each query must be immediately served (by
allocating the requested capacity and gaining the reward) or rejected. The sizes
and rewards are drawn independently from non-identical known distributions.

The goal is to maximize the expected total reward.

In the special case of k-unit prophet inequalities, all sizes are equal to 1/k, where
1 is the total size of the resource (the size of the knapsack). The best known
guarantees come from comparing the online algorithm to an LP relaxation of
the prophet, which only has to satisfy the capacity constraint in expectation.
The prophet is a standard benchmark for online algorithms; it sees the size and
reward realizations in advance and can always make an optimal allocation in
hindsight.

Alaei [6] showed that an online algorithm can collect at least 1 — 1/v/k + 3 of
this LP relaxation. The current paper improves this and gives tight bounds
relative to the LP relaxation. Of course, this leaves open the possibility that a
better result may be achieved for the actual problem in another way. For the
online knapsack problem, the new guarantee is 1/(3 + e~2) ~ 0.319, improving
from 0.2. An interesting aspect of this result is that in contrast to many other
papers, queries are not split into large or small depending on their size; in fact

the paper shows that such an approach cannot give a guarantee better than 0.25.

In online combinatorial auctions one generally has to allocate m items that
arrive over time to n agents. In STOC 2023, José Correa and Andrés Cristi [56]
consider the opposite setting in which the agents arrive over time. Each agent 7
is associated with a valuation function v; which assigns value to each possible
subset of the items. The functions are randomly and independently chosen
according to a given distribution. The goal is to maximize the expected sum of

the agents’ valuations (social welfare) of the allocation.



Chapter 2. Survey of Online Algorithms 31

This problem has been intensively studied for different families of valuation
functions, specifically submodular and XOS valuation functions. Correa and
Cristi tackle the more general case of subadditive functions, which have the
property that for two sets of items the sum of the individual values of the sets
is at least as large as the value of the union. For this family they present a
6-competitive algorithm [56], improving the previously best known result of
O(loglogm) [64].

In ESA 2023, Amit Ganz, Pranav Nuti and Roy Schwartz consider the online
Submodular Welfare problem [77]|. In this problem n bidders each equipped
with a general non-negative submodular utility function compete for m items
that arrive online. Instead of knowing the agents’ utility functions explicitly,
the algorithm can query the value of subsets of items that have already arrived.
The goal is to assign each item to a bidder while maximizing the sum of
utilities. The authors give a simple randomized algorithm that achieves a tight
competitive ratio of 1/4 even if the adversary can determine the items’ arrival
order. Their algorithm assigns the item to the bidder with the highest marginal
value with probability of 1/2, to the bidder with second highest marginal value
with probability of 1/4 and so on decreasing the probability geometrically. If
the adversary is less powerful and the arrival order of the items is uniformly
random, the authors improve the previously best known result of 1/4 to 0.27493
by a better analysis of the Residual Random Greedy algorithm given by Niv
Buchbinder et al. [40].

In the classic gambler’s problem n candidates are revealed over time, modelled
by realizations of i.i.d. non-negative random variable X; with known distribution
F. After every revelation you must either accept or decline a candidate without
knowledge of future candidates. The goal is to choose a candidate that maximizes
the expected value. Martin Hoefer and Kevin Schewior consider a more realistic
setting in ESA 2023 [94]. Instead of revealing the complete realization, each
candidate reveals only a part of their realization. The algorithms only learns
whether X; > ¢; or not, for a threshold ¢; chosen by the the algorithm. The
threshold can be adapted over time. Further, instead of the requirement to make
a decision immediately, the algorithm can make its decision after having tested all
candidates. The authors give thresholds that result in a 0.869 — o(1)-competitive
algorithm. The algorithm increases the testing threshold whenever a candidate
tested positive for the previous threshold. If candidates can be tested multiple

times with n total tests, they can guarantee 1 — o(1)-competitiveness.

Tomer Ezra et al. [69] introduce the order-competitive ratio, which is a new
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measure for the performance of online algorithms in Bayesian settings. In a
prophet inequality setting, there are n boxes. Each box ¢ contains a value vy
drawn from a known probability distribution F} (which depends on the box). The
boxes arrive online and reveal their values. For each box, the online algorithm
must decide whether to accept the value v or to discard the box. The standard
objective is to maximize the expected accepted value. The performance of online
algorithms for this problem has typically been measured using the competitive
ratio, meaning that the value achieved by the algorithm is compared to that of
a prophet which can look into all the boxes in advance. The authors argue that

this is too pessimistic and fails to distinguish between some classes of algorithms.

The order-competitive ratio instead compares the value to the best online
algorithm that knows the order of the boxes, that is, the order in which the
various probability distributions arrive. Interestingly, they show that adaptive
algorithms are strictly better for this performance measure. Using the standard
competitive ratio, single threshold algorithms which set a threshold value at
the start and then pick the first box (if any) which contains at least that value
are optimal. Adaptive algorithms instead consider the set of boxes that has
arrived so far to make their decisions; intuitively, this should indeed achieve
better results. To be precise, the algorithms used by the authors use adaptive
thresholds instead of one fixed threshold.

In ICALP 2023, Ilan Reuven Cohen and Debmalya Panigrahi [54] consider online
allocation framework with the learning-augmented setting. Online allocation is a
class of problems where items arrive online and each item needs to be allocated
to agents. The agents have fixed utility or cost associated with each assigned
item. The goal in online allocation problems is to maximize or minimize some
objective. Their paper focuses on divisible items, which means that items can
be partially allocated to agents and also unlike previous work that often focused
on specific objectives, their approach applies to a wide range of maximization

and minimization problems.

They define two technical conditions for the objective function of online allo-
cations problems. Monotonicity ensures that the function’s values consistently
increase or stay the same when the costs/utilities of agents in one allocation are
greater than or equal to those in another allocation. Homogeneity guarantees
that if the costs/utilities for one allocation are uniformly scaled by a positive
factor then the function’s value scales proportionally by the same factor. A well-
behaved function then is one that satisfies both the conditions of monotonicity

and homogeneity.
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Their main result is to present a framework for designing near-optimal algorithms
for any online fractional allocation problem with well-behaved objective, using
a single learned parameter for every agent. The authors improve results for
learning-augmented makespan minimization (minimizing maximum cost) and
they also present the first learning-augmented nearly-optimal algorithms for
other objectives such as Santa Claus (maximizing minimum utility), Nash welfare
(maximizing geometric mean of utilities), and ¢,-minimization. Furthermore,
they discuss the resilience of their algorithms to errors in the learned parameters

and also examines the learnability of these parameters.

2.6 Advise and Predictions

An area in online algorithms which has received increasing attention is learning-
augmented algorithms. This is a further development of the well-known setting
of online algorithms with advice, in which an online algorithm has access to
an advice tape with information about the input. The advice complexity of a
problem is defined as the size of advice (number of bits) that need to be read
by the algorithm in order to provide an optimal solution. In the more recently
developed learning setting, the online algorithm receives a prediction about the
input, but this prediction may not be accurate. This can be viewed as untrusted
advice. The goal in this setting is to provide algorithms that give performance
close to the best known approximation ratio in case the prediction is correct and
close to the best known competitive ratio if it is completely wrong. Hence, the
prediction should in general improve the performance of the online algorithm
and at worst harm it slightly. Since the publication of [128] by Lykouris and
Vassilvitskii in 2018, learning-augmented algorithms have become increasingly

important and have been considered for a wide range of online problems.

In SODA 2022, Yossi Azar et al.[23] study online version of classical graph prob-
lems. They point out that there are two different kinds of errors in predictions
for problems in metric settings: predictions that are completely wrong (do not
correspond to any request in the actual input) and predictions that are only
inaccurate (some distance away from the actual request). An error measure that
focuses only on the second kind of error is very sensitive to individual errors: if
only one prediction is completely wrong, the total error can suddenly be very
high or even unbounded. On the other hand, focusing on only the first kind
of error can give unrealistic results in case all predictions are very close to the

actual requests but none of them actually match.
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The authors provide a new notion of prediction error for these kind of problems
which they call metric error with outliers: it calculates the total distance D
of the predictions to the actual requests while ignoring some number A of the
requests (which correspond to the worst predictions). This gives rise to a Pareto
frontier of pairs (D, A) for any given prediction and input. They introduce a
framework for online algorithms with predictions, and show that their framework
provides tight bounds for online Steiner Tree, Steiner forest, facility location
and capacitated facility location. The framework requires an online algorithm
which is subset-competitive, meaning that its competitive ratio goes up by at
most a constant factor if some requests in the input are omitted, and an offline
algorithm for the prize-collecting version of the problem, in which the algorithm

is allowed to not serve some of the requests by paying a penalty cost.

In the framework, the high-level idea is that the online algorithm is running all the
time, but whenever its total cost has doubled, we run the offline approximation
algorithm on the predictions instead of on the (revealed) input, and serve as
many requests as possible while staying within a constant factor of the online
cost. Strikingly, this gives a good overall performance independent of whether

the predictions were close to the input or not.

In SODA 2022, Sara Ahmadian et el. have introduced a new model of load
balancing for very large databases with massive number of queries [4]. Their
model was formulated as a two-stage optimization task and they used algorithm
design with ML advice [128] to model the pattern of real-time queries. In the
network construction stage, the algorithm receives an estimation of the load of
each piece of data as the input and outputs a client-server bipartite graph with
near optimal approximation guarantee. In the second stage, they considered
online load balancing as a problem in which the input is a fixed client-server
bipartite graph G = (CUS, E) where C represents the set of clients, S represents
the set of servers, and for each client v, the edge set E determines the subset N (v)
of servers that can be requested by v. The incoming queries arrive one at a time
and the clients assign each query to one of their neighbor servers, immediately
and irrevocably. The goal is to balance the load of the servers. In terms of
the occupancy model, each ball represents an online request with unit weight,
while each bin represents a server. The original power of d choices algorithm
(d-choice algorithm) looks at d bins uniformly at random in each round and
assigns the ball to the bin with the minimum load. In this paper, the parameter
d is considered as the upper bound on the number of bins that can be chosen

by each ball. Additionally, in contrast to most related literature, the choice of
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bins for each ball is neither random nor independent. The authors introduce
several analysis techniques for this d-choice algorithm and they show that the
algorithm is always constant competitive against the optimal load allocation,

and approaches to the optimal allocation asymptotically.

In SODA 2022, Shiddahartha Benerjee et al.[27] consider an online resource
allocation problem. In their setting a single supplier allocates a set of divisible
resources to IV agents. In each round, a single divisible resource becomes available
and each agent ¢ has a per-unit value v; ; > 0 for the resource of this round. The
algorithm specifies how to split this resource between agents, immediately and
irrevocably. The total utility of agent i is given by w;(z) = Y, v; +x;+, where
x;¢ is the fraction of the resource allocated to the agent ¢ in round ¢. In this
paper, the authors have provided an online algorithm which is augmented with
a prediction V; of V; = > Vit

Their algorithm is analyzed for two objectives: the social welfare, which is equal
to the minimum utility over all agents, and the Nash social welfare, which is

equal to the geometric mean of the agents utilities.

In the case of Nash social welfare maximization with perfect predictions, their
online algorithm achieves a competitive ratio of O(log(min{N,T})), and they
have shown that no online algorithm can achieve a competitive ratio better
than O(log! ¢ N) or O(log!™¢T) for any constant £ > 0. Additionally, in the
case of social welfare maximization they have shown no online algorithm can
achieve a competitive ratio better than O(\/N ) even if it is equipped with perfect

predictions.

Typically, an online vector balancing problem asks to assign positive or negative
signs to a sequence of vectors that arrive online one at a time from a normed vector
space, such that the Lo, norm of the total signed prefix-sum (the discrepancy)
is as small as possible. Recent works have studied this problem only for an
oblivious adversary, such that the choice of arriving vector does not depend
on the internal state of algorithm. In SODA 2022, Anupam Gupta et al. [84]
introduce a fully-dynamic input model consisting of both arrivals and departures

at each time step.

In this paper, they present an algorithm for the fully dynamic vector balanc-
ing problem with update vectors in [—1, 1]", based on results of Barany and
Grinberg [29].

Their algorithm maintains discrepancy of O(y/n) using amortised recourse of
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O(nlog N) per update operation, where N is the maximum number of active

vectors at any point in time.

Additionally, they introduce a fully dynamic edge orientation problem based
on a special case of the carpooling problem [70, 5]. In this problem, we are
given a set V of n vertices and at each time step an adaptive adversary either
inserts a new undirected edge e; = {u, v} or removes an existing edge e from a
graph G(t). Upon arrival of an edge {u, v}, it has to be oriented as either u — v
or v — u. However, the algorithm is allowed to re-orient any edge e, and the
amortized recourse is the average number of re-orientations per edge insertion or
deletion. Our goal is to minimize the discrepancy of this orientation at any time.
The authors show existence of an algorithm for fully dynamic edge orientation

problem with polylog(n) discrepancy and amortized recourse.

2.7 Prophet Inequalities

In the classic set cover problem one is given a set U of N elements (universe), a
subset U C U of n elements and a collection S of m sets, where each set of this
collection is associated with a non-negative cost. The objective is to find a cover
of minimum cost, that is, a subcollection S of S which contains all items in U.
In an online setting the items that the algorithm has to cover arrive one at a
time (the set U is revealed over time). Various other versions have also been
studied.

Anupam Gupta et al. [86] consider the prophet version in SODA 2024. Here
the set U consists of draws from a sequence of non-identical distributions
Dy, ..., D,. Their main contribution is a reduction from the prophet setting
to the random-order online setting, where the elements of U are chosen by an
adversary but revealed in a random order to the algorithm. Since the algorithm
LEARNORCOVER [85] presented by a subset of the authors in FOCS 2021 is
O(log(mn)) in the random-order online setting, this also gives a polynomial-time
O(log(mn))-competitive for the prophet setting. The algorithm is universal, so
it a priori maps each element u € U to a set S(u) without knowing U and then

outputs S(U) once U is revealed.

They also give results for many other settings. For example the 2-stage prophet
setting, where before any element of U is revealed, the algorithm is allowed to
purchase sets at a discount and for the online-with-a-sample setting, where a

random a-fraction of U is revealed to the algorithm in the beginning.
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Sariel Har-Peled et al. consider prophet inequalities in [92|. In this problem one
is confronted with realizations of random variables in an online manner and can
either accept or reject the current value irrevocably. The objective is to select
the highest value. The performance of a strategy can be measured by different
metrics. Either by the expected result (competitive ratio or Ratio of Ezpectations
(RoE)) or by the Probability of selecting the Maximum realization (Ppax). The
authors analyze a model in which the algorithm is permitted to query an oracle
up to m times. Each time, the oracle responds by indicating whether the current
realization has the highest value among the remaining realizations. They show a
relation to the ToP-1-0F-m model, where an algorithm can select up to m values
and its result is measured by the maximum. If the objective is to maximize
Pmax the oracle model with m oracle calls is equivalent to the Top-1-0F-(m + 1)
model. They present a single-threshold algorithm that with probability at least
1—O(m~™/5) selects the maximum of iid random variables, which represents new
results for general m and improvements for small m for the Top-1-OF-(m + 1)
model. For the RoE objective this equivalence fails to hold. In this case the
oracle model is superior in the sense that results translate to results in the
TopP-1-0F-m model. For the oracle model with non-iid random variables they
give an optimal 1 — e~$m-competitive single-threshold algorithm, where &, is

the unique positive solution to the equation 1 — e~&m = W

Vasilis Livanos and Ruta Mehta [125] consider an alternative version of this
problem in which one is interested in minimizing the cost. That is, the goal is
to select a value that is as low as possible. The values are drawn independently
from a known distribution. The authors show that if the expected value of
the distribution is unbounded, then the competitive ratio is also unbounded.
For bounded expected values, the competitive ratio of the optimal stopping
rule is a distribution dependent constant, which is characterized as the solution
to a simple inequality. For certain distributions, optimal results are obtained.
Finally, an optimal single-threshold strategy is presented, which is O(polylog

n)-competitive.

In STOC 2024, Andrés Cristi and Bruno Ziliotto [57] consider the prophet
inequality problem, focusing on how a gambler can determine the optimal
moment to stop a sequence of n independent random variables, presented one
by one, to maximize the most recent value as a reward, particularly in scenarios
where the gambler has access to only a limited number of samples from each

distribution.

The authors explore three variants of the problem: the prophet-secretary model,
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where the variables arrive in a uniformly random order; the free-order model, in
which the gambler can choose the order of arrival; and the i.i.d. model, where all
distributions are identical. They demonstrate that a constant number of samples
(independent of n) from each distribution is sufficient to approximate the optimal
ratios effectively for these variants. Their proof combines minimax arguments
with instance decompositions, establishing that the optimal ratio can be achieved
without knowledge of the upper tails of the distributions. They complement
their results by showing that the proposed algorithms are polynomial-time

implementable.

2.8 Various Online Problems

In ICALP 2022, William Kuszmaul and Shyan Narayanan [115] consider a
variation of the p-processor cup game. In the classical version two players, a filler
and an emptier play against each other. There are n cups and at the start of
each round the filler can distribute p volume of water over all the cups (possibly
in fractional amounts) with the restriction that it can place at most 1 volume
of water in any particular cup. After the filler’'s move, the emptier can select p
distinct cups and remove up to 1 volume of water from each of them. The goal is
to minimize the backlog, so the maximum fill level of any cup over all ¢ rounds.
This is called the fized p-processor cup game and its optimal backlog is O(logn)
which is independent of n. If the number p of the processors can change between
the rounds the problem is called variable p-processor cup game. The authors
show that the optimal backlog is ©(n), but only if the number of rounds is in
Q(n?). If the number of rounds is smaller even better results can be obtained.
Further, they show that the greedy emptying algorithm is actually the exact
optimal online algorithm. If the emptier has access to resource augmentation, so
it is allowed to remove 1+ ¢ instead of 1 unit of water from the cups the optimal
backlog can be reduced to O (é log n) . However, if instead the filler can only

change the number p every poly(n) time steps, the optimal backlog is unaffected.

In ESA 2022 Rajmohan Rajaraman and Omer Wasim study the online balanced
graph re-partitioning problem (OBGR) [140]. In OBGR a graph is partitioned
in a set of ¢ clusters, each holding at most k vertices. Communication requests
between two nodes (u, v) arrive online. If u and v are located in different clusters
the request incurs unit communication cost and none otherwise. To have any
chance of staying competitive it is possible to migrate any vertex from one

cluster to another at a migration cost of a > 1. The objective is to minimize
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total communication and migration cost. Previously to this work upper bounds
of O(k?¢?) [21] and O(k£2°%")) [34] (both by algorithms that run in exponential
time) and a lower bound of Q(k¢) were known. The authors significantly narrow
this gap by presenting an polynomial-time O(kflog k)-competitive algorithm
and complement it by a lower bound of Q(akllogk) for algorithms under the
learning model. Here learning model refers to the condition that there exists
a feasible assignment of vertices to clusters without any inter-cluster requests
in the sequence. Hence, to stay competitive an online algorithm must learn an

optimal partitioning.

The joint replenishment problem is a fundamental model in supply chain manage-
ment theory with applications in inventory management. In this problem, there
are different item types and each has a time-dependent sequence of demands.
Each demand must be satisfied by ordering its corresponding item type. The cost
of placing an order includes the fixed joint ordering cost, which is independent of
the number of different items in the order, and item ordering cost that depends
on the number of different types of items included (but not on the number of
items per type). The overall goal is to fulfill all demands and minimizing the
total cost incurred. In the deadline version of this problem, each request must
be served by its deadline. In the delay variant, demands also have a delay cost

function and the goal is to minimize the total service and delay costs.

A generalization of this problem is online network design with delays, studied
already in FOCS 2020 by Yossi Azar and Noam Touitou [24] in a paper that
we appear to have overlooked completely for that year’s survey (sorry, Yossi
and Noam!). In that setting, the cost of serving a set of connectivity requests
is the cost of the subgraph of GG that satisfies the requests. They provided a
framework to reduce a network design problem with delay or deadline to the
classic offline variant without delay or deadline while incurring a logarithmic
loss in the competitive ratio. In ISAAC 2021, Touitou [152] showed that a
sub-logarithmic competitive ratio is not possible for this problem in its full

generality.

In ICALP 2022 Ryder Chen et al. |51] introduced online weighted cardinality
joint replenishment problem with delay as a natural generalization for the
online joint replenishment problem (JRP) with delay under a make-to-order
coordination mechanism [58]. In the online weighted cardinality JRP with delays,
each item type ¢ has an associated weight w;, and the cost of satisfying a set of
demands on a set \ of item types is f(D_,c, wi), where f is an initially given

non-negative and non-decreasing concave function. They obtained a constant
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competitive algorithm for this problem, which is a refinement of the Azar-Touitou
framework [24] using ideas by Gupta et al. [87]. Specifically, their algorithm
keeps track of how much has been “invested” in each request in order to make
better decisions. They also show that using the Azar-Touitou framework directly

leads to a logarithmic competitive ratio at best.

Nick Gravin, Enez Sun and Zhihao Gavin Tang [83] consider the relative perfor-
mance of ordinal and cardinal online algorithms for two fundamental problems
in FOCS 2023. It is well known that sorting a list of length n requires 2(nlogn)
running time. What is possibly less well-known is that this barrier only holds
for ordinal algorithms, that only do pairwise comparisons between the input ele-
ments. If you are allowed to look at the values (that is, use a cardinal algorithm)
and all of the values are in the range from 0 to some value K, there is a ran-
domized O(v/nloglog K algorithm [150] as well as a deterministic O(nloglog K)
algorithm [91] in the word RAM model of computations. Intuition suggests and
Martin Gardner [78| argued (informally) that for large enough numbers, ordinal
and cardinal problems are the same. The authors prove this formally for two
fundamental problems and give explicit bounds for the maximum value needed
so that a cardinal algorithm has at most a factor of 1 + ¢ advantage. As could
perhaps be expected, the numbers are exceedingly large, requiring the use of

Graham’s double arrow notation.

Another paper in SODA, by Etienne Bamas et al. [25], gives an in-depth analysis
of several greedy algorithms for the online Steiner Forest problem. In this
problem, a set of k terminal pairs (pairs of vertices in a weighted graph) need
to be connected (by selecting edges from the graph), and the goal is to find
a minimum weight subgraph (which is always a forest) which connects all the
pairs. In the online version of this problem, the pairs are revealed one by one.
Already for the Steiner Tree problem, where a set of k terminals needs to be
connected, no algorithm can be better than Q(log k)-competitive, and it has long
been known that the greedy algorithm is O(log? k)-competitive. Whether greedy
is even better than this, potentially O(log k)-competitive, remains a big open
question. This paper makes some progress on this question by giving several
structural results for Greedy, culminating in a proof that if the sequence of
costs paid by Greedy or the sequence of distances of the pairs in the input are
non-increasing, then Greedy is O(log k loglog k)-competitive. This excludes a
large class of instances and the authors conjecture because of this that Greedy

is O(log!** k)-competitive or better.

In SODA 2023 Haim Kaplan et al. [107] analyze Meyerson’s algorithm for the
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facility location problem in the random-order model. The facility location
problem involves a metric space (M,d) with a non-negative and symmetric
distance function d satisfying the triangle inequality. A multiset of demand
points U in M and a facility opening cost f are given. The goal is to minimize
the total cost, which includes the facility opening cost and the assignment cost
incurred when demand points are assigned to open facilities. In the online
random-order model, we reduce the adversary’s power by assuming that the
demand points arrive in random order. Therefore, the input sequence for an
algorithm is a uniformly random permutation of the demand points in U. When
a demand point v arrives, the online algorithm must decide immediately, whether
and where to open new facilities. Then, v is irrevocably assigned to its nearest

open facility.

Meyerson’s algorithm [131] operates by measuring the distance from a new
demand point to the closest already-open facility, denoted as d. It opens a
new facility with probability min{d/f, 1}, or assigns the demand point to the
nearest open facility. The authors in [107] refer to Meyerson’s algorithm by the
name DistProb. They prove that DistProb in the random-order model has an
exact competitive ratio of 4 and hence settling a long-standing open question.
They also examine DistProb’s performance in partial adversarial order settings,
demonstrating its competitive ratio remains close to that in the random-order

case.

In ESA 2023, Martin Bullinger and René Romen [42] consider the online coalition
formation problem where agents arrive in a random order. The concept of
coalition formation involves dividing a group of n agents into separate coalitions
based on their preferences. In the online variant, agents arrive sequentially and
must be assigned to a coalition immediately. The objective is to maximize social

welfare.

In a fully deterministic model, the greedy algorithm which assigns an agent to the
coalition with the most significant benefit, achieves an optimal competitive ratio,
depending heavily on the range of utilities. Their research aims to eliminate the
influence of utility dependencies on the competitive ratio. The authors study a
scenario where agents arrive in a random order. In this case, the competitive
ratio of the greedy algorithm is shown to be @(#), while an alternative algorithm
that alternates between waiting and greedy phases can achieve a competitive
ratio of ©( %) Furthermore, they consider a model that relaxes the irrevocability
of decisions, allowing coalitions to be dissolved into singleton coalitions. For this

model a matching-based algorithm is presented, and once again they achieve a
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competitive ratio of ©(1).

Yann Disser et al. [63] considered the incremental maximization framework
introduced by Bernstein et al. [31]. This is a framework for problems that
grow over time and in which a solution needs to be grown along with it while
maintaining competitiveness. An instance of such a problem consists of a
countable set of elements and a monotone objective function. A solution for
such a problem is an order of the elements such that each prefix yields a good

solution with respect to the objective function.

It is reasonable to consider only so-called accountable goal functions, which have
the property that removing a single item from a set does not make the function
value decrease too steeply. Otherwise it is not possible to have algorithms that
are competitive. Accountable functions occur in many previously studied settings

like weighted matching, set packing and submodular function maximization.

The authors show that problems like these can always be partitioned into a
countable set of uniform and modular subsets such that the overall objective is
the maximum over the modular functions on the subsets. They then consider
the continuization of this problem in which arbitrary fractions of elements can
be selected, so that the goal function of the current selection grows continuously.
They show that a greedy continuous algorithm is (¢ + 1)-competitive and provide
evidence that this ratio cannot be improved. They also give a 1.772-competitive
randomized algorithm and show that any randomized algorithm is at least

1.447-competitive.

In ESA 2024, Mikkel Abrahamsen et al. [2]| consider the online sorting problem
recently introduced by Aamand et al. [1]. In this problem, a sequence of real
values x1,x2,...,x, is revealed one by one, and each item must be assigned
immediately and irrevocably to a size-n array A. The objective is to minimize
Z?;ll |A[i+1]— A[é]|, the sum of absolute differences between items in consecutive

cells.

The authors address an open question from Aamand et al. regarding the potential
of randomized algorithms to improve the competitive ratio for the online sorting
problem. Their results demonstrate that randomization does not improve the
competitive ratio for the online sorting problem and both deterministic and
randomized algorithms for this problem have a competitive ratio of ©(y/n).
Furthermore, the lower bound ©(y/n) holds even when the input numbers are
from [0,1]. Their second main contribution is a generalization of the online

sorting problem to higher dimensions, which can be viewed as an online variant
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of the classical Traveling Salesperson Problem (TSP) in R, using Euclidean
distance between items. They consider this generalized online sorting problem
for arbitrary fixed d in an adversarial model and demonstrate a competitiveness

guarantee close to the one-dimensional case.

In addition, Abrahamsen et al. extend the problem to a stochastic variant, where
input values are drawn independently and uniformly at random from a fixed
interval. In this setting, they designed an algorithm that achieves competitive
ratio of O((nlogn)'/4) with probability at least 1 — 2/n.

Motivated by the task of partitioning news articles that arrive over time into
clusters of similar articles, in APPROX 2024 Benjamin Moseley et al. [132]
consider the online k-median clustering problem. In a metric space n points x;
arrive online and must be immediately assigned to one of k clusters. Each cluster
C; assigns its geometric median as the center ¢; of the cluster. The objective
is then to minimize the k-median Zle ijeci

the distance function for the metric space. Even for k = n = 2 there exist small

d(xj,c;), where d(z,y) denotes

examples that show that the competitive ratio can only be bounded by the
aspect ratio of the points, so the ratio between the distance of the furthest pair
of points and the distance between the closest pair of points. In particular the
competitive ratio cannot be bounded by a function of k£ or n which may be much
smaller than the aspect ratio. The problem is that algorithms do not have a
sense of scale regarding what is close or far without any additional knowledge
about the instance. This motivates the authors to provide the algorithm with an
upper bound on the optimal objective value at the start. They measure an online
algorithm’s performance against this upper bound. First, the authors show that
any deterministic algorithm for this problem is Q(k)-competitive. They follow
up the lower bound with a poly-time algorithm whose competitive ratio depends

only on k£ and not n or A. To be precise, it is O(k53k)—competitive.

In STOC 2024, Janardhan Kulkarni et al. [113] introduce new results for online
discrepancy minimization. In this problem, we receive vectors vy, ...,vp € R,
which are bounded in some norm, for example ||v;||2 < 1. The vectors arrive one
at a time and upon receiving each vector v;, we must immediately and irrevocably
decide a sign z; € {—1,1}. The objective is to minimize the discrepancy, defined
as the signed sum ZiT:1 Z;v; in a given norm, such as infinity norm. A natural
variant of this problem, called the prefix discrepancy problem, where the goal is

to keep the prefix sums >_'_, x;0; bounded for all ¢ € [T7].

Kulkarni et al. proved the existence of an online algorithm that against any
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oblivious adversary and for any sequence of vectors vy, ...,vp € R"™ with ||v;|l2 <
1, decides random signs z1,...,zp € {—1,1}, such that for every t € [T], the
prefix sum 25:1 x;v; is 10-subgaussian. Additionally, they showed a matching
Q(y/logT) strategy for an oblivious adversary.

Their framework also extends to online edge orientation. They showed the
existence of an online algorithm that can decide edge orientations such that

for every vertex, the absolute difference between the in-degree and out-degree
remains bounded by O(y/logT') with high probability.

In WAOA 2024, Philip Whittington [156] explores the concept of online string
attractors. A string attractor (k-attractor) is defined as a set of positions
I C [1,n] in a string T' € X", such that every distinct substring (of length at

most k) contains at least one of these selected positions.

Whittington introduces a natural online variant for the k-attractor and string
attractor problems, demonstrating that Lempel-Ziv factorization is the optimal
online algorithm for this string attractor problem, with a competitive ratio
bounded by O(log(n)). Additionally, the paper shows that the online k-attractor
problem for constant k has a strict competitive ratio of k. Furthermore, the
author highlights families of sparse strings that have constant-size optimal
attractors and shows that any online algorithm for the Fibonacci and Thue-

Morse words incurs a cost that grows with the length of the word, for a matching
lower bound of Q(log(n)).



CHAPTER

Minimizing the Total Completion Time

3.1 Introduction

In this chapter, we study online algorithms for the single machine schedul-
ing problem with restarts, focusing on the objective of minimizing the total

completion time. The problem is denoted by 1|r;, online, restart| ) Cj.

We use the notation and terminology introduced in Chapter 1. For clarity,
we briefly restate the key elements. We denote by r; and p;, the release date
and the processing time of job J;, respectively. Given a specific set of jobs
S =1{Ji,...,Jn}, we use r¥ and p? to denote the release date and the processing
time of job J; (i = 1,...,n), respectively. Throughout this chapter, we use o
to denote the schedule of the algorithm and 7* to denote an optimal offline
schedule. The completion time of J; in a schedule ¢ will be denoted by ;. The
relative completion time of a job J; in ¢ compared to a feasible schedule 1 is
rctf’ = 0;/Y;.

The Restart Shortest Processing Time (RSPT) algorithm [154] is an online
scheduling strategy that achieves a deterministic competitive ratio of 3/2 for
minimizing total completion time on a single machine with using restarts,
surpassing the lower bound of e/(e — 1) ~ 1.582 for randomized non-preemptive
online algorithms [48]. In RSPT algorithm, the currently running job J; which
started most recently at time s is only interrupted if there exists an incoming job
Jq that can complete before 2/3 times the completion time of the running job

(if left to run). This interruption condition can be represented by the equation

2
Tq +Dg < g(s + ;).

The current lower bound for this problem is 1.21 and is due to Epstein and van

Stee [66]. It uses an exponentially growing (but relatively short) sequence of
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jobs interspersed with jobs of (essentially) zero size which arrive at inopportune

moments, forcing restarts in each step.

Table 3.1: Example set of jobs for the RSPT algorithm

Jobs(J;) Release time (r;) | Processing time (p;)
J1 0 1
JQ e 2/3
Js 2/3 0

Here, we present a numerical example of RSPT. Consider the following instance,
where we have three jobs: Jp, Jo, and J3, each with their respective release times
and processing times. Job J; is available from time 0 with a processing time
of 1, job Jy arrives at a small positive release time e and requires 2/3 units of
time, and job J3 is released at time 2/3 with a processing time of 0. The input
is provided in the Table 3.1.

Initially, the RSPT algorithm begins processing J; at time 0. When J, arrives
at time e, the algorithm evaluates whether it should interrupt J; based on
the interruption condition. Since this condition does not hold, the algorithm
continues processing Ji and only starts Jy after completing J;. When J3 arrives
at time 2/3, the interruption condition holds, meaning the algorithm interrupts
J1 and starts processing J3 immediately. Once J3 completes, the algorithm
selects the next available job. In this case, both J; and J, are available. The
algorithm selects Jo first since its processing time is smaller. Finally, J; restarts

and runs to completion.

RSPT: Y C;=2/3+4/3+7/3=13/3

/////////// 7 J
///////////// 2

0 2/3 4/3 7/3
OPT: Y. Cj=2(2/3+¢2)+5/3+c=9/3+3¢

[~ I

0 2/3+¢ 4/3+¢€ 7/3

Figure 3.1: Illustration of the schedule for the jobs from Table 3.1

The optimal offline algorithm, which has complete knowledge of all job arrivals
in advance, would schedule the jobs differently to minimize the total completion

time. Instead of starting with Ji, the optimal algorithm waits until Jy arrives at
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¢ and then processes Jy first. This strategy ensures that all jobs finish as early

as possible, leading to a lower total completion time.

The above example demonstrates that the RSPT algorithm does not always
function correctly in every scenario. Specifically, there are cases where the
algorithm’s interruption condition does not behave as expected, leading to

incorrect scheduling decisions.

3.1.1 Our Results

In our study, we consider the power of restarts to achieve a competitive ratio
below 3/2. The primary contribution of this chapter lies in presenting an online
algorithm for the problem which achieves a competitive ratio better than 1.4568
(the real root of the equation 6 + 3p? = 4p®). The analysis of our algorithm is
tight. This is the first improvement for this problem in twenty years and the

analysis has become easier and shorter than in [154] for the previous best result.

3.2 Improved RSPT algorithm (IRSPT)

Our new algorithm introduces a more nuanced interruption condition that taken
into account the size of the incoming jobs more. At any time when the machine
is idle or the algorithm completes a job, the algorithm starts processing the
smallest available job. If there is a choice, it takes the job with the smallest
release date. Consider a job J; and an incoming job J,. There are two conditions
for interrupting a job. The incoming job must be smaller than the running job
and

1
Tq +Dg < E(sﬁ—pﬁ—pq), (3.1)

where R is the real root of the equation 6 + 3p?> = 4p®. For any incoming job
that satisfies (3.1) and that is smaller than J;, the algorithm interrupts J; and
starts processing of .J, at time r,. The interrupted job loses all its previous

progress and must be started again later.

In (3.1), the value ry + p, is the completion time of J, if it starts at time 7,
whereas the value s; +p; +p, is the completion time of J, if it starts immediately
after J; completes. This inequality implies that an incoming job J, will only
cause an interruption if it can complete before time %(si + pi +pg) after starting
at its release date. This means we start .J, immediately if its relative completion
time compared to the optimal schedule could otherwise be larger than R. An

interruption based solely on this inequality is not always beneficial, as there may
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be incoming jobs larger than p; that also satisfy the inequality. Therefore, as
mentioned we refine our rule with a second condition, so that the algorithm only
restarts for incoming jobs smaller than p;. Figure 3.2 illustrates an example of

our restarting rule.

Si + (si+ pi + pq)
®
0 TF Tq + (si+ pi + ps)
? 't ’
e 060 o0 O J’L o o [ )
Jy
J

Figure 3.2: llustration of incoming jobs J; and Jgq. The job J; does not cause
an interruption of J;, but the job J, does.

Next, we present a numerical example of IRSPT algorithm. The details of input
is provided in the Table 3.2.

Table 3.2: Example set of jobs for the IRSPT algorithm

Jobs(J;) Release time (7;) | Processing time (p;)
Ji 0 1.5
Jo 0 1
J3 1.5 0.1
Jy 2.6 0.5

Consider the following instance, where we have four jobs: Jy, Jo, J3, and Jy,
with their respective release times and processing times. Jobs J; and Jy are
available from time 0 with a processing time of 1.5 and 1, respectively. A job
arrives at time 1.5 and requires 0.1 units of time, and job Jy is released at time

2.6 with a processing time of 0.5.

Initially, the IRSPT will begin processing Js at time 0. As it processes Ja, it

continuously monitors incoming jobs. After Jo completed, algorithm starts J;.
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When J3 arrives at time 1.5, IRSPT evaluates whether it should interrupt J;.

IRSPT:

| % ]

1 2.5

: o]

0 1.5 1.6 2.6 3.1

(e}

OPT:

Figure 3.3: Illustration of the schedule at time 0 for the jobs from Table 3.2

This condition holds true and the algorithm will interrupt J; and start processing
Js instead. After completing J3, the algorithm can then restart .J;, where it is the

only available job. In this instance, Jy started immediately after J; completes.

IRSPT: > C;=14+16+31+36=093

777
’ 2 ‘x; _

0 1 15 1.6 31 3.6
OPT: > C=15+16+26+31=88

I S % [ x]

0 1.5 1.6 2.6 3.1

Figure 3.4: Illustration of the schedule at time 0 for the jobs from Table 3.2

The total completion time is thus derived from the individual completion times
of all jobs scheduled with the IRSPT algorithm.

3.3 IRSPT-like algorithms

It can be seen that the competitive ratio of IRSPT does not improve beyond R:
consider a job of size 1 that arrives at time 0, and N jobs of size 0 that arrive at
time 1/R+e. IRSPT will run these jobs in order of release date and have a total
completion time of N + 1. However, it is possible to achieve a total completion
time of (1/R + ¢)(N + 1) + 1 by running the jobs of size 0 first. Therefore,
as N grows and ¢ tends to 0, the competitive ratio tends to R. Generally, we
define a family of algorithms for the problem 1|r;, online,restart| ) C;. Any
IRSPT-like algorithm behaves exactly like IRSPT algorithm, but with using a
value p instead of R.

We show in the next theorem that no algorithm from the IRSPT-like family
outperforms IRSPT for any value of p.
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Theorem 3.1. For the problem 1|r;j,online,restart|)  C;, any IRSPT-like
algorithm with 1 < p < 2 has a competitive ratio of at least R (that is, the real
root of the equation 6 + 3p? = 4p>).

Proof. Consider an IRSPT-like algorithm ALG and the following job sequence:

a job Ji of size 1 + ¢ arrives at time 0, a job Jo of size 1 at time Q_Tp, and a

job Js of size 0 at time %. Both J; and J3 cause interruptions upon their
release dates: Jo interrupts Ji and J3 in turn interrupts Jo. As € approaches
0, if p < /2 then the optimal cost for this sequence tends to 2 + ;% (using
the order .Jq, J3, Jo and noting that r3 > 1 4 ¢ for € small enough and p? < 2),
while the cost of ALG tends to p% + 3 (using the order Js, Ja, J1). Therefore,
R(ALG) > 1.5. Otherwise, if p > v/2 then the optimal cost for this sequence
tends to 4 (using the order Ji, J3, J2), while the cost of ALG still tends to p% +3
(using the order J3, Jo, J1). Note that the competitive ratio of ALG is at least p.
Hence, R(ALG) > max (p, 6122’)2) > R, where R is the real root of the equation
6 + 3p% = 4p>. O

Note that In this thesis we have used jobs of size 0. If it is required that job
sizes are strictly positive, our upper bound of course still holds, and our lower
bounds also continue to hold by using jobs of arbitrarily small size instead of

size 0.

3.4 Lower Bound

In this section, we give a new lower bound for scheduling with k-limited restarts.
A generalization of restart and limited restart is k-limited restart. Under the
assumption of k-limited restart, a job can be interrupted at most k times. Then
limited restart is equivalent to 1-limited restart, and restart is equivalent to

oo-limited restart. We provide a bound for the problem with k-limited restart.

Lemma 3.1. Any algorithm for the problem 1|r;, online, k-restart|y " C; is at

least 2-competitive.

Proof. For a contradiction, suppose that there exists an online algorithm A with
a competitive ratio R of less than 2. We consider the following job instance
provided by the adversary. At time r; = 0, job J; with size p; = 1 arrives.
Suppose that algorithm starts to process J; at the time .S;. In order to lower
bound the competitive ratio of algorithm, we consider two cases for the value

of S;. If S; is too large, job J; has a high relative completion time and the
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input sequence continues with a new job of significantly larger size arriving after
J; is completed such that p; 1 > %Ti+1. This scenario leads to inefficient
scheduling of J; and adversely affects the overall cost of the algorithm. On the
other hand, if S; is small, we force the algorithm to interrupt J;. Again, the
input sequence continues with the arrival of a new significantly larger job, after
J; is completed as above. However, since the problem allows for a constant
number of restarts k, this interruption will utilize one of the permitted restarts.
Case 1. If S; > %4, then no more jobs arrive during the job .J;, the scheduling
time of J; is independent from other jobs because it arrives when every job
is completed in both ALG and OPT (if it exists). It is not difficult to see
the relative completion time of J; in this case is greeter than R (the relative
completion time of Jy is S; +1 > ﬁ +1= % > R, where 1 < R < 2). For

i > 1, we show the relative completion time of J; when p; > g_;éri is

R
S¢+pz’>5+2 R” (—R )
i + pi ?”H—ﬁ?“z B ( )

Case 2. If §5; < R 7, then n jobs with size 0 arrive after time S; at time S; + ¢,
where € is a small positive number. We have
Si + pi RS;

for all .
S te >5’i+5>R oralle >0

Hence, if algorithm A does not interrupt the job J; then with a sufficiently large
value of n, we get a contradiction. Therefore, the algorithm A interrupts the
job J; and starts it again at (say) S.. Consequently, the job J; must either be
interrupted or, if it is not interrupted, its relative completion time is greater than
R. In both cases, if the competitive ratio so far is less than R, the adversary
will add a new job J;y1 with 711 = S, + p; and p;11 > %WH to the instance.

Then, we have the above cases for the value of S; 1, respectively.

Therefore, after enough new jobs, because the value of k is constant, the algorithm
can not restart anymore and the competitive ratio surpasses R as the number of
jobs with relative completion time greater than R tends to infinity. Hence, the
competitive ratio of any algorithm for the problem 1|r;, online, k-restart| )" C;
is at least 2. O
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3.5 Competitive analysis of IRSPT

To simplify the analysis, we will focus exclusively on the IRSPT algorithm. In
order to prove that IRSPT has the competitive ratio R, we assume there exists
a smallest counterexample consisting of a minimum number of jobs, and show
by contradiction that such a counterexample does not exist. We partition the

processing of this input into two events, which we will analyze separately.

e Job completions. While the completed job was running, other jobs may
have arrived. We will need to show that these jobs complete early enough

(on average) and that they do not delay other waiting jobs too much.

e Job restarts. While the interrupted job was running, other jobs may have
arrived earlier without causing a restart. The input may also contain

larger jobs that get delayed as well due to this interruption.

To better understand the behavior of the IRSPT algorithm, we explore several
properties. In our analysis, we will use these properties to upper bound the

competitive ratio of the IRSPT algorithm.

Observation 3.1. Any interruption of a job J; occurs before time %(si + i)

and job J; cannot be interrupted at 75 or later.

Proof. If an interruption of J; happens by J,, then

1

R(Si+pi)~

1 1 1 1
Tq+Pq < E(Si+pi+pq) = E(SiﬂLpi)Jrqu Srg+|1- =) P <

Hence, 7y < %, meaning that any interruption of J; is before time %(si + pi).

Additionally, r4 < % < % implies 74, < %5, so J; cannot be interrupted

Pi

q7 or later. ]

at

Definition 3.1. Let §(t,s,p) = max(0, (s +p — Rt)/(R — 1)) be the smallest
possible size of an incoming job at time t that does not cause the job J of size p

that started at time s (and is still running at time t) to be interrupted.

Observation 3.2. The algorithm interrupts the processing of J; for another job
Jq if and only if less than % of Jy will remain unfinished at time %(si + pi)-

Proof. By Observation 3.1, an interruption happens if more than 1 — % of Jg,
will be completed strictly before time %(si + pi), when J, is started at time 7.

Therefore, less than % of J, will remain unfinished at time %(si + pi). O
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Observation 3.3. A job J; that starts at time s; and is still running at time

%(si + pi) will not be interrupted anymore.
Proof. This follows immediately from Observation 3.1. O

Lemma 3.2. Suppose ALG interrupts job J; at time t. Then, at time t, OPT
has not completed any job of size less than p; that ALG has not completed.

Proof. At time s;, ALG has completed all jobs of size less than p; that have
arrived because the algorithm always prefers smaller available jobs. All jobs
that arrived in the time interval (s;,t) are unfinished at time ¢ in any feasible
schedule by Observation 3.2, since they do not cause a restart. (In fact, more
than 1/R of each such job is unfinished) O

We explain several structural properties of a smallest counterexample (with the
minimal number of jobs), denoted by I. Let o be the schedule produced by
IRSPT for I. The schedule o starts at a nonnegative time. A gap is a maximal
period of contiguous idle time between two scheduled jobs. Since I is a smallest
counterexample and the algorithm does not base its decision on anything that
happened before the last gap, there are no gaps in ¢ after the time of the last

interruption, and no gaps at all if there was no interruption.

Observation 3.3 implies that for every job of nonzero size, there is an interval of
length min(p;, (1 —1/R)(s; + p;)) in which it will not be restarted. We use this
to simplify the input as follows. If a job J, arrives exactly at a time ¢ when a
job of nonzero size completes, we do the following. Let J; be the unique job of
nonzero size that completes at time t. We decrease r; to some value in the open
interval (max(s;, (s; +pi)/R), si + p;) without affecting the schedule o created
by IRSPT. The optimal cost can only decrease as a result. This adjustment
ensures that each job after the last interruption arrives while another job J; of
nonzero size is running (strictly before J; completes, but after the incoming job

could cause an interruption).

We next demonstrate how the instance I can be modified to achieve a simpler
and more specific structure. The technique involves constructing a smallest
counterexample by adjusting job sizes and release dates. This approach simplifies
instances for further analysis and has also been applied in studies of semi-online
scheduling algorithms [129, 149].
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Definition 3.2. Consider the last release date t in I. We denote the job being
processed at that time in o by J. Let p and r denote its size and release time,
respectively and let s be its most recent starting time before t. Let the set of jobs

that arrive while J s processing be S. Let pg‘m represent the largest size among
S

S« be the earliest release date among the jobs of size P,

the jobs in S and r

We will show that without increasing the number of jobs, we can construct a
new instance I’ by modifying I so that no jobs arrive while J is processing, and
the competitive ratio of modified instance does not decrease. First we establish
a number of properties of a smallest counterexample that hold without loss of

generality.

Property 3.1. While the job J is running, only smaller jobs arrive.

Proof. Suppose not. Then we have p2 . > p and we can set the release date
of the job(s) with size p3,, to time 7; without changing the behavior of the
algorithm (apart from possibly the order in which some jobs of size p are being
run) or increasing the optimal cost. As a result, such jobs are no longer in S.

Therefore, without loss of generality we have pJ < p. O

Property 3.2. While the job J is running, all jobs of size pﬁlax arrive at time
S

Tmax °

Proof. Tf there are multiple jobs with size pJ . in S, we can adjust their release
dates so that all these jobs arrive at the earliest release date among jobs of size
pS .. in S without changing the processing order in ¢ (because ALG did not
interrupt J with the earliest job of size p2 .. ) and this does not increase the

optimal cost. O

In the next step, when we change the value of prsnax, we change the size of all

the jobs of size p3,, in S (so that all these jobs continue to have size p3..).

Property 3.3. In the smallest counterexample I, if J is not interrupted at time
t, then p3.. is equal to the maximum of the second largest size in S (taken to be
0 in case |S| = 1) and §(r5 .., 5, D).

Proof. Consider the cost of the algorithm and the optimal cost as functions
of parameter p> . as it varies in within the size range [z, p], where x is the
maximum of the second largest size in S and d(r3,..,s,p). We observe that
in the entire size range [xg,p|, the cost of the algorithm is linearly increasing

because there are no gaps in its schedule. The optimal cost is a piecewise linear
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function (in each piece, a fixed permutation of the jobs is used) with a slope
that does not increase with pJ | thus the optimal cost function is concave. The
worst-case instance (the highest competitive ratio) is therefore achieved on one
of the endpoints of this size range [xg,p]. Therefore, the competitive ratio is
maximized by choosing the value of p3.. to be either minimal or maximal. If
pS .. is maximal, we can move its arrival time to s exactly as in the proof of
Property 1, hence removing the job from S. We conclude that there exists a

smallest counterexample I that has Properties 1 and 3. O

Property 3.4. In the smallest counterexample I, we have d(s,s,p) > 0.

Proof. 1f 6(s,s,p) = 0, we have s > 3’5 meaning that J would never be
restarted, no matter what other jobs arrive (Observation 3.1). Then we can
move the release date of all jobs in S to time s + ¢ for some very small ¢. This
can only decrease the optimal cost and does not change the schedule of ALG.
Now all jobs in S have the same release date and will be processed in the same

order by ALG and OPT, since no further jobs arrive after time s + €.

By Property 3 and because 6(s, s, p) = 0, p3... is equal to the size of the second
largest job in S. Repeating this argument, all jobs in S have the same size,
which is 0. However, the relative completion time of all jobs in S is at most R
and therefore it cannot be the case that any of these jobs have size 0, because a
job of size 0 that has relative completion time of at most R could be removed
without affecting the schedule and this would imply that I is not a smallest

counterexample and that is a contradiction. ]
Property 3.5. In the smallest counterexample I, at time t, J is interrupted.

Proof. By Property 3.4, no job arrives during a job with d(s, s,p) = 0. Therefore,
we only need to consider the situation that s < £25. For a job J; denote the
time that ALG and OPT start to run it by ¢; and ¢}, respectively. Let d; be the
number of unfinished jobs in ALG schedule at time ¢; = ¢; + p; and d; be the
number of unfinished jobs in the optimal schedule at time c; =1t +pj. Consider
the jobs in S, where |S| = n, numbered according to their positions in o. We
define the above variables analogously for the job J2 with size p5 .. that ALG
starts to run last (among all the jobs in S). when both ALG and OPT complete
J?2 last. If the job .J is not interrupted for any job in S, then when both ALG
and OPT complete J2 last, it is clear that the relative completion time of J2 is
less that or equal to R. Additionally, if both ALG and OPT complete .JS last,
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we can assume J;7 is the last arriving job. Then the contribution of JJ to the

online cost is ¢, + dpp3.,. and its contribution to the offline cost is ¢* + d*pS... .

Cn+dnpr%ax
Girdipbe. 10
which then implies d,/d; > R. Therefore, the size of J in the worst-case

Given that the instance is a smallest counterexample we have

instance should be maximized and set equal to the size of J and then it can be
moved back to the release date of J as in the proof of Property 1. Now we are
in the same situation as before, without changing the processing order in ¢ and

without increasing the optimal cost, but with one less job in S.

If OPT does not run J3 last, let J; be the job in S that OPT starts first. Then
we can modify the instance I by letting all jobs that arrive before OPT completes
J¢ to the optimal finishing time of Jy (or to s + p — ¢ for some very small ¢ if
that is earlier), without increasing the optimal cost. Furthermore, all jobs that
arrive after OPT completes J; but before ALG completes J can be shifted to
arrive at the time at which OPT finishes J¢ (or to s +p —¢). Now, all jobs in S
except for Jy arrive at the same time and are processed in nondecreasing order
after this time in the optimal schedule. Therefore, in the schedule of OPT there
is only one job in S, that is out of sequence, and that one job (if it exists) is run
first. Hence, if OPT does not run J;f last, thus we know that it starts this job
first.

Let J; denote the job in S that OPT starts last and assume OPT starts the
first job among all the jobs in S at time t*. The variables for J; are defined
analogously as before. Because job J is not interrupted by any job in S, the

following inequality holds:

—1 -1
@ s—i—p—i—Z?:lpf _ 8+p+2?:117]5 <R

= 1.9 = 1.5 =
C? t* + p}%ax + 2?21 p]S Tg + %p%ax + Z?:l pjs

Therefore, the relative completion time of J; is less than or equal to R. Without
loss of generality, we can assume that J, is the last arriving job, because it does
not change the processing order by ALG and OPT. Then the contribution of J,
to the online cost is ¢, + dypy and its contribution to the offline cost is ¢ + dypy.
Since the instance is a smallest counterexample, we have % > R and this
immediately means that d;/d; > R. Hence, if the size of J, is not equal to
J? ., it should be maximized and set equal to the size of J7 and then it can be
moved back to the release date of J~. Therefore, J and J, with the same size
have the same release date. This allows us to exchange them in the optimal

schedule without any change in the optimal cost. As a result, both ALG and
OPT complete J7 last, and then the release date of this job can be decreased
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to time 7; as described above. Repeating this as often as needed (finitely many
times) means that S contains no jobs at all, and more generally that no jobs

arrive after the last interruption. O

In the following proofs, we will use the concept of credit. The credit of a schedule
indicates how much slack there is in the schedule, that is, the total amount by
which jobs could be delayed while remaining competitive. That is, for a schedule

o for an input I, we define
CREDIT (o) =R-OPT(I) — ALG(I),

where ALG(I) is the cost of the schedule o.

It will often be convenient to consider the credit of individual jobs. If a job J; is
currently scheduled to complete at time o; and we know that OPT completes it
at time 1;, then we define the credit of job J; to be

CREDIT(J;) = R; — ;.

In general, the credit of an individual job could be negative, for instance if a
job gets interrupted twice but OPT completes it at time 1. It is sufficient for
our purposes that the total credit of the input remains nonnegative at all times.
We will show that this is always maintained, meaning that credits could be
reassigned so that each job again has nonnegative credit. An example is shown
in Figure 3.5. The instance consists of only two jobs, which ALG and ALG’

schedule in different orders as soon as they become available.

As we are considering a minimal counterexample, and no jobs arrive after the last
interruption, we know that the total amount of credit was nonnegative before
that last interruption. In our proofs below, we will show that this is maintained
and still holds after that interruption. We will derive bounds on the credit of a
schedule on a case by case basis depending on the optimal schedule. Consider
the job J; before being interrupted by J, at time ¢. Denote the starting time of
J; in the optimal schedule by s;. For j € N, let D; denote the set containing
J; and the jobs at least as large as J; that ALG will complete after it (and
have already arrived). Let S; denote the set containing all jobs smaller than J;
that arrived in the time interval (s;,t]. The jobs in D; and S; are numbered
according to their position in the schedule of ALG, respectively. We say a job J;
in an instance I delays the processing of another job (or jobs) if that other job

(or jobs) starts processing earlier in the ALG schedule of the instance I\ {J;}.
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il YR
ALG: Jpo E JEA
rp=0 7, =06 1
= = —0.41
ALG’: Jq ----- Jf ...........
(Credit)
74 =0.6 0.9
- A2 (.90
ALG': J, U T 5
(Reassignment)
7, =06 09
OPT: Jy J,
0 1

Figure 3.5: Example of credit and credit reassignment

We consider all possible cases for the schedule of OPT based on the number of
jobs in D; that OPT completes before J,. It is sufficient to consider the possible
optimal schedules for the jobs that have arrived by time ¢. The optimal schedule
might change if some jobs arrive later, but obviously the total cost of the existing

jobs by time ¢ cannot decrease in such a scenario.

Observation 3.1 indicates that interruptions of job J; do not occur after time

Rpjl. Therefore, since Rp_"l < 3p;, OPT completes at most three jobs from D;

before it starts processing J,. This is because J, is smaller than every job in D;,
and OPT processes jobs after time ¢ in non-decreasing order of size, under the

condition that no other jobs arrive. Hence, we only need to consider a few cases.

Tq. SitPitPg
t R
L Wi
Lj ------- J f o
ALG: H J; |
(Interruption) T
ALG: oo ] Jo | | ] 7, B
(At time t) p
OPT: =+~ | Jy | Jq | ......... | J; |

(Case 2)

Figure 3.6: Illustration of Case 2 in Lemma 3.3

Lemma 3.3. If no job from the set D; is completed before J, by OPT, then

immediately after an interruption of J; at time t, the total credit is nonnegative.
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Proof. We distinguish two cases depending on the job that OPT runs first.
Case 1. OPT processes the job that causes the interruption first. In this
scenario, the same set of unfinished jobs is processed in non-decreasing order
of size after time ¢ in both of OPT’s and ALG’s schedules, since we analyze
the schedule immediately after the interruption. Therefore, the credit of J; is
(R=1)(t+ >, pf" + p;), so that all jobs have nonnegative credit.
Case 2. OPT runs another job first, say a job J; that arrives at time ¢;. Note
that the size of J; is smaller than J; because OPT runs Jy first while J; is also
unscheduled at time ¢;. In this case, the jobs in Sy delay the completion time of
the other jobs except J; by the same amount in the schedule of ALG and OPT.
We have that OPT completes the ¢th job in Sy no earlier than at time t; + py +
Z§:1 pff , whereas ALG completes the fth job in Sy at time ¢ + Z§=1 pff . This
means the credit of the (th job in Sy is at least R(t1 +py) —t+ (R—1) Z§:1 p;.gf.
The job Jy does not satisfy (3.1), so we have R(t1 +ps) —ps > s; +p; > t. Since
pff < py, it implies that py + (R —1) Z?leff > p?f. The delay of J; caused
by the £th job is at most pff , and we have shown that the credit of fth job is at
least pff . Therefore, we have enough credit for the delay of J;. Hence, in the
worst-case scenario, Sy only contains the job that caused the interruption (Jg).
Now, we consider the jobs in D¢\ {J¢} (the larger jobs). The job J; does not
satisfy (3.1), so we have

ttpgt2pr _ sitpitpr+(patpy)  sitpitpat2pr

t1 + pqg + 2py t1+pr + (pg + pf) t1 + pg + 2ps

Therefore, the relative completion time of J2D ! is less than R. Hence, for the jobs
in Dy \ {Jr}, the relative completion time is at most R because ALG and OPT
process these jobs in a same order. Consequently, in the worst-case instance
(the highest competitive ratio), Dy consists of J¢, the interrupted job (J;) and
the large jobs (at least as large as J;) that caused delays before time s; to the
processing of at least one other job. The ratio between the completion time
of Jy in ALG schedule and completion time of J; in the optimal schedule is
less than R, since Jy does not satisfy (3.1). This implies the total credit is

nonnegative. 0

Lemma 3.4. If OPT completes one job from D; before J, (the interrupted job
Ji or a job that is at least as large as it), then immediately after an interruption

of J; at time t, the total credit is nonnegative..

Proof. In this scenario, the interrupted job J; is delayed by t + Zj pfi — 8
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because of the restart. We first consider the jobs smaller than J; that are
available at the time of interruption (the set S;). ALG will complete these jobs
sequentially from smallest to largest, while OPT might use a different order.
Additionally, OPT may run a job different from J; (but at least as large as it)
first. However, if OPT completes a job at least as large as J; first, the completion
time of all jobs will increase, thus the credits of all jobs increase or remain the
same (if the size matches with the size of J;, we can simply swap the labels
and the cost of OPT remains unchanged). Therefore, it is sufficient to only
consider the case where OPT runs the interrupted job J; first. Here, we begin by
analyzing the jobs in S; that did not cause an interruption to J;. We consider

two scenarios based on the interruption time t.

For t < p;, under the condition that OPT completes J; before J,, OPT completes

the £th job in S; no earlier than at time p; + Z§:1 p}q i, whereas ALG completes

the fth job in S; at most at time ¢t + Z§:1 pfl This implies the credit of the

¢th job in S; is at least Rp; —t + (R — 1) Zgzl pfl The additional delay of J;

caused by the £th job in S; is at most pfi. Since Rp; —t > Rp; — p; = (R —1)p;,

the job J; can receive (R—1)(p; + Zle pfl) credit from the ¢th job. This credit
52—1 -1 Sl)

is greater than pf" when p?" < 5+ ijl P;

For t > p;, OPT may choose to run another job J; in S; before J,. Suppose
Jt has size py and OPT starts it at time t*. Other jobs in S; completed by
ALG before J; gain more credit in this scenario. Consider the case that S; only
contains J; and Jy. It is important to note that J; did not cause a restart, so
its completion time is after ¢ 4 p,. Therefore, the difference in credit for Jg,

compared to when OPT completes J, first, is
R(t* +ps+pq) — R(t +pg) = R(t" —t +py) > t* =t + pq.

Hence, we only need to consider the case where OPT also completes J, first.
Thus, the credit of the fth job in ; is at least (R — 1)(t + Y_5_ p>"). It follows
that the interrupted job can receive (R — 1)(t + Z§:1 pf’) credit from the ¢th
job. This credit is greater than pf ¢ when pf i< %(pi + Zf;% pf‘) as above.

Consequently, if p‘gi > %(pi + Zg;i p}-g"'), in the worst-case instance there is

one job in S; \ {J;} and at most (1 — Z=%)p; additional credit is needed for the
delay caused by S; to J;.

Next, we consider the jobs in (D; \ {J;}), which are at least as large as J;. It is

sufficient to analyze the case where OPT processes the jobs in D; sequentially
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from smallest to largest. Additionally, note that the jobs in S; delay the jobs
in D; by the same amount in both ALG’s and OPT’s schedules: their total
size. Therefore, the only additional delay for all of these jobs is ¢t — s;. Ignoring
the sizes of the jobs in S;, which only improve the relative completion times
of jobs in D; \ {J;}, we analyze two cases. If ¢t < p;, OPT completes the ¢th
jobin D; \ {J;} no earlier than at time p; + ZLQ p?". Alternatively, if ¢ > p;,
OPT completes the fth job in D; no earlier than at time t + 2522 iji. ALG
completes this job at time t+p; + 2522 ij  in both cases. Therefore, the relative
completion time of the ¢th job in D; \ {J;} is at most R for £ =3,... k.

Consequently, we define the worst-case instance where the set .S; consist of job
Jq, which caused the interruption, and potentially another job ng * that does not
have enough credit. The set D; consists of the current interrupted job J; and
other interrupted jobs (if any) that ALG will complete after .J;, where these jobs
are at least as large as J; and delayed the processing of other jobs before time
s. Moreover, D; may include an additional job with a relative completion time

greater than R under the constraint that S; exclusively contains J;.

In the following, we analyze the interruption at time ¢ in the worst-case instance.
We consider the following scenarios based on the interruption time ¢. Recall that
the starting time of job J; in the optimal schedule is denoted by s;. If ¢ < p;,
ALG completes J,; at time t 4 p,, and OPT completes J, no earlier than at time
at time s} + p; + pq, meaning that (R — 1)p; — t + R(s} + p;) credit remains
available thereafter, which can be allocated to the other jobs. Alternatively, if
t > p; OPT completes J; no earlier than at time ¢ + p,, ALG completes this job
exactly at time ¢ + p,, meaning that (R — 1)(pq + t) credit remains available
which can be allocated to the other jobs.

In the case that the number of jobs in D; \ {J;} that delayed processing of at
least one other job (before time s;) is k # 0, we can say that any job in D;
arrives during the last running of its next job in D;; otherwise, the larger job that
delayed running of another job can not run in the ALG schedule before time s;.
The larger job J jp  that delayed processing of at least one other job implies the
existence of a job that is released during the running of J jD  but does not interrupt
it and ALG completes this job in I\ {JJD"} before S]-Di + p]D". Additionally, the
algorithm interrupts for every incoming job before time (2 — R)(s?i + pfi), that
can potentially be completed before the currently running job J]D ¢ . This is
because any incoming job J; with p; < sjpi + ij"' — ry satisfies (3.1), when
rr < (2 - R)(SJD P4 pjp ). Therefore, we can observe that in any schedule of

OPT, s is not earlier than (If_kil_)ll%,gpi. Hence, there is no job in D; \ {J;} with
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relative completion time greater than R, and J; “ does not exist in the worst-case

instance. Now if ¢ > s} + p;, then we show
k((l . R)pq +1— Si) < (R — 2)(pq + t) + 84,
and if ¢t < s7 4 p;, we need to check that

E(1 = R)pg+t—s;) < (R—2)p, — 2t + R(s} +p;) + si.

_RE-L
(Rfl)Rkp“

mathematical induction on k. For the base case k = 1, we need to verify that

Based on our rule of restarting when s} > we prove both cases by

(1—R)pq+t—8i < (R—Z)(pq—l—t)-i-si,
where ¢ > s7 + p;. Rearranging terms, this is equivalent to
0 < (2R —3)py + (R — 3)t + 2s;.

This inequality holds when Rt > (R + 1)p;, by the interruption rule and the
value of R, so the base case is verified. Assuming that the inequality holds for

k = n, we have
n((1 —R)pg+t—s;) < (R—2)(pg +1t) + si,

where s} > %pi. We must show that the inequality holds for £k =n + 1,

which means proving that
(n+1)((1 = R)pg +t — i) < (R—2)(pg + 1) + si.

After expanding and simplifying the right side in the induction step, we need
to check that (1 — R)p, +t — s; < 0 and that is true because based on our rule
of restarting and s} > %pi we have (1 — R)p; +t —s; < 2(1 — R)pg —
(R—1)t+p; <1— RFt1 — RF+2 < 0. This confirms that the inequality holds

for k = n + 1. Moreover, if ¢t < s} + p;, we need to verify that
(1=R)pg +t—si) < (R—2)pg— 2t + R(s; + pi) + s,
in the base case k = 1. Rearranging terms, this is equivalent to

0 < (2R —3)pg — 3t + R(s; + pi) + 2s;.
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This inequality holds under the provided constraints and the value of R as above

because
(2R — 3)p, — 3t + R(sf + pi) + 2s; > (2R — 3)py + (R — 3)t + 2s;,

so the base case is verified. Assuming that the inequality holds for k = n, we
have

n((1 — R)pg +t —si) < (R—2)pg — 2t + R(s; + p;) + si,
where s7 > ﬁﬁpi. We must show that the inequality holds for k =n + 1,
which means proving that

(n+1)((1 = R)pg +t — i) < (R = 2)pg — 2t + R(s; + pi) + si,

where s} > %pi. After expanding and simplifying the right side in

the induction step, we need to check that (1 — R)p, +t —s; < &= and that

is true because based on our rule of restarting and s > (}f_n:)%pi
(1=R)pg+t—5; <2(1 = R)pg + (1 = R)t + p; < zhir. Therefore, the credit of

every job in D; is always nonnegative.

we have

Now, consider the case that the number of jobs in D;\{J;} that delayed processing
of at least one other job (before time s;) is 0. Then, it is straightforward to
verify that the credit of every large job does not decrease after the interruption

when s; > %pi ~ 1.18914p;, as we only need to check
t+pg—si < (R—1)(pg+1t).

Rearranging terms, this is equivalent to (R —1)(py +t) < p; when s; > %pi.
Based on our rule of restarting this holds because s; < t. This ensures that the
job causing the interruption always has enough credit to compensate for the lost

work.

In the case that s; < %pi, if J; delays processing of at least one other job
(before time s;), either J; is started in the optimum schedule no earlier than
pi/ R, ensuring that the job causing the interruption always has sufficient credit
to compensate for the lost work, or no job requires .J;’s initial credit, which is at
least (R—1)p;. If J; does not delay the processing of other jobs or no job requires
J;’s initial credit, then all jobs smaller than J; that arrive when OPT is running
J; have positive relative completion times. This is because OPT completes these
smaller jobs after J;. Therefore, an additional credit gained by having OPT

completes a job from D; before J; (denoted as K;) remains. We consider the
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interruptions of J; before it starts at time s;, since s; < %pi, the smallest
amount of K; occurs when J; is interrupted twice by two jobs of size 0 with the
maximum possible lost work. The total credit of these two jobs of size 0 exceeds
2(R — 1)pi, that implies K; is always more than (3(R —1) — ZR;j)pi ~ 0.18p;.
Hence, to show that the credit of the large jobs is always nonnegative, we only

have the following two cases. If ¢ < p; we have that

t+pg — s; — min(R(pi + py + p5) — (t+pg +pi +p5'),0)

< (R—1)p, —t+ Rp; + K;.
Otherwise, when ¢ > p; we have

t+pg— Si— min(R(t + Dq +p§i) - (t+pq + pi —I—pé)i),())

< (R=1)(pg +1) + Ki.

If t < p;, assuming R(p; + pq —}—pZD") — (t+pg+pi +p§i) > 0, by the interruption

rule and the value of R, we have
2-R)t<(2-R)pi <(3R—3.82)p; < (2R —3)py + (R —1)p; + 0.18p;,
and if R(p; + pq —i—pzDi) —(t+pg+pi —I—pzDi) < 0 we have
B-—R)t<(3—-R)p;i < (3R—2.82)p; < (3R —4)py+ (3R — 3)p; + 0.18p;.

Otherwise, if t > p; and R(t + p, +p5i) — (t + pq + pi +p§i) > 0, by the

interruption rule and the value of R, we have
(1-R)t+(2—R)pg+pi <(2-2R)t+ (3—2R)p,+pi < (6 —4R)p; < 0.18p;,

and if R(t+pg +p3) — (t+pg+pi +pY?) < 0, we have (2 —2R)t + (3 — 2R)p, +
(3—R)pi < (5—3R)p; < (R —0.82)p;. As a result, there exists an assignment

of credits such that all jobs have nonnegative credit. O

Lemma 3.5. If OPT completes at least two jobs from D; before J,, then

immediately after an interruption of J; at time t, the total credit is nonnegative.

Proof. Let T denote the set containing two jobs that OPT completes from D;
before J,. Without loss of generality we can assume that two jobs in 7" are
J; and another job J2D ¢ that is completed immediately after it. Again, if OPT



Chapter 3. Minimizing the Total Completion Time 65

completes a job at least as large as J; first, then all the bounds below increase
or stay the same. The jobs in S; delay the jobs in D; \ T' by the same amount
in the schedule of ALG and OPT. Therefore, these additional delays decrease
the relative completion times of these jobs. No matter what order OPT uses
for S; and the larger jobs, under the condition that it completed at least two
jobs from D; before J,;, OPT completes the ¢th job in S; no earlier than at time
2p; + Eﬁzlp}gi, whereas ALG completes the £th job in S; at time ¢ + Z;zl pr
This means that its credit is at least 2Rp; —t+ (R — 1) Z§:1 pjsl Therefore, the
credit of the ¢th job job in S; is enough for the additional delay caused by the
£th job which is at most pf “. As a result, we ignore the sizes of the jobs in 5;
which only improve the relative completion times of jobs in D; \ T'. Hence, every
job in D; \ T is only additionally delayed by ¢t — s; (relative to the difference
between OPT and the schedule of ALG for the instance without interruption).

Suppose that OPT starts J, at time ¢*. Given that t* > 2p;, ¢ < 2p; and

p;.j ¢ > p; for every j, we have

ALG(IPY 435, p) ) i+ 5P 245

— = , - < < R.
OPT(J3") ¢+ Z?::&pjpl 2p; + Z?::s pJD' 2+3

Therefore, after the second job (Jij ") in D; \ T, subsequent jobs in D; \ T will
have a relative completion time smaller than R. This is because ALG and OPT

will process these jobs sequentially from smallest to largest, starting after Jf ‘

Consequently, we define the worst-case instance as follows: S; contains only the
job J; that caused the interruption. D; consists of the current interrupted job
Ji and other jobs (at least as large as J;) that are completed by ALG after J;,
under the condition that these jobs have relative completion times greater than

R, delayed the processing of other jobs before time s;, or satisfy both properties.

Now, consider the case that the number of jobs in D;\{T'} that delayed processing
of at least one other job (before time s;) is 0. We show that enough credits for
JP JQDi,in and JP' are available. OPT competes Jq at the earliest at time
2p; + pg. ALG completes this job at the latest at time t + p,, meaning that
(R — 1)py — t + 2Rp; credit remains, which can be allocated to J{, J2# J
and J4D ¢ then we have the following inequality which is true because of our
interruption rule, (R — 1)pg; —t + 2Rp; > 2(t + pg — s;) + (t — ;) + min(t + (1 —
R)(pg+ Y51 0", 0).

In the case that the number of jobs in D; \ {T'} that delayed processing of
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at least one other job (before time s;) is k # 0, the condition s} > U%}icil)}zkpi
holds because the algorithm interrupts with every incoming job before time
(2 — R)(sti + ij") that can potentially be completed before the currently
running job JJD". Therefore, given t > sf + p;, we have k((1 — R)py +t — s;) <
(2R —4)py — 4t + R(s} + 2p;) + 3si, as in the proof of Lemma 3.4. Consequently,
an appropriate credit assignment exists where all jobs maintain nonnegative
credit. O

Theorem 3.2. The IRSPT algorithm is R-competitive for the scheduling prob-

lem 1|r;j, online, restart| . C;.

Proof. Suppose there is no restart in the schedule. By Property 3.5, this im-
plies that all jobs arrive at a time when the machine is idle in the smallest
counterexample (all at the same time). However, in this case the competitive
ratio of our algorithm is actually 1, as it processes the jobs in their optimal
sequence. It follows that an instance which is a smallest counterexample con-
tains at least one restart. However, as shown in lemmas 3.3, 3.4 and 3.5, all
jobs maintain nonnegative credit after the last interruption. This contradicts
the assumption that the given instance is a counterexample and implies the
competitive ratio of at most R. Hence, the ITRSPT algorithm is R-competitive
for 1|r;, online, restart| ) Cj. O



CHAPTER

Minimizing the Total Weighted Completion

Time

4.1 Introduction

In this chapter, we study the problem of minimizing the total weighted completion
time on a single machine with job restarts, which generalizes the classical total
completion time minimization problem. In [129], Jiping Tao et al. presented the
first semi-online algorithm for the problem 1|p; = p,r;| > w;C}, achieving the
best known competitive ratio of (14 v/5)/2 ~ 1.618. We consider the power of
limited restarts in minimizing the total weighted completion time. In particular,
we present a deterministic online algorithm with job restarts that achieves a
competitive ratio better than 1.325 with only at most three restarts for the entire
schedule, in the case where all jobs have equal processing times. Additionally,
we establish a new lower bound on the competitive ratio for deterministic online

algorithms with restarts.

A natural generalization of total completion time is the total weighted completion
time, where weights model priorities among jobs. This objective is more challeng-
ing because jobs with small processing times and large weights can dominate the
objective, requiring careful scheduling decisions. The problem with release dates
is strongly NP-hard [116] and there is a PTAS for the problem [3]. In the offline
single-machine setting without release dates, the Weighted Shortest Processing
Time (WSPT) rule, which schedules jobs in non-increasing order of the Smith
ratio w;/p;, is known to be optimal [146] and achieves the approximation factor
(1++/2)/2 in a parallel identical machine environment [109].

In this chapter, we assume that jobs arrive over time, i.e., each job becomes
available for processing only at its release time. A sequence of jobs must be

scheduled on a single machine. Each job j is characterized by a processing time
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pj and a non-negative arrival time r;, where 0 < j < n. Each job j is assigned a
positive weight w;, reflecting its relative importance. The goal is to minimize the
total weighted completion time, defined as the sum of the weighted completion
times of all jobs in the schedule. The classical total completion time problem is
a special case in which all weights are equal. In the standard three-field notation,

this problem is denoted as 1 | r;, online | Y w;Cj.

The limited restarts setting, where each job may be restarted at most once,
and the more general k-limited restart where each job can be restarted at
most k times and k can be a positive integer, allows the analysis of certain
scheduling objectives to become tractable. This approach has been studied
particularly for the weighted makespan problem in the context of parallel batch
machines [122, 74, 151]. However, when jobs have arbitrary processing times, the
analysis becomes significantly more challenging, even when limited or k-limited

restarts are allowed.

4.1.1 Owur Results

We present the first positive results that show how to use restarts effectively
for this objective function by focusing on the case where all jobs have identical
processing times. To the best of our knowledge, the only known result is the
algorithm [-delayed WSPT (SD-WSPT), which achieves a competitive ratio
of (14 +/5)/2 ~ 1.618 [149] and does not use restarts. We establish a lower
bound of 1.09725 on the competitive ratio achievable by any deterministic online
algorithm. The bound was obtained by using a computer to identify difficult
inputs. After approximating a worst-case input, we identified the critical cases.
This resulted in a system of equalities that we solved to get an exact lower

bound.

Our main result in this chapter is a deterministic online algorithm that achieves
a competitive ratio better than 1.325 based on carefully structured decision
intervals. The algorithm uses at most three restarts for the entire schedule and
carefully redefines these decision intervals in certain situations to avoid further
interruptions. The approach significantly simplifies the analysis by reducing the

number of possible scheduling cases.

At the beginning of the input and whenever feasible, the algorithm will idle
the machine as long as possible without violating the competitive ratio. This
simplifies the analysis by having less and later intervals in which decisions on

interruptions need to be made. Each job is only possibly interrupted only during
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the initial portion of its processing. Since we focus on the total completion time,
the decisions on whether to interrupt a running job tend to become easier as
the input progresses, and after some time no further interruptions are required
at all. However, at the start we need to be very careful. We will only interrupt
a running job for another job that is significantly heavier; the weight threshold

will depend on the current interval.

The competitive ratio of our algorithm is optimal for this number of interruptions,

as we also establish a corresponding lower bound in the k-limited restart setting.

Notation We introduce the notation j’ = j to mean that job j’ interrupts job
J, meaning that j is running and then j" arrives and is started instead (possibly
not immediately, but j is definitely interrupted when j’ arrives). This notation
is of course only used in relation to online algorithms, as an offline algorithm
does not use restarts (it would simply not start a job instead of interrupting it
later).

4.2 Lower Bound

We now consider the problem 1|r;, online, p; = 1,restart| ) w;C;. The lower
bound presented here shows that the problem maintains its difficulty, even when

unlimited restarts are allowed.

Theorem 4.1. Any algorithm for the problem 1|r;, online, p; = 1, restart| > w;C}
18 at least Ry =~ 1.09725-competitive.

Proof. We consider the following job instance I. At time ro = 0, job 0 with
wo = 1 arrives. Suppose that algorithm A starts to process it at time 0 as
waiting would not improve the result. A second job arrives at time r; = 0.42

with wy = 2 =rt & 3 74508,

Case 1. If 1 0, no more jobs arrive and we have

All) 1+ 2w

opr(I)  (ri+Dwi+ (ri+2) B

Case 2. If 1 > 0, then job 1 is started. Now, one more job arrives at time 1:

. . 5.84R2 +Roor1—5.42
job 2 with we = 2'84Rgo_7_4364réw+4'84 ~ 20.7935. If 2 # 1, then we have

A) _ (m+Dwi+ (i +2we+r2+3

opT(I) 1+ 2wq + 3wy

R.



70 Chapter 4. Minimizing the Total Weighted Completion Time

However, if 2 > 1, then 7 more jobs arrive at time 2 with weight 1. The final
ratio becomes

A(I) _ 2wy + 3wy +4 + Z?:?,(] + 1)
oPT(I) ~ 14 2wy + 3wy + X0 4)

- (e.oh)

thus 347900R3, — 1287427R%. + 1614187R., — 680750 = 0, and we have Ro, ~
1.09725. O

4.3 Algorithm Iw-3R

We consider the problem 1 | r;,online, p; = 1, restart | > w;C}, where each job
J has release time r;, weight w; > 0, and unit processing time. The objective is
to minimize the total weighted completion time. Jobs may be interrupted but

in that case they must restart from scratch.

The algorithm divides time into geometrically increasing intervals based on the
arrival of the first job. These intervals are used to give structure to the online
schedule and to limit the possible number of interruptions, which significantly
helps in the analysis due to the reduced number of possible scheduling cases. In
addition, we redefine these thresholds in certain situations, which avoids further
interruptions. Let R =~ 1.32472 be the plastic ratio, which is the real root of the
equation R = R + 1. We have R®> = R* + 1. At time rg, initial thresholds are
defined as:
ti=ro+ R —1 for i =0,...,4 and t5 = co.

The corresponding thresholds define the initial intervals I; = [t;,t;11) for ¢ =
0,...,4 and have approximate values t; ~ ro+0.325,t9 = rg+0.755,t3 = rg+ R
and t4 =~ rg + 2.080. The machine is idle during interval Iy. The algorithm starts
its schedule with the heaviest available job at time ¢; and before t4, always
starts the heaviest available job at the beginning of a new interval whenever it
interrupted a job. If there is a choice, it takes the job with the smallest release
date.

Interruptions: A job started at time ¢; is interrupted only during interval I;.
This happens if during interval I; with 0 < i < 4, a new job arrives with weight
strictly greater than a factor F; times the weight of the currently running job,

where F; is defined as follows.
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1 1 2 3

Fi | R* ~1.755 | R> + 2R ~ 4.404 | (R? +4R)(R' —t;)°3 ~ 7.054(R> — t3)°/3

If the running job is interrupted, the machine remains idle for the rest of the
interval and starts the heaviest available job at the beginning of next interval.
After an interruption in interval I5, the beginning of the next interval is shifted
as follows. Let m be the interrupted job and let g be the heaviest job that
satisfies the interruption rule. We set

Wm

t3 <
57 2R3,

+ R+ Q.
After time ¢4, no jobs are interrupted. A job started at time ¢4 or later continues

until it completes, even if heavier jobs arrive.

Completions: When a job that starts anytime after time t5 is completed,
then the next job starts immediately. Consider the case where a job m that
started at time 1 or 9 is not interrupted, but completes successfully. If during
processing of job m, a job with weight greater than R? 4+ 2R ~ 4.404 times the
weight of job m arrives, we denote the heaviest such a job by ¢. If m started at
time to, then if no such job ¢ arrives, the next job starts immediately (in this

case the value of t3 is changed to rg + Rz), else it starts at time t4.

Suppose m started at time ¢; and is not interrupted. Then it completes at time
ro + R. Note that ¢ does not arrive in I;, because then m would have been

interrupted. We increase t3 as follows.

no job q arrives in I rq € Io

Wm

Wm,
R ~ 0.215—" +1.325
2R, TR +

Wy

ro+ 2R —1 ~ 7o+ 1.649

That is, if the job started at time ¢; is not interrupted, we will always idle the

machine until the new value of t3 is reached.

Observation 4.1. Lw-3R does not start any job at time ro + R (the original
value of t3). Until after time t4, each new job is started at some time t; (but the

value of ts may be changed once).

In Fig. 4.1, we illustrate an example of the algorithm’s behavior. The figure

contains several schedules, depicting the algorithm’s complete schedule for the
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jobs available at the time t. Suppose job 0 with weight 1 arrives at time 0 and
job 1 with weight 0.5 arrives at time 0.2. In the schedule shown in (1) at time
t1, the algorithm starts the heaviest available job. The starting time of job 1 is
shown as a dashed rectangle to indicate it may change. In (2) at time ¢ = R,
no other job has arrived during the processing of job 0, t3 is updated and job 1
starts at time 2R — 1.

In an alternative scenario, if job 2 with weight 2 arrives in I3, it interrupts job
0 and starts at the beginning of the next interval. In the schedule shown in
(3) at time ¢t = to, the algorithm starts job 2 while the starting time of job 0 is
again shown as a dashed rectangle, since it may change. Finally, in (4) at the
completion time of job 2, since no job of weight greater than 2(R? + 2R) arrives

during this job, the algorithm updates ¢3 and starts job 0.

Job 0 Job 1
ro=0 t=1 ty ts3=R ty
) s
/////// Job 0 Job 1
0 "ot t t=Rty=2R—1 t
2 42222 I I e
Job oy Job 2 Jobs 0, 1
0 m re t=t, ts=R t
1) 7 T R I B
Job ¥ 0050500020200000)6b22 Job 0 Job 1
0 " 4 T2 t R t—ts— R? t

Figure 4.1: An example of an input for the Lw-3R algorithm.

4.4 Competitive analysis of Lw-3R

We now analyze the performance of tw-3R. In order to prove that Lw-3R has a
competitive ratio R (that is, the positive real solution to the equation R = R+1),
we assume there exists a minimal counterexample consisting of a minimum
number of jobs and we show by contradiction that such a counterexample does
not exist. The method aims to identify a minimal counterexample with a specific
structure within the space of all hypothetical minimal counterexamples. It
begins with an arbitrary minimal counterexample and iteratively modifies it
toward a structure that is likely to be the simplest for our algorithm. Each
modification ensures that the performance ratio does not decrease. Finally, this
process produces a relatively simple instance with a well-defined structure, whose

performance ratio can be analyzed by checking a finite number of cases. This
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allows us to show that no such minimal counterexample exists, implying that

there is no counterexample to the proposed competitive ratio of our algorithm.

Consider a hypothetical minimal counterexample I'. A block is defined as a
period of job processing during which the machine is never idle due to the
absence of available jobs. Any idle time in the block occurs only when at least

one job is already available but intentionally delayed.

Lemma 4.1. The schedule o generated by tW-3R for the minimal counterexample
I' consists of a single block that starts with a non-negative period of idle time

due to the absence of available jobs.

Proof. Let B be a block that implies a competitive ratio no less than that of
I', since I' is a minimal counterexample. Idle time after a block means no jobs
are waiting. The existence of the jobs that are completed before or after the
period of idle time does not influence the starting time of jobs in the block B
or the order that the jobs are processed. Therefore block B by itself forms a

counterexample. O

Lemma 4.2. Let I(w) be a family of problem instances in which one or more
jobs have weight w > 0 and all other jobs have fized weights. The release times
of all jobs are fized. Let OPT(w) be the optimal total completion time of I(w).

Then OPT(w) is a concave function of w.

Proof. The optimal schedule for any given input is completely determined by a
permutation of the jobs. Given the permutation, the schedule can be determined
by scheduling each job as early as possible, but after the previous job in the
permutation completes and not earlier than its release date. The cost of the
schedule corresponding to any fixed permutation is an affine function of w: the
cost of all jobs with fixed weight is a constant, and the cost of the jobs with
weight w is linear in w. Therefore, OPT(w) is the minimum of a (finite) set of

affine functions, and therefore concave. O

We consider a job j that starts at time s to be running in the half-open interval
(s,s+ 1] (or until it gets interrupted). If j is not interrupted, a job that arrives
at time s + 1 is considered to arrive during j. The relative completion time of a
job j in the schedule o generated by the algorithm, relative to a feasible schedule

1, is defined as the completion time of job j in ¢ divided by its completion time

in .
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For simplicity of presentation, we introduce the notation ¢ for the moment just
after the algorithm made its decision about what to schedule at time ¢. A job
that arrives at time ¢* thus has no effect on scheduling decisions at time ¢, and

it arrives in an open interval starting at time t¢.

Observation 4.2. The algorithm does not take the precise arrival time of any

job into account, only the interval in which it arrives.

Definition 4.1. Let { denote the index of the last interval during which at
least one job arrives, and let f be the last arriving job, while p is the job that is

running when f arrives (if it exists).

Observation 4.3. For any input, if the release date of some job can be decreased
without changing the online schedule, the competitive ratio for this input does

not decrease as this release date is decreased.

Proof. The optimal cost of the input does not increase as a result of this change,

whereas the online cost remains the same. O

Observation 4.4. Starting at the latest from time ty+1, both OPT and LwW-3R
complete all their remaining jobs (which are not necessarily the same ones) in
order of decreasing weight (without interruptions). If the algorithm completes no

job by time tp1q it completes all jobs in this order.

Lemma 4.3. In a minimal counterexample I', we may assume that job p exists,

and that job f is heavier than job p.

Proof. Suppose p does not exist. Then f arrives while the machine is idle. If
the machine is idle because another job was previously interrupted and the
algorithm is waiting for time t,y1, then we can decrease the arrival time of f
to the time of the last interruption without changing the completion time of
any job in the online schedule. Otherwise, starting from time ¢4 (or from time
ry if r¢ > t4), the remaining jobs are run in the optimal order by Observation
4.4, and none of these jobs arrived before time ry > t;, so I' is not a minimal
counterexample as (tg41 +1)/(t¢ + 1) = R for £ < 3.

Finally, if f is not heavier than p, then r; can be decreased to 7, without

changing the online schedule, and we apply Observation 4.3. O

We next demonstrate how the instance I' can be modified to achieve a simpler

and more specific structure. We use a sequence of steps; each time the current
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minimal counterexample will be denoted by I' and the modified one will be
denoted by I".

Lemma 4.4. If a counterexample I' exists, another minimal counterexample T

can be constructed such that first job arrives at time 0.

Proof. If the arrival time of the first job is ro # 0, we construct another instance
I'" in which all arrival times are reduced by ro. As the intervals are defined based
on 7o, this does not change the behavior of the algorithm. The cost of both the
algorithm and the optimal cost both decrease by exactly n - rg, where n is the
number of jobs. Since both values are reduced by the same additive term, the

competitive ratio increases. O

Lemma 4.5. If a counterexample T' exists, another minimal counterexample T’
can be constructed such that no job arrives during any job that starts at time ty4

or later.

Proof. If no job is executing during the interval I, we are done. Let j be the
last job during which other jobs arrive and s > t4 be the time at which j started
(for the last time). Let S be the set of jobs that arrive while j is processing. We
will use Observation 4.3 extensively. For each job in S we reduce the release
time to s*. Furthermore, for each job in S that is not heavier than j, we reduce
the release time to s and remove the job from S. Both changes do not affect the
behavior of algorithm. Therefore, we are left with the situation that all jobs in

S are heavier than j and all arrive at the same time, which is s*.

Consider the weight w of the heaviest job h in S, and the cost of algorithm
and the optimal cost as functions of the parameter w. The cost of algorithm is
linearly increasing in w (as long as h remains the heaviest job), because after ¢4
there are no gaps in its schedule. By Lemma 4.2, the optimal cost is a concave
function of w. Therefore, the competitive ratio is maximized either for w — oo

or for w minimal, that is, equal to the second highest weight in S.

For w — o0, the competitive ratio tends to the relative completion time of h, as
the contribution of all other jobs to the total optimal and online cost is constant
once w is sufficiently large (where the permutation that determines the schedule
does not change anymore). Since h is the heaviest waiting job, the algorithm
starts it immediately after j completes. The relative completion time of A is less

than
t4+2 R'+1 RS

— _ 2 _p
tg+1 R4 R4
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(since rg = 0 by Lemma 4.4), so this does not give a counterexample. Conse-
quently, the competitive ratio is maximized by setting w equal to the second

highest weight in S.

We can now consider instances in which the two heaviest jobs in S have weight w,
leading to the same conclusion as above as all jobs in .S have relative completion
time less than R, and continue in this manner. We reach the conclusion that all
jobs in .S have the same weight. Moreover, the competitive ratio is maximized if
this weight is minimal, that is, equal to the weight of j. We already discussed
above that the release time of such jobs can be reduced to s. Hence, no jobs

arrive during any job that starts at or after time ¢4. O

Lemma 4.6. If a counterexample T' exists, another minimal counterexample T’

can be constructed such that at most one job arrives at each time tg, tf,t;.

Proof. By Observation 4.2, we only need to consider the intervals. We will
decrease release dates using Observation 4.3. During the interval Iy, the machine
idles no matter when the jobs arrive, thus without loss of generality the arrival
time of any job that arrives in [0, ¢1] is equal to 0. Moreover, since all these jobs
now arrive at the same time 0, if OPT chooses to run any of them before 1, it
may do so for the heaviest one without loss of generality. Now, we shift all jobs
arriving at time in [0, ¢1] except for the heaviest one to arrive at tf. After this

step, only one job arrives at time 0.

In the interval I3, a job is always running (initially). Decreasing the arrival time
of jobs within interval (¢1, t2] that do not affect the earlier scheduling decision of
algorithm may only cause the algorithm to interrupt the running job earlier (if
the algorithm interrupts any running job), but it does not change the completion
time of any job in the algorithm’s schedule. Therefore, we shift the arrival times

of all jobs in this interval to tf. We also do this if there is no interruption.

Finally, OPT starts at most one job during the interval (¢1,¢; + 1). Exactly as
above, we shift all jobs arriving in (1, ta] except for the heaviest one to arrive at
t;r. This modification does not affect the optimal cost or the completion time of
any job in the algorithm’s schedule. The same reasoning applies to the interval

15, because t3 — t3 < 1 in all cases. O

Lemma 4.7. Let I' be a counterexample in which some set of jobs S arrives at
time t;. Among the jobs in S, let h be the heaviest one that is completed first
by the algorithm. Let j be a different job in S. Suppose the relative completion
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time of j is at most R, then if the weight of j can be decreased without changing
the schedule of algorithm, the implied competitive ratio increases. Therefore, if
j is the last job in the schedule of algorithm, then I is not minimal (because j
can be removed). Moreover, if the algorithm does not interrupt a job at time tzr,

these statements also hold for h.

Proof. Job j has no effect on the decisions of algorithm at time tZ, since the
algorithm ignores j at least until h completes. A decrease in the weight of a
job does not increase the optimal cost. Therefore, if the relative completion
time of j is at most R and I' is a counterexample, decreasing the weight of j
without changing the schedule of algorithm increases ALG(T")/opT(I"). Moreover,
if 7 is the last job in the schedule of algorithm, then removing j from the input
entirely increases ALG(I")/OPT(I") using Observation 4.4: the only change in the

schedule of algorithm is that it ends one job earlier. O

Corollary 4.1. In the situation described in Lemma 4.7, the weight of j can
be decreased as long as the relative completion time of j remains at most R in
at least one schedule with the optimal cost. If in this process we reach a state
in which j is the last job in the schedule of algorithm, then I' is not minimal

(because j can be removed).

Proof. By Lemma 4.7 and Observation 4.4, we can decrease the weight of j
until it has the same weight as the job following it in the schedule of algorithm,
because this does not change the schedule of algorithm. At this point, we can
exchange these two jobs in the schedule of algorithm without changing tw-3r(T").
We can then repeat this process until we reach a schedule in which the relative
completion time of j is more than R in every permutation of the optimal schedule
or job j can be removed from the input because the algorithm completes it
last. O

Lemma 4.8. If a counterexample T' exists, another minimal counterexample T’

can be constructed such that no job arrives after time t;.

Proof. If the algorithm does not start a job at time t3, then if a job arrives at
time t4, its arrival time can be shifted to t;)r without changing the completion
time of any job in algorithm’s schedule or increasing the optimal cost. This
holds because after Lw-3R completes a job that it starts at time ¢9, it waits until

time ¢4 before starting the next job.
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Otherwise, the algorithm starts running a job at time t3. Given Lemma 4.5 and
because t4 —to > 1, the only case left is that a job j that starts at time t3 is still
running at time ¢4. The schedule of the algorithm consists of a single block and
all jobs are processed contiguously. This follows from Lemma 4.1. Therefore,
similar to the proof of Lemma 4.5, we can consider the set S of jobs that arrive
in interval [tq,t3 + 1]. We assume that all jobs in S are heavier than the job that
arrives at time t; (if such a job exists), since any job lighter than this can be
shifted to time t}f, without loss of generality. The relative completion time of
the heaviest job in S is less than R. We again get that all of these jobs have
the same weight and arrive at time t4. Consequently, the weight of these jobs is
minimal in a counterexample (equal to the job that arrives at time t;, if such a
job exists and is heavier than j), thus their release time can be further shifted

to t}f and no job arrives afterwards. O

Consider a minimal counterexample I" for the algorithm described in Lemma
4.8. The next Lemma in particular covers the case where the input contains of
only one job, and shows that we only need to consider cases where OPT differs
from the algorithm on at most the first two jobs. In the following, we index the

jobs according to their arriving time and starting from 0.

Lemma 4.9. In any minimal counterexample, IW-3R and OPT do not complete

the first £ — 1 jobs in the same order.

Proof. Suppose they do. By the structure of the algorithm, these jobs have
relative completion time less than R and since no job arrives after the completion
time of the (¢ — 1)-st job, both OPT and the algorithm schedule the remaining
jobs in the same order by decreasing weight (Observation 4.4) and the arrival
times do not affect this ordering. Therefore, every job has relative completion

time of at most R, and we have ALG/OPT < R. O

Corollary 4.2. For the minimal counterexample I', Lw-3R schedules a job to

start at time ts.

Theorem 4.2. For the scheduling problem 1|r;, online, p; = 1, 3-restart| > w;C},
LW-3R is the best possible online algorithm with the competitive ratio of R =
1.3247, that is, the real solution to the equation R3 = R+ 1.

Proof. Suppose, for contradiction, that tw-3R is not R-competitive. Then there
exists a minimal counterexample IV from lemma 4.8 in which the ratio between

Lw-3R(I") and the cost of the optimal schedule exceeds R.
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By Lemma 4.9, we already covered the case where the input consists of a single
job, thus we assume there are at least two jobs. If Lw-3R does not start a job
at time t3, then there are at least three jobs. In this situation, job J has an
arriving time strictly greater than R and wo > (R? 4 2R)w;. Consequently, OPT
will always start the same two jobs as the algorithm and by Lemma 4.9 we obtain
Corollary 4.2. Therefore, for such minimal counterexample, algorithm schedules
a job to start at time t3, where the value of t3 depends on what happens until

time r1 + R.

We denote our hypothetical counterexample after all the modifications above
simply by I' again. We use the notation introduced in Definition 4.1; note that
the value of ¢ may have been changed in the modifications (see the proof of
Lemma 4.6). By Lemma 4.6, if £ < 3, then |I'| < 3. We scale the weights so that
the weight of the job that tw-3R completes first is 1.

Case 1: The final value of t3 is R? ~ 1.755. The job completed at time
R? started at time R? — 1 = t5 ~ 0.755 although the first job arrived at time 0
and Lw-3R starts a job at time R — 1. Therefore, Lw-3R interrupts job 0 and
does not interrupt job 1 but completes it at time R2. Moreover, no job of weight
strictly greater than R? + 2R arrives during its processing. Since the online
schedule consists of a single block, either at least one job arrives while job 1 is

running or the input ends.

Case 1.1: (|I'| =2) We have w; = 1 and 1 = 0 in Iy, thus 1/R? > wg. We have

LW-3R(I") < to + 14 (t2 + 2)wp

opT(I") > wp + 2.

Since R? 4+ 1 > R, we obtain the following bound:

_ T 2 2 1 2 2 1 2
Lw-3R(I") < R* + (R* + L)wo - R+ (R°+1)/R ~ 199374 < R,
opT(I") wo + 2 1/R?>+2
Case 1.2: (¢ =2,|T'| > 3) We have |I'| < 3 by Lemma 4.6, so in this case |I'| = 3
and ry = t; By Lemma 4.3, job 2 is heavier than job 1, so Lw-3R uses the order
1,2,0 (since 1 > 0). Then tw-3R(I") = (t2 + 1)w1 + (t3 + 1)wa + (3 + 2)wp.

We have that 2 # 1 in I3, thus we < R® — 1 and 1 = 0, thus 1/R? > wy. Both
job 1 and job 2 are available at time 1. Hence if OPT schedules job 1 first, it
uses the order 1,2,0 which is the same as tw-3R. If OPT schedules job 0 first,
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it uses the order 0,2,1. Since R? +2 > R and (R? + 1)/2 > R, we obtain the

following bounds:

w-3R(I) _ R% 4+ (R? + 1)ws + (R? + 2)wo
OPT(F) o wo + 2wo + 3
R*+ (RS —1)(R*+ 1)+ (R*+2)/R?

~ 1.29482 < R.
1/(R5) +2(R—1)+3 <

Otherwise, oPT(I') > R?wq + R? + 1 + (R? + 2)w (using the order 2,1,0), and

we obtain the following bounds:

w-3R(I) _ R% 4 (R? + Dwa + (R? + 2)w _ R?4+ (RS —1)(R* +1)
opT(I') — R?*ws+ R?+ 1+ (R?+ 2)wy R2(RS—1)+ R2+1

Case 1.3: (¢ =3, |I'| = 3) We consider two possible scenarios with respect to
job f.

Case 1.3.1: (f > p) We have, tw-3R(I") = (t2 + 1)wy + (t4 + 1)wa + (t4 + 2)wp.
The worst case to consider is that OPT(I") > wy + 2w; + 3wy (using the order
0,1,2), because job 2 is available at time R? and any other ordering results in a
higher cost. We have that 2 = 0 in I3, thus we > (R? + 4R)(R? — R?)%/3wq >
2.76wg and 1 = 0, thus 1/R? > wg. We obtain the following bounds, using
RY/3<Rand R* +1 > R:

w-3R(I) _ R? + (RYws + (R* + 1wy
orr(I) — wo + 2 + 3we
R% + (2.76275R* + R* + 1)/ R?

~1.2242 < R.
(1 + 3(2.76275)) /R2 + 2 <

Case 1.3.2: (f # p) We have

LwW-3R(I") < (ta + 1wy + (t2 4+ 2)wo + (t2 + 3)wo

opT(T) > Rwy + (R% 4+ 1)ws + (R + 2)wy

(using the order 1,2, 0). We have that 2 £ 0, thus we < (R? + 4R)(R* — R?)%/3wyq
and 1 = 0, thus 1/R? > wy. We obtain the following bounds, using (R?+2)/(R?+
1) > R:
w-3R(I) _ R% 4+ (R? + Dwo + (R? + 2)wy
opT(I)) = R+ (R?>+ 1)wa + (R? + 2)wy

R? 4+ (2.76275(R? + 2) + (R? + 1))wy
(R2 +2+2.76275(R% + 1))wo + R

<R,
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where, (R? +1)/(R%?+2) < R and wg > 0.

Case 1.4: (¢ =3,|I'| > 4) Suppose first that |I'| = 4. We consider two possible

scenarios with respect to job f.

Case 1.4.1: (f > p) Then
LW-3R(F) = (tz + 1)w1 + (t4 + 1)w3 + (t4 + 2)102 + (t4 + 3)U}0

The worst case to consider is that job 2 arrives at time t; ,and 2 o 1 in Io,
thus wy < R? + 2R. The optimal cost is at least R*wq + (R? + 1)ws + (R? +
2)w; + (R? + 3)wp (using the order 2,3,1,0). We have that 3 = 2 in I3, thus
w3 > (R? +4R)(R® — R?)%/3wy > 2.76wy and 1 > 0, thus 1/R? > wp. Since
(R*+2)/(R*+3) < Rand R*/(R? + 1) < R, we obtain the following bounds:

Lw-3Rr(T) < R? + (RY)ws + (R* 4+ Dwsy + (R* + 2)wg
opT(I') — R?we+ (R2+ Nws+ R?>+ 2+ (R?>+ 3)wp
_ R? 4+ (2.76275R* + (R* 4+ 1))(R? + 2R)
(R2 +2.76275(R%? +1))(R% + 2R) + R2 + 2

~ 1.27086 < R.

Case 1.4.2: (f % p) Then

LW—3R(P) < (tQ + 1)w1 + (tg + 1)w2 + (tg + 2)11}3 + (tg + 3)11)0

opT(T) > R%*wy + (R%* + 1)ws + (R* + 2)w; + (R? + 3)wy

(using the order 2,3,1,0), because job 3 is available at time R?. We have
that 2 % 1 in Iy, thus wo < R?> + 2R. We have 3 % 2 and 1 > 0, thus
w3 < 2.76275wo and 1/R? > wy, respectively. We obtain the following bound,
using (R?+2)/(R?>+1) > Rand (R?> +1)/R?> > R:

Lw-3R(T) <R2 + (R? 4 Dws + (R? 4+ 2)ws + (R? + 3)wo
opT(I') — R?ws+ (R?+ 1)ws + R? 4+ 2+ (R? + 3)wy
R% + ((R? 4 1) + 2.76275(R? + 2))(R? + 2R)
(R2 +2.76275(R%? +1))(R%2 + 2R) + R2 + 2

~ 1.32379 < R.

Finally, by Corollary 4.1 and Observation 4.4, any additional jobs that arrive at
time t}f can only improve the bounds in Case 1.4. Therefore, the competitive

ratio is at most R.

Case 2: The final value of ¢35 is 2R — 1 ~ 1.649. In this case, LWw-3R
does not interrupt job 0 and no job arrives that is a factor of R? + 2R heavier
than job 0 in (¢1,t1 + 1).
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Case 2.1: (|I'| =2) We have r € I or r; € I, else we would have two separate
blocks (Lemma 4.1). If 71 € I, then w1 < R?. By Lemma 4.9, OPT completes
job 1 first, we have

w-3R(I) _ R+2Rw _ R+ 2R(R?)

~ 1.28492 < R.
opT(T) ~ Run+R+1 - RRD)+ R+1 <

If 1 € I, then w; < R%2 + 2R. By Lemma 4.9, OPT completes job 1 first, then
using 2R/R? > R we have

w-3R(I) _ R+ 2Rw R+ 2R(R* + 2R)

~ 1.26277 < R.
opTr(I') — R?w1+R?>+1 ~ R?>(R>+2R)+R>+1

Case 2.2: (¢ =2, |I'| > 2) By Lemma 4.6, |I'| = 3 in this case, and exactly one

job arrives at times 0, tf

,t;r. It can be checked that the ratio does not get worse
than in Case 2.1: either job 2 has a low relative completion time, or OPT now

completes job 0 even later.

Case 2.3: (¢ = 3) Suppose that |I'| = 3. We consider two possible scenarios
with respect to job 1.

Case 2.3.1: (r; € I1) If job f does not interrupt the running job.
LW-3R(F) = (tl + 1)w0 + (tg + 1)w1 + (t3 + 2)11}2.

If oPT completes job 1 first, then opPT(I") > (t1 + 1)w1 + (t3 + 1)wa + (t3 + 2)wo
(using the order 1,2,0). We have that 1 3 0 in interval Iy, thus 1 < w; < R? and
2 3 1 in interval I3, thus wy < (R? +4R)(R® — 2R + 1)°/3w; > 3.66w,. Using
(2R+1)/(2R) > R, we obtain the following bound:

W-3R(L) _ R+ 2R)wi + 2R + Dwy
opT(T') = Rwi+ (2R)wa +2R+1
9 2
. R+ QR)(R°) + 2R+1)3.661R° . <R.
R(R?) + 3.66R2(2R) + 2R + 1

If oPT completes job 1 later, we obtain the following bound:

wW-3R(T) _ R+ (2R)un + 2R+ Dwp _ R+ (2R +3.661(2R + 1))uy
opT(I) — 14 2R)wz+ 2R+ Dwy ~ 1+ (3.66(2R) + 2R + 1)w;

<R,
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where w; > 1. Suppose that the last arriving job f interrupts the running job,
then

tw-3R(I") < (t1 + D)wo + (t4 + Dwa + (t4 + 2)wy
OPT(F) > Rwy 4+ 2Rwo + (2R + 1)w0
(using the order 1,2,0). We have that 2 > 1 % 0 thus wy > 3.66631w; and

R%? > wy. Using (R*+1)/R > R and R*/(2R) < R, we obtain the following
bound:

w-3R(I") _ R+ R*wg + (R* 4+ 1)un
opr(I') = Rw; +2Rws +2R+1
R+ (3.66631R* + (R* +1))R?

~ 1.229 < R.
~ (R+3.66631(2R)R* + (2R + 1) <

Case 2.3.2: (r1 € I3) If job f does not interrupt the running job.
LW—3R(F) = (t1 + 1)w0 + (t3 + 1)w1 + (tg + 2)w2.

OPT completes job 1 first, then opT(I") > (t2 + 1)wy + (t2 + 2)we + (t2 + 3)wy
(using the order 1,2,0). We have that wy < R? + 2R and 2 # 1 in interval I3,
thus wo < (R? + 4R)(R® — 2R +1)*/3w; ~ 3.66631w;. Using 2R/R? > R and
(2R +1)/(R? 4+ 1) = R, we obtain the following bound:

Lw-3r(I") < R+ 2Rw; + (2R + 1)wy
opT(I') — R?w; + (R?+ 1)wa + R?+ 2
R+ 2R(R? 4 2R) + 3.66631(2R + 1)(R? + 2R)
~ R2(R? +2R) + 3.66631(R? + 1)(R? + 2R) + R% + 2

~ 1.28507 < R.
Suppose that f > p, then
Lw-3R(I") < (t1 + Dwo + (ta + D)wa + (t4 + 2)wy.

If opT(T) > R%*w; + (R? + 1)ws + (R* + 2)wy (using the order 1,2,0). We have
that 2 = 1, thus wp > 3.66631w; and w; < R% + 2R. Since R*/(R?>+ 1) < R,
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we obtain the following bound:
w-3R(L) _ R+ Riwy + (R + 1wy
opT(I') — R?wi + (R?2+ 1)ws + R?+42

_ R+ (3.66631R* + R* + 1)w; R
(R2 +3.66631(R2 + 1))w; + 2R + 1 ’

where, wy; > 1. Otherwise, OPT(I") > wp + 2w; + 3wz (using the order 0,1, 2),
we obtain the following bound using R*/3 < R:

w-3r() _ R+ R*wy + (R*+ Dwr R+ (3.66631R* + R* + 1)wy
opr(l) — 1+ 2wy + 3ws 14 (2+3-3.66631)w,

<R,

where, w1 > 1. Hence, the input consist of at least four jobs. Since, no job arrives
with a factor of R? + 2R heavier than the currently running job in (t1,¢; + 1),
by Corollary 4.1 and Observation 4.4, the additional jobs that arrive at time t;
can only improve the bounds in this case. Therefore, the competitive ratio is at
most R.

Case 3: The final value of t3 is R+w,,/(2R*w,) < 1.38. In this case, a
job with weight strictly greater than R? 4+ 2R times the weight of the running job
arrives before time R. This job either interrupts job 1 or it arrives in I without
causing an interruption to job 0. We have that R + wy,/(2R3w,) < R + 0.049,

since in this case the ratio wq/wm > R2 + 2R.

Case 3.1: (Job 0 is completed at time R) Since Lw-3R starts a job at
R+ ﬁ, job 1 arrives in (t1,t1 + 1) that is a factor of R? + 2R heavier than
job 0. Suppose |I'| = 2.

LW-3R(F) < (tl + 1)w0 + (tg + 1)’(01

op1(T) > R*wi + (R* 4 1)wy.
Since w; > R? + 2R, we obtain the following bound:

. R+-L +R3 R+ (R?2+2R)R? + L.
Lw-3R(I) LMttt A (B4 2R)E" + 335 | 19349 < R.
opT(I) R2wy + R?2+1 R2(R?+2R)+ R%2+1

If |T'| > 3, the additional jobs that arrive can only improve the bounds in this

case.

Case 3.2: (Job 1 is interrupted) We consider two possible scenarios with

respect to this job. In the worst-case instance, the schedule contains the largest
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possible number of jobs with relative completion time greater than R.

Case 3.2.1: (Job 2 is not interrupted) If £ = 2, then
LW—BR(F) < (t3 + 1)11)3 + (t3 + 2)w1 + (t3 + 3)71)0 + (tg + 4)w2

We have that 3 = 1 = 0 thus 1 > (R? + 2R)wy, wi > R*wo and ws < wy. We
only need to consider the situation that OPT completed job 0, thus opT(I") >
wo~+2ws~+3wy +4w;y (using the order 0, 3,1, 2), because the last arriving job in the
minimal counterexample is heavier than the job that arrived just before it. Since
375 < 0.049, we obtain the following bound using (R*4-3)/4 > R and R*+2 > R:

tw-3R(T) _ R*+ 555 + (R? + 1+ g85) w1 + (R® + 2+ 345 )wo + (R + 3 + 35 Jwo
OPT(F) - wo + 2 + 3wy + 4w
Rd +0.049 4 (R3 + 1.049)w; + (R3 4 2.049)wg + (R3 + 3.049)ws
w0+2—|—3w1+4w2
_ R? 4 0.049 + ((R® +1.049) + (R? + 2.049)/R? + (R® + 3.049)/R?)/(R? + 2R)
2+ (34 5/R?)/(R?>+ 2R)

~ 1.32235 < R.

The additional jobs that can arrive at time t; have relative completion time of
at most R and can only improve this ratio, by Observation 4.4. Therefore, we
have £ = 3 and then

LW—SR(F) < (tg + 1)’[1}2 + (t3 + 2)11)3 + (tg + 3)w1 + (t3 + 4)?1}0

We have that 3 % 2 = 1 > 0, thus w3 < (R?+4R)(R> — t3)%/3wy, wy >
(R? + 2R)w; and w; > R%*wy. We only need to consider the situation that opT
completed job 1, thus

w1
2R3w2

opT(I") > Rwi+(R+ +1Dws+ (R+ +2)w2+(R—|— +3)w0,

2R3 2R3

because the last arriving job in the minimal counterexample is heavier than the
job that arrived just before it. Since 555 < 0.049, thus w3 < (R*+4R)(R*— (R+
0.049))°/3 > 6.48. Using (R® +3)/(R +3) < R, (R? 4+ 1.049)/(R + 1.049) > R
and (R34 2)/R > R we obtain the following bound:

w-3R(F) _ RB*+ g + (B® + 1+ g ws + (B° + 2+ 5 )wn + (B® + 3+ 5w
orr(I') — Ruwy + (R+ 55 + Dws + R+ 555 + 2+ (R+ 555 + 3)wo
R34 0.049 + (R? + 1.049)w3 + (R? + 2.049)w,
Ruwy + (R + 1.049)ws + R + 2.049

R34 0.049 + (R® + 1.049)6.48715 + (R? +2.049) /(R? + 2R)
R/(R?+2R) + (R + 1.049)6.48715 + R + 2.049

~ 1.324 < R.
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Case 3.2.2: (Job 2 is interrupted) If OPT completes job 0 first, then

IW-3R(T) < (¢4 + Dws + (t4 + 2)ws + (t4 + 3)w1 + (t4 + Hwo + (¢4 + 5)ws + (t4 + 6)wy

OPT(F) > wo + 2wy + 3ws + 4wy + dws + 6wy

We have that 5 = 2 = 1 = 0, thus 1 > (R? + 4R)(R® — (R + 0.049))%/3ws ~
6.48715ws, wy > (R% + 2R)w; and wy > R?wg. Since wy < w3 < wy we obtain
the following bound:

w-3R(I) _ R*4 (R*+ Dwa + (R* + 2)wy + (R* + 3)wo + (R* + 4)wsz + (R* + 5)wy
orr(I') — wo + 2w + 3 + 4wy + Sws + 6wy

- R* + (R* + Dwa + (R* 4+ 2)wy + ((R* + 3) + (R* + 4) + (R* + 5))wo
2wy + 3 + 4wy + 12wy

_ RY*+ (R*+ Dwa + (R*+2) + (R*+3) + (R* +4) + (R* +5))/R*)wy
2we + 3+ (4 + 12/R?)w;

_ R*4 (R*+ 1)+ ((R*+2) + ((3R* + 12)/R?)/(R? + 2R))/6.48715

3+ (2+ (44 12/R?)/(R2? + 2R))/6.48715

~ 1.16873 < R.

Otherwise, OPT completes job 1 first and then
LW—3R(F) < (t4 + 1)’UJ4 + (t4 + 2)11)2 + (t4 + 3)11)1 + (t4 + 4)71)0 + (t4 + 5)w3

oPT(I') > Rwy + (t3 + 1wy + (t3 + 2)wz + (t3 + 3)wo + (t3 + 4)ws,

thus 1 > (R? 4+ 4R)(R? — (R + 0.049))%/3wy ~ 6.48715ws, wy > (R? + 2R)w;
and w; > R%wq. Since w3 < wy we obtain the following bound:
w-3R(T") RY+ (R* + Dwsy + (R4 + Dwy + (R* 4+ 3)wo + (R* 4 4)ws
oPT(I') = Rwi+ R+ 555 + 1+ (R+ 555 + 2)wa + (R + 555 + 3)wo + (R + o5 + 4)ws
R+ (R* + Dwsy + (R* + 2)wy + (2R* + 7)w0
Rwi + R+ 585 + 14 (R + 585 + 2)wz + (2R + £ + T)wo
R+ (R*+ )w2 + ((R*+2) + (2R* + 7)/R2)w1
R+ 335 + 14+ (R+ 335 + 2)wa + (R+ (2R + 3 +7)/R?)un
R* + (R* + Dwa + (R* +2) + (2R4 +7)/R?)wy
R+ o 1+ (R+ 58 +2) + (R+ 2R+ % +7)/R?)/(R? + 2R))ws
R*+ ((R*+ 1)+ ((R*+2) + (2R* +7)/R?)/(R? + 2R))ws
R+ 33+ 14+ (R4 385 +2) + (R+ 2R+ % +7)/R?)/(R* 4 2R))ws
R*+ ((R*+ 1)+ ((R*+2) + (2R*+7)/R?)/(R? + 2R))/(6.48715)
R+ 1.049 + ((R + 2.049) + ((R + (2R + 7.098)/R2))/(R2 + 2R))/(6.48715)

~ 1.32354 < R.

The additional jobs that can arrive at time t;{ in both have relative completion

time of at most R, thus we still have ALG/OPT < R, by Corollary 4.1 and
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Observation 4.4. O

Now, we show that the competitive ratio of Lw-3R is optimal for this number
of interruptions, as we establish a corresponding lower bound in the k-limited
restart setting for our problem. In the next construction, we force the algorithm
to use all allowed restarts that required the existence of many jobs with large

weights.

Theorem 4.3. Any algorithm for 1|rj, online,p; = 1,k — restart| ) w;C; has
competitive ratio at least Ry, which is the real solution to the equation RZH +1=
RkJrQ

AR

Proof. For a contradiction, suppose that there exists an online algorithm A with
a competitive ratio R. We construct an adversarial sequence of jobs I. Suppose
that algorithm A starts processing job j at time .S;, where the release time r; is
given by r; = Sj_1 +¢ for j > 0, with € > 0. Let the weight of job j be w;, and

assume 79 = 0. We begin with job 0 and analyze the following two cases.

Case 1. If S; > Rﬁl — 1, then no more jobs arrive, the competitive ratio is at
least Rj.

Case 2. If §; < Rfjl—l, then another job with w1 arrives at time rj;1 = S;+e¢.
If 5 +1 % 7, no more jobs arrive. The optimal schedule in this scenario is to
process job j 4 1 first and oPT(I') < (S; + 1)wj41 + Sk + 2. Therefore, we have
that there exists a sufficiently large w;41 such that

A(I) o Sj + 1 + (SJ + 2)wj+1

= > Ry.
opt(l)  (Sj+ w1 +8;+2 - "

If j 41 7, then job j 4 1 is started at S;i1. Since rj;1 = S5j +¢ < Riﬂ -1,
then if S; 11 > Riﬁ — 1 no more jobs arrive, and the competitive ratio is at
least Ry, for a sufficiently large w;;1. Because, when the algorithm delays a job
of sufficiently large weight to avoid a potential interruption, the job’s relative
completion time becomes at least Ry since its weight can be chosen in a way
that dominates the contribution to the competitive ratio in this scenario, this
implies that the ratio is at least Ry. Therefore, we only analyze the Case 2

scenario recursively for S; 1.

This process can repeat several times. However, since the algorithm allows
at most k interruptions, it must eventually complete a job without further
interruption. At that point, we are again in the situation of Case 2 but without

further interruption, and the competitive ratio is at least Ry. O






CHAPTER

Minimizing the Weighted Makespan

5.1 Introduction

In this chapter, we study the problem of minimizing the weighted makespan.
Makespan minimization is a fundamental and extensively studied problem in
scheduling theory, with a significant body of research devoted to it. A sequence
of jobs must be scheduled non-preemptively on m machines. Each job j is
characterized by a processing time p; and a non-negative arrival time r;, where
1 < j < n. The goal is to minimize the makespan, defined as the maximum
completion time of any job in the schedule. The problem is obviously NP-
hard as it generalizes the makespan problem where all jobs arrive at time 0.
Regarding the online setting, the best competitive ratio currently known, for
general m, is equal to 1.5 and attained by the LPT (Longest Processing Time
First) algorithm [50].

A more general objective is the weighted makespan, denoted as WCpax =
max;{w;C};}, which measures the maximum weighted completion time of all jobs.
Each job j is assigned a positive weight w;, reflecting its relative importance. The
classical makespan minimization problem is a special case in which all weights
are equal. This objective function was first considered only fairly recently and
has received some attention [45, 119, 137, 148]. Even on a single machine, it is
nontrivial to optimize the weighted makespan non-preemptively if jobs arrive
over time. In the standard three-field notation, this problem is denoted as
1|7 | WCnax. If all jobs arrive at time 0 or preemptions are allowed, then
the algorithm Largest Weight (LW) which always runs the job that has largest

weight is 1-competitive.

Feng and Yuan [137] were the first to consider the weighted makespan in the
context of single-machine scheduling. Li [119] explored the online version of

this problem and established a lower bound of 2 on the competitive ratio for



90 Chapter 5. Minimizing the Weighted Makespan

deterministic algorithms. Moreover, for the problem on a single machine, he
provided an online algorithm with a competitive ratio of 3. For the case of
identical machines where all jobs have the same processing time, Li proposed
an online algorithm with the best-possible competitive ratio of @ Chali et
al. [45] further improved the results on a single machine, by developing two

deterministic online algorithms with a competitive ratio of 2.

One important extension to the classical scheduling framework is the use of
restarts. However, for the important objective function of total weighted flow
time, where the flow time of a job is the time between its arrival and its
completion, it is known that restarts do not help [67]: any online algorithm that

can restart jobs has a competitive ratio of Q(n).

Liang et al. [121] recently explored the weighted makespan problem in the
restart model for online single-machine scheduling. They proved that when
only a single restart is allowed across all jobs, no online algorithm can achieve
a competitive ratio lower than 2, matching the lower bound for the problem
without restarts [119]. However, in the case where all jobs have unit processing
times, they presented the best possible online algorithm with a competitive ratio
of 1.4656.

In the offline setting, early developments of approximation schemes for makespan
minimization on parallel machines can be found in the works of Hochbaum and
Shmoys [93] and Alon et al. [9]. Additionally, Jansen et al. [104] proposed an
efficient polynomial-time approximation scheme (EPTAS) for identical parallel
machines and Kones and Levin [111] introduced a unified framework for designing
EPTAS for general makespan minimization on parallel machines. Lu et al. in
[126] considered the single-machine scheduling problem with release dates and
job delivery to minimize weighted makespan and provided a polynomial-time
approximation scheme (PTAS) for the problem. In [127], they considered
the offline single-machine problem with job rejection to minimize weighted
makespan but without release dates. They showed that this problem is also
NP-hard and proposed a fully polynomial-time approximation scheme (FPTAS).
Ruiging Sun [148] introduced a (2— %)—approximation algorithm for the weighted
makespan scheduling problem on m identical parallel machines, again in the
setting without release dates (P||W Ciax). The algorithm runs List Scheduling
on the jobs after sorting them by decreasing weight. Ruiqing also introduced a
randomized EPTAS for this problem, as well as a randomized FPTAS for the
case when m is fixed. Recently, Lili Zuo et al. [158| studied the single-machine

scheduling problem with a restricted rate-modifying activity (RMA) aimed at
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minimizing the weighted makespan. They showed that several special cases are
binary NP-hard and developed an FPTAS for these variants.

5.1.1 Our Results

We study the problem of online scheduling with restarts for minimizing the
weighted makespan W C\.x. Specifically, we establish a new lower bound of
1.4656 on the competitive ratio for deterministic online algorithms in the general
setting with restarts. Remarkably, this is the same value that Liang et al. [121]
achieved for jobs of unit size and a single allowed restart. However, the problems

are different.

Our main result is a deterministic online algorithm that achieves a competitive
ratio better than 1.3098 for the case where all jobs have identical processing
times. The algorithm balances a greedy approach, favoring heavier jobs, with
the consideration that not too much time should be wasted on jobs that are
eventually interrupted anyway. If a job arrives that is heavier than the currently
running job, the new job is started instead unless the current job has already
been running for sufficiently long. What sufficiently long is depends on the
current time: we do not interrupt the running job in the case that the new job,
if it is started after the current job completes, still completes within a factor of
1.3098 of its smallest possible completion time (which is achieved if the new job

starts immediately when it arrives).

We also prove a lower bound of 1.2344 for this case. In determining both lower
bounds, we first identified some difficult inputs and then used a computer to
optimize the parameters. For the optimized values we then considered in which
cases the goal competitive ratio was achieved. This resulted in a system of

equalities that we solved to get exact lower bounds.

5.2 Lower Bound

Consider the online problem 1|r;, online, restart|WW Cpax. The lower bound pre-
sented here shows that the problem maintains its difficulty, even when unlimited

restarts are allowed.

Theorem 5.1. Any algorithm for the problem 1|r;, online, restart|W Cpax is at
least Ry ~ 1.4656 competitive which is the real root of the equation R} —R3—1 = 0.

Proof. For contradiction, suppose that there exists an online algorithm ALG
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with a competitive ratio of less than R;.

We consider the following job instance I. At time r; = 0, job 1 with w; = 1 and

p1 = 1 arrives. Then job 2 with we = ﬁ ~ 2.1478 and p2 = 0 arrives at time

— 1 ~
ra = gy — 1 ~ 0.4655.

Case 1. If ALG runs job 1 before job 2, no more jobs arrive. Then we have
ALG(I) > max(1,wz) and oPT(]) < max(rows, 1+ r2) =1+ 79 and we get the

following contradiction to our assumption

avc(I) max(L,ws) BT

= Ry.
opT(I) !

>
~ max(rawsy, 1 +72)

1
Ri(Ri—1)
Case 2. If ALG runs job 2 first, then job 2 is started and also finishes no earlier
than at time r9 and job 1 is restarted no earlier than at time r3. Now, two more
jobs arrive at time r3 = r4 = 1: job 3 with w3 = ﬁ ~ 2.1478 and p3 = 0
and job 4 with wgy =1 and py = ﬁ — 1~/ 1.1478. Note that processing job 3
before job 4 does only improve (or maintain) the result, since job 3 and job 4
are released at the same time and ps = 0 holds. Therefore, we do not consider

the other case.

OPT schedules first job 1 and then the jobs 2,3 and 4 in this order, thus

oPT(I) = max(1, wa, w3, 1 + ps) = 1 + ps = p—.

Case 2.1. If ALG runs job 3 and job 4 before job 1, then we have

max(rows, w3, 1 + p4, ps + 2) R11—1 + 1
2 = = Rl‘

max(1, w2, w3, 1+ ps) T

ALG(T)
opT(I)

Since job 4 and job 1 have equal weight, the job order 3,4,1 has the same weighted

makespan as 3,1,4.

Case 2.2. If ALG runs job 1 directly after job 2, then job 3 starts and finishes

not before ro + 1 and job 4 finishes not before time r9 + 1 4 p4. In this case we
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have ALG(]) > max(rows, 72 + 1, (1o + )ws, ro + 1 + p4) = (r2 + 1)ws. We have

(T2+1)w3 >ro4+14py

1 1 1 1
N . > —
Rl(Rl—l) Rl—l_Rl(R1—1)+R1—1

1

& 1> (R — 1)+ (R?—Ry) — (R} + —2R? + R))
& 0< R} —3R?+R;+2

& 0<(RP—R?—1)—2R?+ R, +3

& 0< —2R¥+ R, +3

using R — R? —1 =0 and —2R? + Ry +3 = (—2R; + 3)(R1 + 1) > 0 for
Ry € (—1,1.5). Thus,

ALG(I) S max(rows, T2 + 1, (r2 + )ws, ro + 1 + pyg)
opT(I) — max(1, we, ws, 1+ p4)
1 1
__ Ri(R1-1) "Ri—1 . 1 —R
= = =1
using R — R — 1 =0. O

Theorem 5.2. Any algorithm for the problem 1|r;, online, p; = 1, restart|W Cpax
is at least Ro = 1.2344 competitive which is the real root of the equation 4R§ —
RZ-6=0.

Proof. For a contradiction, suppose that there exists an online algorithm ALG
with a competitive ratio of less than Rs. We consider the following job instance.
At time r; = 0, job 1 with w; = 1 arrives. Then job 2 arrives with wy = % at
time 7y = 2 — 2 ~ 0.430.

Case 1. If ALG completes job 1 before job 2, a final job 3 with w3 = gi—:z ~ 1411
arrives at time r3 =1+ 19 = R% — 1~ 1.430. The following schedule is feasible:
job 2 is completed at time 1 + ro, job 3 is completed at time 2 + ro and job 1 is

completed at time 3 + ro. Thus, OPT(I) < 3 41y = 3/Ry + 1.
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If ALG completes job 2 before job 3, the job order is 1,2,3. Thus, we have

ALG(T)
opT(I)

S max(1, 2w, 3wz)  max(8/3, (9+3r2)/(24r,))
- 3/Ry + 1 N 3/Ry + 1

3(3+(3/ry—2))
3/Ry

3/Ry + 1

3(3/Ry+1)
3/Ry

3/Ry + 1
= Rs.

If ALG completes job 3 before job 2, then ALG would schedule job 1, then job 3
and finally job 2. Since w3z(rsz 4+ 1) < wa(rs + 2), we obtain

ALG(T) S max (1, ws(rs + 1), wa(rs + 2)) B wa(rs + 2)
opT(I) ~ 3/Ry + 1 3R+ 1
im0y &
3/Ry + 1 3

Case 2. If ALG completes job 2 before job 1, then a (different) third job 3 with

w3 = 2 arrives at time r3 = R% — 3~ 0.938.

If now ALG completes job 2 before job 3, no more jobs arrive and OPT could first
schedule job 3, then job 2 and finally job 1. Therefore, oPT(I) < max(ws(rs +
1), wa(r3+2),73+3) = r3+ 3. However, after completing job 2, in the best case,
ALG schedules job 3 after job 2 and before job 1, since job 3 has higher weight.
Thus, ALG(]) = max(wa(re + 1), w3(r2 + 2),72 + 3) = w3(r2 + 2) and we have

ALG(T) - ws(re + 2) _ 2((3/Ry — 2) +2) _ 6/Ro — Ry,
opt(I) = r3+3 (6/R2 —3)+3 6/R2
Now, if ALG completes job 3 before job 2, a final fourth job 4 with wy = 1
arrives at time r4 = 3. A feasible schedule s would be the job order 1,3,2,4
with WCs = 4. However, if ALG completes job 3 before job 2, at best, ALG first
schedules job 3 at time rj3, then job 2 and finally the two jobs with weight 1 in
arbitrary order, since job 2 has higher weight than jobs 1 and 4 which have the
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same weight. Therefore, we have

ALG(I) _ max((rs + Dws, (r3 +2)ws, r3 + 3,73 + 4)

opt(I) — 4
rs+4 6/R2+4+1
= = = R
A A 25
using 4R3 — R3 — 6 = 0. O

5.3 Limited Largest Weight (LLw) algorithm

In this section, we consider the problem when all jobs have identical processing
times. We first present our deterministic online algorithm Limited Largest
Weight (LLw) which has a competitive ratio of R ~ 1.3098, the positive real root
of 3R? — 2R? — R — 2 = 0. The other roots of this function are complex. We

also provide a lower bound for this problem.
We first define two versions of the Largest Weight (Lw) strategy.

o LW with interruptions: If the machine is idle, the next arriving job is
started when it arrives. A running job is interrupted if a new job with
higher weight arrives. If a job is interrupted or finishes and there are jobs

waiting, the heaviest waiting job starts processing immediately.

o Lw without interruptions: The same rules apply, except that once a job

has started it is never interrupted.

The idea of our algorithm is as follows. In principle, we prefer to run the heaviest
job. This would mean running Iw with interruptions. However, if a significant
part of the currently running job c¢ has already been completed, it can be better
to let it finish first, rather than interrupt it for an incoming job j. This depends
on what the completion time of j will be when it completes immediately following
c versus what its completion time will be if it starts immediately, and also on
the relative weights of ¢ and j. If ¢ started at time ¢ and j arrives at time ¢/,
then if ¢ is allowed to complete j will complete not before time ¢ + 2. We use
the following very simple rule: we will interrupt c if j is heavier than ¢ and t + 2
is more than R times the completion time of j if it starts immediately, which is
t' + 1 (assuming no further interruptions occur). We will see shortly that this
condition will never be satisfied after time (2 — R)/(R — 1); from then on we
simply run Lw without interruptions. A complete description of our algorithm

follows.
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Our algorithm starts the first arriving job when it arrives.

/

Once the algorithm starts a job at time % or later, it ¢
2.5 1
runs Lw without interruptions until all jobs have finished. 2 |

Whenever it starts a job at time ¢ < % A 2.2279, it 197
1 4

runs Lw with interruptions until time 05V .
t+2 511599
potre (5.1) 005115225t
R
Note that for all ¢ < = 1t holds that ¢ < ¢’ since
2—R t+2
t<7<:>tR—t<2—R4:>t<i—1.

R-1 R

We also have that ¢’ never exceeds the boundary (2 — R)/(R — 1). During this
time, if an interruption occurs at time t¢;, then we update ¢t := t; and set ¢’
according to (5.1). If time ¢’ is ever reached without an interruption, the running
job is allowed to continue until completion without any interruptions. After
this, the algorithm resumes running Lw either with or without interruptions,

depending on the current time as described above.

Job 1
t=20 " ¢ =2/R—-1=~0.53"3 1 Ty time
Jobs 4,3,1
0 0.2 22/R—1 T3 t time

Figure 5.1: This example shows the behavior of our algorithm.

For any job that starts at some time t < 2 the interval (¢,t') is called an
LW-phase; however, if an interruption occurs in such an Lw-phase, the Lw-phase
ends at that time, and the next Lw-phase starts immediately (because this only
happens before time 2 o 1) In Fig. 5.1, we sketched in an example the behavior of
the algorithm for the following job sequence: ((0,1),(0.2,1.1),(0.7,1.6), (1.4,2.3)).
Here each pair specifies first a release date and then the weight of the job released
at this time. The first figure shows the situation at time ¢ = 0 and the first
Lw-phase with values ¢ and ¢’. In this Lw-phase job 1 gets interrupted because
job 2 is heavier. The second figure shows the schedule of the algorithm at time
t = ry. Job 2 is not interrupted during its Lw-phase, so it continues without
interruption. At its completion time the algorithm starts the waiting job 3.

Job 3 gets interrupted in its Lw-phase and after that the remaining jobs are
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scheduled with Lw in the order 4,3, 1.

5.4 Competitive analysis of LIwW

We now prove that LIw is R-competitive. Recall that R is the positive real root
of 3R* —2R> - R—2=0.

We call a job critical for an input [ if its weighted completion time is equal to
LLw(]). That is, no other job in the schedule of LLw for input I has a higher

weighted completion time. An input I may contain several critical jobs.

We assume the existence of a minimal counterexample I. A minimal counterex-
ample has ratio strictly larger than R and consists of the smallest number of jobs.
We show by contradiction that such a counterexample does not exist. Without
loss of generality, we can assume that no two jobs arrive at the same time, as

otherwise, we could postpone the lighter job(s) by an arbitrarily small amount.

Consider an arbitrary critical job in I and let S be the maximal set of jobs that
run consecutively without interruptions and that ends with this critical job. We
scale the input such that this critical job has weight 1. Thus, LLw(I) is simply

the completion time of the critical job.

We now derive a sequence of properties that a counterexample must have, which
will eventually lead to the conclusion that no counterexample exists. We begin
by showing that the critical job is the lightest job in S (Property 5.1), and that
OPT starts running its first job in S relatively early (Property 5.2). LLW starts its
first job in S when it arrives (Property 5.3), and the arrival of this job actually
caused the interruption of another job h € S (Property 5.4). We then show that
LLW does not complete any job before job 1 (Property 5.7). This requires some
preparation: we first show that LLw does not complete two or more jobs before
job 1 (Property 5.5) and then give a structural property for the case where LLW
completes one job before job 1 (Property 5.6).

Property 5.1. The critical job is the lightest job in S.

Proof. Suppose not. Let a job be heavy if its weight is at least that of the critical
job. We renumber the jobs according to their order in S and starting from 0 for
the last non-heavy job in S (any jobs in S before this job have negative indices).
Then after job 0, all jobs in S are heavy up to and including the critical job. No

later job can be heavy because then the critical job would not be critical. Let H
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be the set of these heavy jobs in S, and let &k = |H|. Then
LIW([) = so + k + 1.

All jobs in H arrive after time sg, and they are all at least as heavy as the
critical job. We have
opT(I) > so + k.

The competitive ratio is at most R as long as so +k > 1/(R — 1), so the only
problematic case is sg < %. By the rules of the algorithm, this means no jobs

from H arrive before time (sp + 2)/R — 1, so we also have the lower bound

so+ 2

opr(l) > +k—1.

Therefore
LLw([]) < so+k+1

opT(I) = (so+2)/R+k—1
Setting so = 0 and k =1 we get 2/(2/R) = R. This shows that the competitive

ratio is at most R for all values of k£ and sg. O

Given Property 1, from this point on we simply number the jobs in S according
to their order in S, with the first job in S having index 1 and starting (for the

last time) at time s;. We define k£ = |S|, so we have

LIw(l) = s1 + k.

time

Figure 5.2: This figure illustrates the set .S with jobs 1 up to k. Job k is the
critical job, and the jobs after k are not in .S and are lighter.

Note that there may be additional jobs that are run consecutively without
interruption immediately after S, but not immediately before S. If OPT runs
the jobs in S in (essentially) the same order as LLw and does not start them too
much earlier than LIw, then the competitive ratio is maintained. We formalize

this intuition in the next definition.

Definition 5.1 (Good set). Suppose OPT starts processing a job in S at time
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t* > (s1+ k)/R —k and completes a job which is at least as heavy as the critical
job at time t* + k or later. Then S s good.

Property 5.2. S is not good. OPT starts running its first job in S before time
(s1+k)/R—k.

Proof. Suppose S is good. Then opT(I) > t*+ k > (s1 + k)/R, so I is not a
counterexample. Second, suppose OPT starts running the first job in S at time
(s1 +k)/R — k or later. Then again opT([) > (s1 + k)/R. O

Property 5.3. No job completes at time s1. Job 1 in S arrives at time s1. If a

job in S arrives before s1, it is not heavier than job 1.

Proof. The first statement follows from the definition of S. It means that job 1
did not wait for another job to complete before starting. Since LIw also does
not idle the machine if there is a job available, it starts job 1 immediately when

it arrives, at time s;.

Suppose some job j € S arrives at time r; < s; and is heavier than job 1. When
j arrives, LLW may continue the job it is running, but LLw will not start any

new job that is lighter than j until it has completed j.

By the definition of S, LLW does not complete any job in S before time s1. So it
completes j at some time ¢; > sq. In the interval [r;, ¢;), LLW only starts jobs of
weight at least w;. Since s1 € (14, ¢;), this contradicts the fact that LLw starts

job 1 at time s;. This proves the last statement. O

Property 5.4. A job h € S was interrupted and then job 1 starts at time

2—R
—1 .
R <81<R_1

We have s; > k(R—1) and 2 <k < T.

Proof. 1f s1 < R — 1, OPT starts processing the first job in S at the earliest at
time 0 = % -1> % — 1. By Definition 5.1 and because the critical job
is the lightest job in S, S is therefore good. We conclude that s; > R —1 in [.
More generally, if OPT starts its first job from S at time % — k(1 — %) or later,

then S is by Definition 5.1 good, as |S| = k.

Hence, OPT starts at least one job in S at some time s’ < (s1 +k)/R—k <

s1, implying that at least one job in S arrives at or before time s’. From
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(si+k)/R—k>s >0weget s >k(R—1).

Since LIW does not complete any job in S before time s; but also does not idle
if at least one job is available, LLW does not idle in the interval (s',s1]. By
Property 5.3, LLW does not complete a job at time s;. Since LLW was not idle at

time s1, LLW interrupted some job h # 1 at time s1.

If h ¢ S, then h is lighter than the critical job, because otherwise h would be
started not later than si by the rules of the algorithm, implying that h € S after
all: a contradiction. Since h is lighter than the critical job which is the lightest
job in S, all jobs in S are heavier than h. Then all jobs in .S arrived at or after
time s; because otherwise LIW would not still have been running h at time s1,

contradicting s’ < sj.

Thus, h € S and with this, we have k > 2. Moreover, since LILW interrupted

a job h at time s, we get s1 < ?%;_If by the rules of the algorithm. From

(R—1Dk<s1 <28 weget k<. O
Property 5.5. LLw does not complete two jobs before time sq.

Proof. We prove this by contradiction. Suppose LLW completes two jobs before

2—R
» R—1

starts running its first job j in S (say j # 1) before time

time s1, called ¢; and g9 in order. Then s € |2 ). By Property 5.4, opPT

k LR 42
51+ k< B

BRI o 93,
R R <

Note that for the starting time of job g2 we have s4, > 1 and with this, we get
that the Lw-phase of job g3 ends not before
S¢p +2 1+2 3
- —1>———-1==-1>1.29.

R - R R
Suppose j is heavier than ¢». Then either j is started before gy or gs is interrupted,
as j arrives before or during its LW-phase. In both scenarios LLw completes j
before go, which means ¢ does not complete before time 3. This contradicts
§51 < % ~ 2.2279, since go» completes before time s1. Therefore, j is lighter

than go.

Now, if j is not heavier than ¢, OPT needs to complete k + 2 jobs that are at
least as heavy as the critical job, so OPT(I) > k+2 whereas LLW([) < % +k =
2.2279 + k. Therefore, the competitive ratio is less than R for k > 2. Hence, j is

heavier than q;.
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Job j must arrive after time 2/R — 1 as j is heavier than ¢; but does not cause ¢;
to be interrupted. This implies OPT(I) > 2/R—1+k+1 ~ 1.5270+k as OPT must
also complete ¢o which is heavier than the critical job and heavier than ¢; and can
therefore also not arrive before time 2/R—1. Since LLw(I) < %2 +k ~ 2.2279+k,

the competitive ratio is less than R for k& > 2.

Consequently, in both cases the competitive ratio is less than R for k& > 2, which

contradicts the assumption that I is a counterexample. O

Property 5.6. If LLW completes a job q before time sy, then q is lighter than
the critical job, and OPT starts the first job in S at time (sq +2)/R — 1 or later.

Proof. We prove this by contradiction. Suppose LIW completes a job ¢ before
time s1 which is at least as heavy as the critical job. Since OPT must complete this
job as well, OPT must start its first job in SU{q} before time (s; + k)/R—k—1~
0.764s1 — 0.237k — 1. Since s1 < % < 2.228, this implies k < 2, so k = 2 by
Property 5.4. It follows that after time s, + 1, there is exactly one interruption,
namely at time s;. Otherwise it would have to be the two most recent jobs (at
time s1) which are in S, since they are the heaviest, implying that S is good:
let ¢ be the last starting time before s;, then LIW starts running the jobs in S
(without further interruptions) at time s; < (¢+2)/R—1 and OPT starts running
them at time ¢ or later because the job that LLw started at time t arrived at

that time. Since t > s, + 1, this means S is good.

Because LLW does not complete another job at time s; by Property 5.5, LLW
starts job ¢ when it arrives. Then, as we have seen, it interrupts the next job
it starts at time s1, and then it completes two jobs. On the other hand, OPT
must complete three jobs that are at least as heavy as the critical job starting
from time s;. After completing ¢, LLW does not idle, otherwise I would not be
minimal. Therefore, we have s; < (s; +3)/R — 1 and this means that I is not a

counterexample in this case: the competitive ratio is at most

(so+3)/R+1 _3/R+1

< R.
8¢+ 3 - 3

The first statement of the lemma follows, and it implies that all jobs in S are
heavier than ¢. Such a job would cause g to be interrupted if it arrived before
time (s, +2)/R — 1. O

Property 5.7. LLW does not complete a job before time sq.
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Proof. By definition, LLW does not complete a job at time s;. Let ¢ be the
last job that LLw completes before time s;. By Property 5.6, ¢ is lighter than
the critical job. After completing ¢, LLW does not idle, otherwise I would
not be minimal. Any job started after ¢ but before time s; is interrupted. If
there is exactly one interruption after time s, + 1 (namely at time s;), then
LLw(I) < (sq +3)/R+k —1 by (5.1) and opT(I) > (sq +2)/R+ k — 1 by
Property 5.6; the ratio is

LLw (1)

(s¢+3)/R+k—-1 < (0+3)/R+2-1
opt(I)

(5q+2)/R+k—1-(0+2)/R+2—1

< < 1.303,

for £ > 2 and s, > 0.

If there are additional interruptions, these are all of jobs that arrived after time
sq + 1. Let t be the arrival time of the first job in S. In this case, as in the
previous proof, the k most recently arrived jobs at time s; are the heaviest k
jobs that exist at that time. Hence, S does not contain any job that arrived
before the first of those k jobs. Put another way, ¢ is not smaller than the arrival
time of the first of those k jobs.

If kK = 2, we find that I is not a counterexample: we have opT(l) >t + 2 and
LLw(I) < (t+2)/R + 1. The ratio is less than R. For the remaining bounds we
always either use the bound opT(I) >t + k or opT(I) > (sq+2)/R+k — 1.

If there are exactly two restarts, then

Liw (1) <

(8q+3])%/R+1—1+k,

and the ratio is less than 4.513/3.526 ~ 1.280 for £ > 3 and s, > 0.

Else if K = 3 and ¢ is the arrival time of the first job in S we have opT(I) > t+3

and
(t+2)/R—1+2

Lw(l) < —-14+3
() < 7 +3,
and the ratio is less than R.
Else if there are exactly three restarts, then
(sq+3)/R+1
Lt g
Lw(I) < Rf —1+k,

and the ratio is less than 5.682/4.527 ~ 1.256 for k > 4 and s, > 0.

Finally, if £k = 4 and t is the arrival time of the first job in .S we have oPT > t+4
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and
(t+2)/R-142 _ 4
R

R
and the ratio is less than R. In all cases, we now have Liw([) < % + k and
opt(I) > R‘iﬁ;fl. The ratio is less than 7.22815/5.52698 ~ 1.30776 for k > 5
and s, > 0. O

+ 2
Liw (1) <

— 144,

By Property 5.7 and Property 5.4, in I it happens one or more times that a job
is interrupted before any job completes. All interrupted jobs started when they
arrived. The final interruption before the critical job completes is at time sy.
Let m be the total number of interruptions. As in the proof of Property 5.7,
at time s1, any job that arrived more than k jobs ago is not in S because it is
too light. Recall that 2 < k <7 by Property 5.4. We also have k > m + 1 (if k
were smaller, we could just remove previous jobs from I without affecting the
objective value or increasing the optimal cost). As before LLw = s + k. We now

show for all values m by contradiction that I is not a counterexample.

If m = 1, then, since OPT starts its first job in S before time (s1 + k)/R — k, we
have s1 < ((s1 +k)/R—k+2)/R — 1. For k > 2 this leads to s; < 0.4:

s1< ((s14+2)/R—2+2)/R—1
& s1<((s1+2)/R)/R—-1

S 2
-+

i !

= 51 <

1 2
B m

2 _1
R?
S 51 < -

T R?

<~ 81(1— 1

contradicting the bound of Property 5.4 s; > 2(R —1).

If m =2, opT(I) > max(0, ((s1+1)R—1)R —2) + k and k > 3. The ratio is at
most R since s; > 3(R —1). It is exactly R for s; = 3(R —1).

It is easily checked that the ratio is at most R for larger values of m as well. In

conclusion, we have proved the following theorem.

Theorem 5.3. The LLW algorithm is R-competitive.
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5.5 Offline Setting

In this section, we consider the offline problem of scheduling for minimizing the
weighted makespan W Cl,ax in the presence of release dates on a single machine.
Specifically, we study the problem 1|r;|WCpax and prove that the problem is
NP-hard. Following the approach of Afrati et al. [3] by combining the dynamic
programming approach with the vector trimming technique, we provide the first
PTAS for this objective function on parallel machines that works in the setting

with release dates.

NP-hardness

We prove strong N P-hardness of the problem 1|r;|W Cpax via a reduction from
3Partition. Additionally, we show that the problem remains weakly N P-hard
when only allowing ¢ many weight classes, where ¢ is a constant > 2, via a

reduction from Partition.

Definition 5.2 (3Partition). Given a set A = {a1,...,a3m} of 3m integers and
a positive integer K, such that & < a; < £ Vi € [3m] and " ,cya =mK. Is
there a partition of the elements in A into m disjoint subsets {S1,...,Sm} C A
such that |S;| = 3 and 3,5 a = K hold for all i € [m]?

In 1975, Garey and Johnson [79] proved strong N P-hardness for 3Partition.
This leads to the following.

Theorem 5.4. The problem 1|r;|W Crax is strongly N P-hard.

Proof. We reduce the 3Partition problem to the following decision prob-
lem: Does there exist a schedule o for the problem 1|rj|WCpax such that
max;(w;Cj)(0) <y for given y. Given an instance I of 3Partition, we con-
struct an instance for 1|r;|W Cpax as follows: For each i € [3m], we create job 4
with release date r; = 0, processing time p; = a; and weight w; = 1. Additionally,
we create m — 1 control-jobs 3m +1,...,4m — 1 as follows: For each i € [m — 1]
create a job j = 3m + i with release dates r; = 1K, processing time p; = 0 and

weight w; = =*. Set y = mK.
The described instance of the problem 1|r;|W Cyax can be computed in polyno-

mial time.

= : Assume that the given 3Partition instance is a yes-instance. Then

there exists a partition of A into m disjoint sets S1,...,S,, such that
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|Si] = 3 and }_,q.a = K hold for all i € [m]. W.lLo.g. assume that
{as(i—1)41,a33i—1)4+2,a3i} = Si- Now, schedule the three jobs 3(i — 1) +
1,3(i—1)+2 and 3¢ in the time interval [(i — 1)K, iK]. We know that they
fit, as p3(i—1)+1 + P3,(i—1)42 T P3i = ZaeSi a = K. As the final job finishes
at time mK, we have for all jobs j = 1,...,3m that w;C; < mK = y.
Also, note that there exists no job j that is being processed at any time

before and after time K.

Now, consider the control-jobs j = 3m + i,7 € [m — 1]. Schedule those
jobs at the time they arrive, i.e., at time iK. As they have processing
time 0, they do not clash with any other job. By definition of those jobs,

we have w;C; = 7 - iK = mK = y.

Thus, the constructed 1|rj|W Cpax instance is a yes-instance.

<= Assume that the constructed 1|r;|WCpax instance is a yes-instance. This
means that there exists a schedule o with max;(w;C;)(c) < y. First,
consider the control-jobs j = 3m + 4,7 € [m — 1]. By definition of
the jobs, they are released at time r; = /K and have processing time
pj = 0. Thus, the earliest they can be completed is at time 7K. Therefore,
w;C; > % -iK = mK. With max;(w;Cj)(c) < y, we know that they have

to be scheduled the time they are released.

Now, we schedule the remaining jobs j = 1,...,3m. Since they have
weight w; = 1, each job has to be scheduled before time mK. As
Z?Zl Pj = D 4ea @ = mIK, there is no idle time in the time interval [1, mK].
Remember that the control-jobs have fixed times at iK, Vi € [m—1]. Thus,
the other jobs have to be scheduled in the time slot [1, K], in a time slot
between two control-jobs or in the time slot [(m — 1)K, mK]. Since all
remaining jobs have processing time p; € (%, %), exactly thee jobs are
scheduled in each time slot. To show this, first assume that there is a
time slot with two or less jobs. Then, since the time slot has size K, we
would have idle time. Second, assume that there is a time slot with four or
more jobs. In that case, the total processing time of those jobs is strictly
larger than K. Thus, there exists a partition of the jobs [3m] into sets of
three such that each set has a total processing time of K. Define the sets

S1,--.,S9m C A accordingly.

Therefore, the given 3Partition instance is a yes-instance. 0

Definition 5.3 (Partition). Given a set A = {ay,...,am} of m integers with
Y acaa=2K. Is there a subset S C A such that ) qa=K?
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Theorem 5.5. The problem 1|r;j|W Cpax with at least two weight classes is
weakly N P-hard.

Proof. We reduce the Partition problem to the following decision problem:
Does there exist a schedule o for problem 1|r;|W Cpax such that max;(w;Cj)(0) <
y for given y. Given an instance I of Partition, we construct an instance for
1|7j|W Cax as follows: For each ¢ € [m], we create job i with release date r; = 0,
processing time p; = a; and weight w; = 1. Additionally, we create job m + 1
with release date r,,11 = K, processing time p,,+1 = 0 and weight w,,+1 = 2.
Set y = 2K.

To obtain the result for more than two weight classes, we can add additional jobs
with release date r; = 0, processing time p; = 0 and arbitrary weight w;. The
described instance of the problem 1|r;|WW Cpax can be computed in polynomial

time.

We show that the Partition instance is a yes-instance if and only if the con-

structed 1|r;|W Cpax instance is a yes-instance.

= : Assume that the given Partition instance is a yes-instance. Then there
exists a partition of A into Sy and Sy such that > .5 a =3 5 a=K.

W.Lo.g. assume that elements aq,...,a,y € S1 and amriq,-.., 0, € So.
We now schedule the jobs 1,...,m/ in the time interval [0, K| in arbitrary
order. By definition of the jobs, we know Z;n:ll Pj = D qes, @ = K. Thus

all jobs can be processed before time K. Next, schedule job m + 1 at time
K. Tt also finishes at time K. After that schedule the jobs m’ +1,...,m
in arbitrary order. Since Y77, 1 pj =) ,cg,a = K, we know that all
jobs have been processed ad time 2K. With the definition of the jobs
L,...,m, we get w;C; < 2K =y for all j € [m] and with the definition of
the job m + 1, we get wm+1Cme1 = 2K =y.

When considering more than two weight classes, schedule all jobs with
processing time 0 at time 0. For those jobs, we get w;C; = w; -0 =0 <
2K =y.

Thus, the constructed 1|rj|W Cpax instance is a yes-instance.

<= Assume that the constructed 1|r;|WCpax instance is a yes-instance. This
means that we have a schedule o with max;(w;C})(0) < y. In this schedule,
job m 4+ 1 has to be scheduled at time K. It cannot be processed earlier

due to its release date and it cannot be processed later because then it
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finishes at time C,+1 > K which implies wy,1Cm+1 > 2K = y which is a
contradiction to max;(w;C;)(c) < y. W.l.o.g. assume that jobs 1,...,m’
are scheduled before time K and m’ 4+ 1,...,m are scheduled after time
K. Now, partition A into two subsets S, Sy such that aq,...,a,, € S1

and Gy 41, .-, @y € Sa. Assume for contradiction ) g a # > g, a-

Case 1: ) ,c5, 0> D e, O-
Then } 5 a+ > 4c5,a = 2K implies ) ¢ a > K. Since all jobs

1,...,m’ are processed before job m + 1 and Z;”:ll pj=>. a> K,

a€Sy
job m + 1 cannot start at time K, which is a contradiction.

Case 2: 35,0 < D e, O
Then » 5 a+ > 4c5,a = 2K implies ) ¢ a > K. Since all jobs

m’ +1,...,m are processed after job m + 1, job m + 1 finishes at time K
and Z;nz/l Dj = Dacs, @ > K we get that there exists a job k with weight
wy, = 1 and completion time Cj > 2K. Thus, max;(w;C;)(0) > wiCy >
2K = y which is a contradiction to the assumption that the constructed

1|rj|W Cmax instance is a yes-instance.

Therefore, > cq @ = > ,cq, a and the given Partition instance is a

yes-1nstance. O

PTAS

We present a polynomial-time approximation scheme (PTAS) for the problem
P|rj|W Cpax. It works analogously to the PTAS for the problem 1|r;| )" w;C;
of Afrati et al. [3]. A difference to the previous PTAS is that we insert the small
jobs according to the largest weight first rule (LW).

For a single machine, if there are no release dates, it is easy to see that it is
optimal to schedule the job with largest weight at any time. If there are release
dates but jobs can be preempted, we again get an optimal solution in this way.
Our PTAS relies on analogous versions of the lemmas 2.1-4 and 4.1-4 of Afrati
et al. [3], and we mostly follow the line of their proof. Some of our exposition
is adapted from Chekuri and Khanna [47]; we fix some minor inaccuracies and

expand on some explanations in what follows.
Theorem 5.6. There exists a PTAS for the problem P|ri|W Cpax.

We begin by simplifying the input in several steps. Each transformation may
increase the objective function value by 1+ O(g). We write that a transformation

produces 1+ O(¢) loss (in some cases it is just 14¢). We can perform a constant
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number of such transformations while staying within 1 4+ O(¢e) of the original

optimum. Let ¢ < 1/2.

Lemma 5.1 (Lemma 2.1 in [3]). With 1 + € loss, we can assume that all

processing times and release dates are integer powers of 1 + €.

Proof. Multiplying each release date and processing time by 1 + ¢ increases
the objective by 1 + ¢ (we just scale time). Rounding down to the next lower
integer power of 1 4+ ¢ does not increase the objective function. After these
two steps, no number is smaller than it was in the original input: suppose
x € ((1+e)¥1 (1 +¢)¥] for some integer k. Then (1+¢)x € ((1+¢)F, (1+e)F 1]

and the final value therefore becomes (1 +¢)* > . O

We can thus assume all jobs arrive at integer powers of 1 4+ . We will consider
intervals of the form I = [(1 + ¢)* (1 + &)**1) where k is integer (possibly
negative). With I we denote the interval itself as well as the size of the interval.
We have

I =e(1+¢e)F

and we define s := [log;, (1 + %ﬂ IS O(%log%) (using s = [kig&;rig)w and
log(1+¢) > 152

In the interior of an interval I, no jobs arrive. For the next transformations, we

fix some optimal solution.

Lemma 5.2 (Lemma 2.2 in [3]). With 1+ ¢ loss, we can enforce r; > ep; for

each job j.

Proof. We multiply every completion time in the optimal schedule by 1 + ¢ and
increase starting times to match. A job that previously completed at time ¢ > p;
now completes at time (14 ¢€)t, so it starts not before time et > ep;. This means
that its release date can be increased to ep; if it was smaller without making
this new schedule infeasible. We still have a schedule that is within 1 4 ¢ of the
optimal schedule. ]

Corollary 5.1. For any k, each job j released in Ij, has size at most I}, /2.
Proof. For such a job we have (1+¢)¥ > r; > epj, so Iy = e(1+¢)* > e2p;. O

Lemma 5.3. For any k, the total size of the intervals Ixy1, ..., Iy1s 18 more
than I /€ and the total size of Iy, ..., Ixis_1 is less than I}, /€.
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Proof. We have

k+s 5
. 14+e)—1 1 1 I
> e(lte) = s(1+s)k+1% > (1+e)kt! (1 + == 1> = ~(14e)ktt > 2
P 1+e—-1 € € €

Because (1+¢)* < (1+¢e)(1+1)=2+c+land 14+e+1 < 6%, we similarly get

k+s—1 k
j:E - 6(1—1-8)] = 8(1+€) ﬁ S (1+€) 1 + g +e ) < T = 573
]

Lemma 5.4 (Lemma 2.3 in [3]). For any k, a job that starts in Ij, finishes at
the latest in Iy s.

Proof. This follows immediately from Corollary 5.1 and Lemma 5.3. O

A job is small if its size is less than €2 times the size of the interval in which it

arrives.

Lemma 5.5 (Lemma 2.4 and 4.1 in [3]). With 1 4+ O(e) loss, each small job
18 fully contained in an interval, and in each interval the small jobs in it are
executed contiguously. Two small jobs j and k for which r; < ry and w; > wy,

are run in the order j before k.

Proof. Increase the size of each interval by a factor of 1 + £2. Since for each
interval and each machine there is at most one job in a fixed schedule that starts
in one interval and finishes in the next interval, then if such a job has size at
most €21, we can run it in the additional 21}, space that was generated by the

increase of the size of the intervals.

For each machine, consider the first small job j in I;. By shifting all later small
jobs on this machine in this interval so that they run immediately after j, the
completion times of some large jobs may increase. However, all large jobs that
previously completed in Ij, still do so, so their completion time is bounded by
(14 €2)(1 + )**! whereas initially it was more than (1 + ¢)*. This means that
the value of the objective function increases by at most a factor of 1+ ¢ as the
completion time of small jobs only improves. Hence, without loss of generality,

the small jobs are executed contiguously within each interval.

Consider a fixed optimal schedule in which all release dates are of the form
(14 &), Let sg; be the (contiguous) time allocated to this schedule for running

small jobs in interval I, on machine ¢. We allocate the small jobs to intervals in
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order of increasing k, where for each k we consider all the machines one by one
before moving to k + 1. To each interval I, we assign the small jobs that have
already been released but that have not been assigned to previous intervals in
order of decreasing weight, stopping on machine ¢ when the total assigned size
to interval I, is at least sz; (and less than sy; +2I}), or when we have assigned
all available small jobs. By stretching each I;, by a factor of 1+ ¢2, all small jobs
can be completed in their assigned intervals. Compared to the optimal solution,
the only change to the overall order of the small jobs is that we may sometimes
run heavier jobs earlier in this way. Formally, for the kth interval treated in this
way, the highest weight assigned so far is at least the highest weight of the first
k intervals in the optimal solution. Within an interval, some small jobs may
complete earlier in the optimal solution than in our solution, but not more than

a factor of 1 + ¢ earlier.

For each interval I, the total size of small jobs that we assign until this interval is
not less than the total size assigned so far in the optimal solution. The intervals
have been stretched by a factor of 1 + &2, and small jobs complete at most a
factor of 1 + ¢ later in each interval. Hence the weighted makespan of the small
jobs is at most (1 + £2)(1 +¢) < 1 + 2¢ of its value in the optimal schedule (for
€ < 1/2). This also holds for the large jobs because their order has remained
unchanged and the only change is that the intervals have been stretched. O

As a result of Lemma 5.5 we can order all small jobs released at (1+¢)* according
to their weight and consider them for scheduling only in that order. Let T}
and Hj, denote the small and large jobs released at (1 4 ¢)¥ (T for tiny and
H for huge). Let p(S) denote the sum of the processing times of the jobs in
set S. The next lemma says that any input instance I can be modified with
1 + ¢ loss to an instance I’ so that the total size of the small and large jobs
released at any release date (1 + &)* is O(ml},). This lemma is important for
the implementation of our dynamic programming algorithm since it allows us to

represent information about unfinished jobs compactly.

Lemma 5.6 (Lemma 11.18 in [47]). With 1 + O(e) loss, we can transform our

problem instance I to an instance I' such that the following conditions hold.

o p(T]) < (14 e)mly, for all k.

e The number of distinct job sizes in Hj, is at most |1 + 4log; . 1] €
O(Llogl).

e The number of jobs of each distinct size in Hj, is at most =
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o p(H,UT}) < Lmly for all k.

Proof. Consider an input instance I in which each release date is of the form
(1 + €)F. For each integer value of k, starting with the smallest value of k at
which small jobs arrive and ending when all small jobs have been assigned to
intervals, we do the following. The processing time available in interval I is
mly. Order the small jobs in T} by decreasing weights and pick jobs according
to this order until the processing time of jobs picked just exceeds (1 + &)mlIy.
Picking jobs according to this order is justified by Lemma 5.5. The remaining
jobs, which are released at (1 + £)* but cannot be processed in Iy, are moved to
the next release date (1 +¢)**!, that is, to the set Ty 1. (Jobs may be moved

more than once.)

For each job j in Hy, Lemma 5.2 yields (1 +¢)¥ > epj. On the other hand, since
Jj is large we get p; > 21, = €3(1 + ¢)*. Since all job sizes are powers of 1 + ¢,
the number of distinct job sizes in Hy is as claimed. For each job size we order
the jobs of this size by non-increasing weights. The number of large jobs of each
size class that can be executed in the current interval is limited to 7. We can
therefore treat each size class analogously to the small jobs, moving superfluous
large jobs of each size to the next interval. For each size class larger than Iy, it
is sufficient to keep m jobs. By Corollary 5.1, each job released at time (1 + ¢)*
has size at most Ij,/e*. Hence there are at most [2log; . ] such classes. For
each smaller size class, the total size of jobs is at most 2mliy, and there are
at most [2log ., 5 such classes since jobs of size at most 2}, are not large.
This implies p(Hj, UT}) < (2 + 2log;, . 1) - 2mI + (1 4 2logy . Lymly/e? =
(L (1+2logy . 1) +4+4logy, . LymI, < Lmly, for e < 1/4. O

As in Afrati et al. [3] we now decompose the time horizon into a sequence
of blocks. A block is a set of s = [log;,.(1 + 1)] consecutive intervals. Let
By, By, ..., By be the partition of the time interval [min; r;, D) into blocks where
D is an upper bound on the schedule makespan (we can bound D crudely by
(Zj pj + max;r;)). Our goal is to do dynamic programming with blocks as
units. There is interaction between blocks since jobs from an earlier block can
be partially scheduled into the current block. However, by the choice of the
block size and Lemma 5.4, no job has parts of it scheduled in three or more
different blocks. In other words, jobs that start in B; finish either in B; or B; 1.
A frontier describes the potential ways that jobs in one block finish in the next.
An incoming frontier for a block B; specifies the times at which the remaining

unfinished jobs from B;_1 finish.
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Lemma 5.7 (Lemma 4.3 in [3]). With 1+¢ loss, the number of possible frontiers
for block B; is at most (m + 1)/¢.

Proof. By Lemma 5.5 we only need to consider large jobs. Fix an optimal
schedule and consider a block B;. A large job j continuing from the preceding
block finishes in one of the s intervals of block B; which we denote by Ij;. We

can round up Cj to C]’- = (1+5)k(j)+7“-5[k( for some integer 0 < r < %—1. This

)
discretizes the time inside interval Ij(;) and will increase the schedule value by
only a 1+ ¢ factor. Thus, we can restrict the completion times of unfinished jobs
from the preceding block to s/e discrete time instants. Each machine realizes
one of these possibilities, and the machines are identical and interchangeable. A
frontier can thus be described as a tuple (mq,...,my /E) where m; is the number
of machines with unfinished jobs from the preceding block finishing at the ith

discrete time instant. This proves the lemma. ]

Lemma 5.8 (Lemma 11.20 in [47]). With 1+ O(e) loss, each job finishes within

8 blocks after it is released.

Proof. Consider some fixed optimal schedule. For each block B;, let U; denote
the set of jobs released in B; which are not finished in the optimal schedule by
the end of B;y7. For each ¢, we alter the schedule by scheduling all the jobs in
U; in B;;g. Let I, be the smallest interval in block B;;g. Using Lemma 5.6 the
total volume of jobs in any interval [ is at most E%lml &k, So the total volume
released in B; is at most E%mBi. Since Bt > (1 + %)Bz > B, /e for all i, this
volume is at most e*mB; g < eml, by Lemma 5.3. Using Corollary 5.1, for
every job j € U;, we have p; < Iy/z-:2 where I, is the first interval in B; ;1. We

conclude that p; < e*l,.

To schedule jobs of U; in B;+g we group jobs of U; into units each with volume
between eI, and (e + &*)I,. From the bound on p(U;) the number of units is
at most m. We assign each unit to an exclusive machine and schedule the unit
on the machine as soon as the crossing job on that machine from B;;7 finishes.
We shift the jobs on the machine to accommodate the extra volume. Clearly,
the completion times of jobs in U; have only decreased. It is easy to see that
expanding intervals by a (1 + O(e))-factor can accommodate the increase in the
completion times of jobs in B; for all i. The new schedule satisfies the desired

property. ]

Number of blocks. Given Lemma 5.8, a very simple upper bound for the number
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of blocks that have to be considered in our dynamic program is 8s.

Large jobs. Consider the large jobs released in interval I. By Lemma 5.6, there
are O(% log %) size classes in Hj. Within each size class, we sort and schedule
the jobs in decreasing order of weight, which is optimal. Let Uj; be the set of
large jobs released in Ij that remain unscheduled after block B;. Such a set
can be specified by indicating for each size class the smallest indexed job that
remains to be scheduled. The index of that job is between 1 and m/e? + 1 (if
no job remains unscheduled), and we need to specify O(% log %) indices. The
number of possibilities for one set Uy; is therefore (m/e?). By Lemma 5.8, at
most O(s) sets Uy; are nonempty in any block, and we know s € O(2 log%).

The number of options for all Uy; sets together for a single block is therefore
(m//e?)0z e 2),

Small jobs. The small jobs arriving at any given release date are executed in
order of decreasing weight. For each interval I, we partition this ordered list
into [(1 + &)m/e?] pieces by repeatedly removing a prefix of jobs with total
size at least €21}, and at most 2¢2];. Call the ith set constructed out of T}, in
this way J;(k). We show using Lemma 5.9 below that time stretching lets us

schedule an integral number of these pieces in each block.

Lemma 5.9 (Lemma 11.21 in [47]). For each set J;(k), with 1 + 3¢ loss, all

jobs in it are scheduled in the same interval.

Proof. Consider an optimal schedule that does not satisfy the properties of
the lemma. Fix a release date (1 + ¢)* for which the conditions of the lemma
are violated. Let 7 be an index such that some but not all jobs from J;(k) are
scheduled in an interval ;. We assign all jobs in J;(k) to I,;, on the same machine
as and immediately following the last job of J;(k) that is already scheduled in
I,. By Lemma 5.5, for each k < y there is at most one index i such that J;(k) is
partially scheduled in I,,. The total size additionally assigned to I, is therefore

at most

0 k
f 1 1
2 3 2 2
> 27T, <288 (1+ ) ) (1 8) =2y =2(e+e’) L. (5.2)

k<y k=0 R

For each interval I,, we stretch I, by a factor of 1 + 3. This is sufficient to
place all these jobs (even if they are all scheduled on the same machine). All
other jobs including all large jobs are scheduled in the same order and on the
same machines as before, and their completion times increase by a factor of at
most 1+ 3e. O
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This means that instead of scheduling small jobs we now only need to schedule
pieces J;(k). Within each piece, we sort and schedule the small jobs in decreasing
order of weight, which is optimal. Let Vj; be the set of pieces released in I, that
remain unscheduled after block B;. Such a set can be specified by indicating the
smallest indexed piece that remains to be scheduled. The index of that piece is
between 1 and (1 4 )m/e? + 2 (if no job remains unscheduled), and we need
to specify O(s) = O( % log %) indices since pieces from at most 8 blocks (or 8s
intervals) remain unscheduled after B; by Lemma 5.8. The number of options
for all Vj; sets together for a single block is therefore ((1+ ¢)m/e? + 1)06 log 2),

Dynamic program. Let F be the possible set of frontiers between blocks, where
each frontier is a multiset. By Lemma 5.7, |F| = (m + 1)*/¢. The dynamic pro-
gramming table entry O(i, F, U) stores the minimum of the maximum weighted
completion time (W Cax) achievable by starting the set U of jobs before the end
of block B; while leaving a frontier of F' € F for block B;;1, considering only
the completion times of jobs in U for the determination of the maximum. (Here
and below, infeasible inputs like incompatible ' and U get a value of co.) Given
all the table entries for some 7, the values for ¢ + 1 can be computed as follows.
Let W (i, Fy, F», V) be the minimum of the maximum weighted completion time
(W Chax) achievable by scheduling the set of jobs V' in block B;, with F; as the
incoming frontier from block B;_; and F5 the outgoing frontier to block B;y.

We obtain the following equation:

O(i+1,F,U) = Fler%i‘I}CU (max(O(i, F',V),W(i+ 1,F,F,U - V)))

We have O(1,F,U) = W(1,0,F,U). In total, we need to calculate at most
8s((1+¢e)(m+1)/e2 + 1)0(52 o6 2) Values W (i, Fy, F»,V). Since determining
such a value is an NP-hard problem, we present a 1 + ¢ decision procedure
which outputs a schedule that is within 1 + ¢ of W(i, F}, F», V) and shifts
the frontier F5 by at most a factor of 1 4 . This is sufficient to calculate a

(1 4+ O(e))-approximation of the solution to the dynamic program.

Given a block B; and a set of jobs V to be scheduled in it, we reclassify the
jobs as follows. Let I, be the smallest interval in B;. A job j is big if p; > el,,
otherwise we call it tiny. We will enumerate schedules of the big jobs, restricting
ourselves to schedules in which in each interval Ij big jobs start only at times of
the form (1 + ¢)* +ic?I},. A schedule is specified by the size and the starting
times of the big jobs; if there are several jobs of some fixed size available at some

starting time, we always schedule the one with larger weight first. In each block,
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there are s/e? < 1/e* allowed starting times and at most glog% possible job
sizes of big jobs (they are between eI, and (1 + é)]x /€%, and they are powers of

1/et possible schedules.

1+¢). For each machine, this gives at most N = (21og 1))
Hence there are at most (m + 1) schedules for the block B; and the set of big
jobs in V. Out of these we consider only the feasible schedules for the big jobs
(that is, no two big jobs overlap, etc.) that are compatible with the incoming

and outgoing frontiers F; and F5.

For each remaining schedule for all the machines, we insert the tiny jobs (which
include all the small jobs pieces of the form J;(k)) greedily. First, we increase
the size of each interval by a factor of 1+ ¢ to ensure that each tiny job is fully
contained in an interval and in each interval the tiny jobs in it are executed
contiguously; the proof that this loses only a factor of 1 + O(¢) is completely
analogous to the proof of Lemma 5.5. This means on each machine, we only
need to consider schedules for the big jobs in which there is at most one period
of idle time that is longer than 21}, in each interval I,. Given such a schedule,
we add another eI to the end of the longest period of idle time in I}, (if any) for
each Ij. This increases the weighted makespan of the large jobs on each machine
by at most a(nother) factor of 1+ e. We now fill up these intervals using the tiny
jobs exactly as in the proof of Lemma 5.5, filling up all machines in I; before
moving to the next interval and making sure that no job is scheduled before it is
released. To do this, the weight of a piece J;(k) is considered to be the weight of
the heaviest (small) job in it; recall that such pieces have size at most 221y, so
this distorts the calculations by at most a factor of 1 + 2e2. Recall further that
each small job in a piece J;(k) is released at the same time. Because each period
of idle time has size at least €I} by the above, each such period will receive at
least one job. Inserting the tiny jobs like this takes time linear in the number of

tiny jobs.

Among all the schedules constructed like this which schedule the tiny jobs in the
set V completely in B;, we pick the one with the minimum weighted makespan.
The incoming jobs into a block (that form the frontier) and all previous jobs are
considered to have weight 0 for these calculations, as their weights are already

considered in O(i, F’, V) in the dynamic program.

For fixed values i, F7, Fo, V', consider the schedule ¢ that minimizes the weighted
makespan. At some point our procedure above will consider the schedule o,
possibly with some large jobs completing a factor of 14 O(e) later as described
above. Compared to o, as in the proof of Lemma 5.5, each interval I receives

at least the same total size of the tiny jobs assigned to Ij, and again the highest
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weight of tiny jobs assigned up to and including I is at least as high as in
o for each I in B;. This completes the proof that our procedure produces a

(1 + O(e))-approximation to the dynamic program.



CHAPTER

Discussion and Open Problems

In this thesis, we explored a variety of topics in the area of offline and online
scheduling. These problems are central to algorithm design and resource opti-
mization with wide-ranging applications. We now summarize the most significant
results of our work and pose several open questions that may inspire further

research in these areas.

The following table summarizes the provided lower bounds in this thesis.

Problem Lower Bound H Section

1| r;, online, k-restart | >~ C; 2 Section 3.4
1| r;, online, restart, p; = 1 | > w;C; 1.09725 Section 4.2
1| r;, online, 3-restart, p; =1 | >~ w;C; 1.3247 Section 4.4
1| r;, online, restart | WCyax 1.4656 Section 5.2
1| r;, online, restart, p; = 1 | WCiax 1.2344 Section 5.2

Furthermore, next table summarizes the algorithmic results in this thesis.

Problem Algorithm | Competitive Section
Ratio

1| r;,online, restart | > C; IRSPT 1.4568 Section 3.5

1| r;,online, p; = p,restart | > w;C; LW-3R 1.3247 Section 4.4

1| r;, online, restart, p; = p | WCiax LLW 1.3098 Section 5.4

We began with the objective of minimizing the total completion time, as presented
in Chapter 3, we considered the online problem of minimizing the total completion
time on a single machine using restarts. We presented a simple online algorithm

that achieves a competitive ratio of 1.4568. The algorithm schedules jobs in
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order of increasing size and considers restarts. While our algorithm achieves
a tight bound, obtaining a better competitive ratio seems non-trivial without
incorporating the number of jobs that meet the interruption condition into
the decision rule. Understanding whether such an extension can improve the

competitive ratio is an interesting open question for future research.

In Chapter 4, we presented the first positive results demonstrating how restarts
can be used effectively to minimize the total weighted completion time on
a single machine in the case where all jobs have identical processing times.
Our main contribution in this work is a deterministic online algorithm with a
competitive ratio better than 1.325, achieved through a designed structure of
decision intervals. The algorithm requires at most three restarts over the entire
schedule, which significantly simplifies the analysis by reducing the number of
possible scheduling scenarios. However, achieving a better competitive ratio

would require allowing more restarts and developing new analytical techniques.

Finally, we studied the problem of minimizing the weighted makespan. We
presented two new lower bounds on the competitive ratio for deterministic
algorithms with restarts, one in the general setting and another in the case
where all jobs have identical processing times. The main result in Chapter 5 is
a deterministic online algorithm that achieves a competitive ratio better than
1.3098 for the case where all jobs have identical processing times. This leaves a
small gap to our lower bound for further improvement. Closing this gap appears
to be nontrivial and is an interesting topic for future research. Additionally,
we addressed a gap in the literature by proving that this problem remains
NP-hard even in the single-machine setting and we developed a polynomial-time

approximation scheme (PTAS) for parallel machines and jobs with release dates.
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