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Abstract

This thesis addresses the modeling and simulation of microstructured and fiber-reinforced
materials, for which classical first-gradient Cauchy continua fail to capture bending-
dominated mechanisms, size effects, and non-local interactions, while fully resolved three-
dimensional microstructural analyses are prohibitively expensive. Two complementary
higher-order frameworks are developed, both formulated and discretized within an isogeo-
metric analysis setting to exploit the required continuity of higher-order fields.

The first part focuses on higher-order continua induced by embedded slender reinforcements.
A three-dimensional second-gradient material model is proposed in which families of fibers
are represented by direction fields with associated stretch, shear, curvature and torsion
measures. These measures are linked to energetically conjugate higher-order stresses and
the resulting theory is implemented using spline-based C'-continuous discretization. In a
complementary discrete approach, geometrically exact Cosserat-type beams at finite strain
are embedded in an overlapping three-dimensional Cauchy matrix. Kinematic coupling
and consistent transfer of forces and moments are enforced through constraint fields that
admit a systematic static condensation. Eliminating beam and coupling degrees of freedom
yields an equivalent second-gradient continuum, which accurately reproduces the fully
resolved beam-matrix response at significantly reduced computational cost.

The second part develops a continuous higher-order multi-scale formulation based on
dimension expansion. A generalized macroscopic continuum is expanded with a microscopic
fluctuation field via a Taylor expansion of the macroscopic deformation on the product
domain and an energetically consistent averaging procedure. This leads to a higher-
order macroscopic problem whose stresses are obtained from the microstructure, while
microscopic fluctuation fields satisfy vanishing average conditions. A generalized solution
scheme employing null-space reduction condenses micro-scale fluctuations at the RVE
level, unifying monolithic and staggered coupling strategies. As a special case, the
classical FE? method is recovered from the proposed framework by a deliberate choice
of approximation space and a specific solution strategy. Numerical examples in one,
two, and three dimensions demonstrate that the proposed frameworks robustly capture
fiber-induced stiffness, curvature-driven size effects and non-local behavior, establishing a
coherent and efficient toolbox for the analysis of microstructured materials.






Kurzfassung

Die vorliegende Arbeit befasst sich mit der Modellierung und Simulation mikrostrukturier-
ter und faserverstiarkter Materialien, fiur die klassische Erstgradienten-Kontinua (Cauchy)
weder biegedominierte Mechanismen, noch Grofieneffekte oder nichtlokale Wechselwirkun-
gen adaquat erfassen konnen, wahrend voll aufgeloste dreidimensionale Mikrostrukturana-
lysen rechnerisch kaum handhabbar sind. Es werden zwei komplementare hohergradige
Kontinuumsansétze entwickelt, die beide in ein isogeometrisches Analysegeriist eingebettet
werden, um die fur hohergradige Felder erforderliche Kontinuitat bereitzustellen.

Im ersten Teil werden Kontinuumsmodelle fiir eingebettete schlanke Verstarkungen formu-
liert. Zunéchst wird ein dreidimensionales Zweitgradienten-Materialmodell vorgeschlagen,
in dem Faserfamilien durch Richtungsfelder beschrieben werden, denen Dehnungs-, Scher-,
Kriimmungs- und Torsionsmafle zugeordnet sind. Diese kinematischen Mafle werden mit
energetisch konjugierten hohergradigen Spannungen verkniipft und mittels spline-basierter,
C'-stetiger Diskretisierungen implementiert. Ergéinzend wird ein diskreter Ansatz verfolgt,
bei dem die geometrisch exakte Cosserat-Balkenformulierung im finiten Deformationsbe-
reich in eine tiberlappende dreidimensionale Cauchy-Matrix eingebettet wird. Kinematische
Kopplung sowie konsistente Ubertragung von Kréften und Momenten werden durch Zwangs-
felder sichergestellt, die eine systematische statische Kondensation ermdoglichen. Durch
Eliminierung von Freiheitsgraden der Balken und Kopplungen ergibt sich ein effektives
Zweitgradienten-Kontinuum, das das vollstandig aufgeloste Balken-Matrix-Verhalten bei
deutlich reduzierten Rechenkosten prézise abbildet.

Im zweiten Teil wird eine kontinuierliche héhergradige Multiskalenformulierung auf Basis
einer Dimensionserweiterung entwickelt. Ein generalisiertes makroskopisches Kontinuum
wird iiber eine Taylor-Entwicklung der makroskopischen Deformation um Fluktuationen
der Mikrostruktur auf den Produktraum von Makro- und Mikrodeformation erweitert.
Basierend auf konsistenter energetischer Mittelung tiber das Mikrogebiet resultiert ein
hoherordentliches gekoppeltes Problem, bei dem makroskopische Spannungen sich aus der
Mikrostruktur ableiten, wahrend Fluktuationsfelder sowohl verschwindende Mittelwerte als
auch das Gleichgewicht der Mikroskala erfiillen. Ein verallgemeinertes Losungsverfahren auf
Basis einer Nullraumreduktion erméglicht die Kondensation mikroskopischer Fluktuationen
auf RVE-Ebene und vereinheitlicht monolithische und gestaffelte Losungsstrategien. Als
Spezialfall mit bewusst gewéhltem Ansatzraum sowie spezifischer Losungsumsetzung geht
so das klassische FE? als Spezialfall aus dem préisentierten Konzept hervor. Numerische
Beispiele in ein-, zwei- und dreidimensionalen Einstellungen zeigen, dass die entwickelten
Ansétze faserinduzierte Steifigkeit, krimmungsgetriebene Grofieneffekte und nichtlokales
Materialverhalten robust erfassen und so ein konsistentes und effizientes Werkzeug zur
Analyse mikrostrukturierter Materialien bereitstellen.
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0 Notation and conventions 1

0 Notation and conventions

0.1 Sets and spaces

0.1.1 Sets and set operations

First, we introduce some basic sets denoted by the common descriptors, with the empty
set ), the set of integers Z, the set of natural numbers N without and Ny with zero
and the set of real numbers R. Given a subset ) of a topological space M, 0f) is its
boundary, € its closure and Q° its interior. Moreover, the union of two sets is symbolized
with U, whereas the intersection is denoted as N. Elements of a topological space are
called points. If for the set M there exists a distance function between elements of a
set d: M x M — R, along with symmetry d(z,y) = d(y,z) and triangle inequality
d(z,z) < d(z,y)+d(y, z) with x,y, z € M, the function d is called metric and the ordered
pair (M, d) is called metric space. A metric space is complete, if every Cauchy sequence in
M converges to a limit, where in a Cauchy sequence x1, xs, 23, - € M for every positive
real number r € RT a positive integer N € NT exists such that for all natural numbers
m,n > N follows d(x,,,x,) < r. The product space is the Cartesian product of a family
of spaces, where M =[], M; = My x My x --- X My = {(m1,ma,...,mq)|m; € M;} as
the set of ordered pairs (my,ma, ..., mq). For any multi-index m = (my, ..., my) € N& we
define its length by |m| := m + - -+ + my and its factorial by m! :=m;! ... my!. Given
m,n € N¢ we write m < n (resp. m < n) if m; < n; (respectively m; < n;) for every
j=1,...,d. Conducting the product of same sets with M; = M, also called d—tuple or
described as product of d copies of M, results in M? = [[%_, M, where d is the dimension
of M4, denoted as dim(M?) = d. An example is the real coordinate space R", with R?
as the two-dimensional real coordinate plane and R? the space of three-dimensional real
coordinates.

A group is a special set which has an identity element and every element S is invertible.
The identity element does not change any other element when an operation is applied. If
an operation of two elements results in an identity element, the first is a left inverse of the
second and the second the right inverse of the first element. Additionally it requires for
its elements S x S — S and associativity. In associativity, the organization of operations,
often implied by brackets, does not change the result if the sequence of operations is
maintained, whereas with commutativity also changing the sequence does not change the
result. If the group is a differential manifold, with multiplication and inverting being
differentiable, it is called a Lie group.



2 0.1 Sets and spaces

0.1.2 Matrix space

For a field F', a matrix is a two-dimensional array whose entries are elements of F'. Moreover,
let F,, ., == {A|A € R™*"} be the set of all m x n matrices with m entries in the first
dimension and n entries in the second dimension. For any A € [, ,,, the components are
accessed by [A]ij = A;; with 1 <i <m,1 < j <n. The matrix product C = AB of two
matrices A™*" and B"*? is conducted using components by [C],; = [AB];; = 32} AixBy;
and thus results in a m x o matrix and demands compatible sizes. Given arbitrary p X ¢
matrix B, its transpose is defined as [B'];; = [B];;. For a m x m matrix A, referred to as
a square matrix, we make use of the trace operator tr(A) = A; and, if existent, define
its inverse A~! through the relationship A=A = AA~! = I. Here, we make use of the
Einstein summation convention, denoting for repeated indices to be summarized over the
range of that index, like a;b; is conventionally short for Zle a;b; = a1by + agby + - - - + agby.
Further in this context, I is the m x m identity matrix, defined as [I];; = d;;, where we
introduced the Kronecker delta defined as

5@']':{ B J . (01)

0, otherwise

The set of invertible n x n matrices over the field F' along with matrix multiplication forms
a general linear group of GL(n, F'). For square matrices we can derive further properties.
The determinant det(A) of matrix A is a scalar valued function, characterizing features
in context of linear maps, see next paragraph. There exist various formulations for specific
squared matrices (e.g. Lang [73]). For the 3 x 3 case a general form is given by

A ApAsg
det | | Ao AgpAgs| | = Ar1 Ao Aszs + A1a Az Asy + A1z Ag1 Aszo
Az1 Az Az
— A13Ax Az — A1g A Ags — A1 AsgAsy . (0.2)
Here, we introduce the Levi-Civita symbol

1, if even permutation,
€ijk = § —1, if odd permutation, (0.3)

0, otherwise

for which immediately follows the set of identities

Cijk = €kij = —&jik = —ECikj = —Ekji
€ijk Ekin = 5i15jn - 5m5jl (0.4)
Eijk Eijn = 20kn
Eijk Eijk = 6.
Applied to the determinant we get
det(A) = g, A1 Agj Az = leijk EpgrAip Ajq Agr . (0.5)

6
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If the matrix A is invertible, det(A) # 0 and thus A non-singular. Moreover, the matrix is
called orthogonal, if AT = A~!. Further, any d x d matrix B € Sym,, is called symmetric,
if BT = B with the space of symmetric matrices Sym,. Skew-symmetry is given, if for
B < Skew, holds BT = —B with the space of skew-symmetric matrices Skew,. A given
d x d matrix C' can then be decomposed into skew and symmetric parts using

C:;(C—CT)Jr;(CJrCT). (0.6)

€Skewy E€Symy

Additionally, for double concatenation of two matrices A € Sym, and B € Skew, follows
A:B=A":B'=—-A:B=0.

0.1.3 Vector spaces

Given field R, the non-empty set V is a vector space, also called linear space, over R, if
therein certain conditions apply for addition of elements of V', called vectors, and the
multiplication with elements of R, called scalars. These conditions include, among others,
associativity and commutativity. Relating elements of one vector space to another V' +— X
is called a map. A structure preserving map from one structure to another is called a
morphism. Here, the structures are vector spaces V; and V5, thus if the properties of
vector addition and scalar multiplication are preserved, the map is a linear transformation
and called vector space homomorphism. If the linear map V; +— V4 is bijective, i.e. has a
one to one relationship between both spaces and additionally is invertible, the mapping is
called an isomorphism. If additionally the structure is mapped onto itself, the mapping is
called an automorphism. Multi-linear maps are linear in all its arguments, e.g. a bilinear
map V x W — X for vector spaces V, W, X is linear in both arguments V and W. For
example, a m x n matrix in R resembles the linear map R" — R™ mapping vectors in R"
to vectors in R™. Moreover, for diffeomorphisms additionally the mapping itself and its
inverse are continuously differentiable. For a vector space V', its dual space V* is the set
of all linear maps ¢: V — R marked with an asterisk superscript. A vector w € R" is
called zero-vector, if w; =0,V € 1,...,n and writing as w = 0.

A complete normed vector space V over field K, e.g. K = R, where the norm |[|(-)|| is a map
of V = R{, is called a Banach space. The norm satisfies certain conditions for, i.e. non-
negativity Vo € V, ||z|| > 0, positive definiteness that ||z|| = 0 only if & = 0, absolute
homogeneity ||az| = |a|||z| and the triangle inequality ||| + ||y|| > ||z + y||, where
z,y € V and a € K. Using the p-norm |z|, = (X, | z; )" for finite-dimensional
spaces, where p € R, p > 0, we denote the class of I spaces, also called Lebesgue spaces.

If a vector space over field R has an inner product of the form ((+), (+)): V' xV — R, along
with symmetry, linearity properties and positive definiteness, the vector space is called
inner product space. A prominent example for inner product spaces are Hilbert spaces H,
where the inner product induces a norm as distance function and is thus a complete metric
space and a Banach space. One of its members is the Euclidean vector space, which is



4 0.2 Tensors

a finite-dimensional inner product space over the real numbers R. The dot product for
a R™ Euclidean space is an inner product and bilinear map, denoting (u,v) = > | u;v;,
where u, v € R", which is further used to define the norm of a vector u € R™ in the form

|w|| = \/{w,u) = /", u?, which is equivalent to the I’-norm.

0.2 Tensors

0.2.1 Basis

In order to define objects consisting of multiple vector spaces, so called tensors, we establish
the basis of a vector space. The subset B of vector space V' over a field R is a basis of V/, if
B is a linearly independent subset of V' and spans V', i.e. the span of B as the set of all linear
combinations span(B) = {ajw; + asws + -+ + a,w, | ay,...,a, € R | wy,...,w, € V}.
It can be used to express every vector f € V in the form f = 3", a,w;. Therein, a, € R
are scalar coefficients and w; € B basis vectors, thus also writing B"”. The number of
basis vectors is the dimension of the vector space, thus for a vector space K™ over field
K follows dim(K™) = n due to the construction using the cartesian product. The basis
{e;} € R? is called orthonormal, if it holds e; - €; = d;;, with i,j = 1,2, 3.

With given basis B and a dual set B* existing in the dual space V* it holds

vi-vj:ciij, with v' € B*, v, € B, (0.7)
implying the same index set for both basis sets. If additionally B* spans V*, i.e. the span
of B* the dual set B* is called a dual basis. When working with both types of bases along
with corresponding coefficients, we distinguish between these by positioning the indices.
Assuming the vector space R" with basis F and dual basis E*, we can describe a vector
xeR"in B

x=>) r'e;, with z'€R, e €E (0.8)

i=1

as well as a covector &’ in F*
n . .
' =Y ze, with v, eR, e e€FE". (0.9)
i=1

For both bases, we define their corresponding metric using the inner product g;; = e; - €;
(covariant metric components) and g = e’ - €/ (contravariant metric components). Given
v v = g(vhvy)) = §'; makes (v’) the reciprocal basis to (vl) with corresponding
coordinates x; = g;;x’. Using further g”“gkj = 0,5, it follows © = 2'e; = g’”xigjkej = r;€e".
Note, that for an orthonormal basis, i.e. e; - e; = §;; follows e’ = e;.

For a vector u = u'e;, the coefficient u' is contravariant to the corresponding basis vector
{e;} € R3 marking the vector as tangent vector. Using the dual basis {¢'} € R?, the
cotangent vector v = v;€’ is composed of the covariant coefficient v;.



0 Notation and conventions 5)

0.2.2 Tensor product space

Pairing the elements of two vector spaces, u € U and v € V, over a field R to a new vector
space U ® V' via the bilinear map U x V +— U ® V' creates the new vector space U @ V,
called tensor product space, where the symbol ® denotes the tensor product and u ® v
its elements. If {u;} € U and {v;} € V form respective bases B* and B", their tensor
product forms the basis for elements of the tensor product space C € U ® V. Taking
U =R™and V = R", the corresponding tensor product space is denoted as U®V = R™*",
Using the span property, we write

C = (Zuzuz> ® (Z vjvj) => > [uivj} u; QU; = [uivj] u; v =C"u;®u;,
i=1 i=1 j=1

j=1

(0.10)
with coefficient array C'”. Note, that the index order of the coefficients implies the order
of the basis tensor product.

With given finite set of p copies of vector space V' and ¢ copies of the dual vector space
V%, the tensor product V@V ®---®@V*®V* is a vector space with the bilinear map

g-times
—_—
VXX VXVix - x V= Ve VeV e - V"
o
p-times

={(w e ov,ev e v |veV, v eV} (0.11)

Its elements T' are called tensors of type (p,q) and of order n = p + ¢. Using the basis
representation v; = vle;, vo = v%ey, ... and v! = vv!, V2 = 1€, ..., we write

T=1eRve;® - Queeuew =T, e @ ---. (0.12)

The term dyadics or dyads in this work refers to tensors obtained by the tensor product.
When combining standard and dual bases, the resulting tensor is called mixed variant.

Given a standard basis, any linear map can be expressed by a matrix. For two linear
maps f: V — W and g: X — Y for vector spaces V, W, X, Y, with f(v) = w = Av and
g(x) = y = Bx, the Kronecker product denoted by ® gives the matrix of the tensor
product. Therefore, tensors can be interpreted as an extension of the matrix concept
towards infinite order, such that a tensor is a multidimensional array, whose components
are the coefficients that are associated with a basis. Here, the dimension of the array
corresponds to the order of the tensor. Regarding elements of tensors and matrices, we
use the same notation, thus addressing the entries of the coefficient matrix. From first
order up to higher order, tensors are generally marked in bold letters or symbols, e.g. A,
third order tensors in bold Fraktur letters, e.g. 2, whereas their respective components
are marked as the plain symbol with the index subscript or superscript. Alternatively we

use square brackets around the tensor and put the index as subscript to it, e.g. [Qq o
ij
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The definition of tensors gives rise to the application of the transpose in terms of reordering
the tensor product, i.e. for a tensor C represented as the tensor product of @ = u‘u,; and
b = v/v; follows

C=(boa) =a®b, (0.13)

or alternatively using the coefficient matrix C;; = u,;v; and basis vectors
C= (C’jivj ® ui) T = Oy, @ ;. (0.14)

In contrast to second order tensors, the transposition for tensors of order n > 2 requires
further information about rearranged order in terms of the indices representing the
respective basis to be shifted. Therefore we define the transpose (-)Taﬁ , where a8 €

{1,...,nla # B}, e.g.

T12 ] T24

K

0.2.3 Basic tensor operations

- M=,

(0.15)

For the scalar product in terms of the dot product of two vectors [a - b] = a; b;, the dot
product of a vector f and a second order tensors G = a ® b, as well as the double dot
product of two second order tensors G and H = c¢® d hold

f-G=f (a®b)

_(F-a)b (0.16)

and F:G=(a®b):(c®d)

=c-(a®b)-d (0.17)

Formally, for a given basis we write for the dot product of two vectors and the double dot
product of two second order tensors and the triple dot product of two third order tensors,
we write

[CL . b] =qa;b; and [A : B] = Aij Bij and [A : B] = Aijk Bijk , (018)
respectively.
Derived from the Euclidean norm, ||a|| = v/a - a, we expand the norm notation towards

higher order tensors in the form [|A|| = VA : A for second order tensors and ||| = V24 : 2
for third order tensors. Moreover, we use the standard notation for multiplication of
tensors in the form
[A L = Az‘j bj s [ABLJ == A,k Bkj s [2[ : BL == Aijkz Bjk and [Q[b]” == Aijk bk (019)
Moreover, we introduce the cross product for two vectors @ € R? and b € R? in the form
H = [a X b] = €,k ajby. Furthermore, the scalar valued triple product for a, b, c € R" is
defined as
gijka;bjcr=a-(bxe)=b-(cxa)=c-(axb). (0.20)
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Following Bonet et al. [19] and Bonet et al. [18], the cross product formalism is extended to
various combinations of first order tensors v, w € R" to second order tensors A, B € R™*",

e.g.
[’UXA} y = Eikl UkAlj , [AX’ULJ_ = Ejki Aikvl and {A § B} Y = €ikl €jmn AkmBln . (021)

The three-dimensional vector cross product for can be written using a matrix representation
of the first vector a x b = [a], b with the notation for the spin of a vector

0 —Aas Qo
spin(a) =1laJ, =| a3 0 —ay|, where [[a,]x] = —Eijk A - (0.22)

—Q2 aq 0

Regarding a second order tensor B we define the axial vector

1 B32 - BQS 1
axl(B) = | Biy — By | , where {aXl(B)]v = — 5k {B} o (0.23)
By — Bz
such that
axl(fal, ) = a. (0.24)

The spin of a three-dimensional vector is skew-symmetric [a], € so(3) with the vector

space of skew-symmetric tensors

X

s0(3) = {AeR>™| A+ A" =0}, (0.25)

whose exponential map exp: so(3) — SO(3) as formal power series with exp(A) =
I+>™ A"/n!is an element of the special orthogonal group SO(3), where
SOB3)={ReGL(3,R)|RRR=RR =1, det(R) = 1}, (0.26)

where R is a rotation matrix over the three-dimensional Euclidean space.

The eigensystem E) = {v # 0 | Av = M} € R is the set of all eigenvectors for the
n X n square matrix and linear operator A on R. Moreover, the set of eigenvectors v U0
to the same eigenvalue A is called the corresponding eigenspace. In characteristics, the
vector v is stretched but not rotated by A with A being the stretch-factor. They can be
obtained by solving the eigenvalue problem p(\) = det(A — A\I) = 0 and subsequently
for eigenvalues \; obtain their eigenvectors v; by solving (A — A\;I)v; = 0. For a d x d
symmetric matrix U, the eigenvalue-eigenvector problem of form U Q = diag(\;)Q, where
Q = (n;,...,ny) and {n,,...,ny} forms an orthonormal basis, leads to the spectral
decomposition U = \jn; ® n,;.
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0.3 Functions and function spaces

0.3.1 Functions

For a function f: X — Y, we denote the image of a subset A C X under f as f(A) =
{f(z) | x € A}, the pre-image of subset B C Y under f by f~'(B) = {z € X | f(z) € B},
the support of f by supp(f) :={x € X | f(x) # 0}, and the restriction of f to A by f]|a.
As shortened notation for the image of an element a € X we define [f(z)], = f(a) and
[£(2)]2 = £(b) — f(a) as the difference of images b € X and a. The latter is used but not
limited to a function f(s),s € {a,b}, where |[f(s)]]Z marks the difference of its upper to
lower bound. A function f: R™ D X — Y C R for the metric spaces X, Y has Lipschitz
property, i.e. is Lipschitz continuous, if there exists a positive real constant L > 0 such that
d(f(z1), f(z2)) < Ld(z1,22),Y 21,29 € X, which effectively bounds its first derivative.
We further describe the limiting behavior of function f(x) using the Bachmann-Landau
notation O(z?) for characterizing its growth.

Given Banach spaces X, Y, and Z, the single-argument maps g: X — Y and f: Y — Z
are composed by using the circle operator fog: X — Z, (fog)(z) = f(g(x)), where first
g, then f is evaluated. For product spaces, i.e. where X = I[*(Q), Y = H'(Q) and Z = R,
and functions g: X — Y and f: X x Y — Z, the composite mapping F' = f o (id, g) is
written as F'(x) = f(z, g(x)), where the product map (id, g): X — X x Y, z — (z, g(x))
with the identity id on X expanding the function input for f.

The function F: R? — R U {400} is coercive, if F(u) — oo as ||u|| — oo. Furthermore,
F is convex, if for every pair of points X,Y € R and every scalar a € [0,1] holds
F((l=a)X +aY) < (1—a)F(X)+ F(Y), i.e. the function value of every point between
X and Y is smaller or equal to the linear interpolation between these points. For twice
differentiable functions this implies its Hessian is positive semi-definite. For polyconvexity
of function F(w), there must exist a convex function for the set with all minors of w.

0.3.2 Differentiation

For a single-argument function g: R — R, we define its derivative using Leibniz’s notation

gy = dif) i 20 52 —olz), (0.27)

For the multi-argument function f: R — R, we use 0;f as derivative along the ‘"
coordinate direction e;, where

(0.28)

Generally, for an arbitrary direction h € R", the Gateaux derivative is

D f(2)[h] = tim L& = T (@), (0.29)

e—0 £
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provided the limit exists, and thus each partial derivative is a Gateaux derivative in
direction h = e;. The function f is further Fréchet differentiable at x, if mapping
h — D¢ f(z)[h] is linear and bounded, such that the Fréchet derivative

Df(z): R" =R,  Df(z)[h] = Z@f(:c) hi, (0.30)

is the continuous linear operator whose action coincides with the directional derivative.
For the composed function F(z) = f(x,g(z)) as by previous definition and under the
assumption of both F' and g being differentiable in their arguments, then F' is Fréchet
differentiable. Using the chain rule it follows

DF(x)[h] = Dy f (2, g(x))[h] + Dsf(x, g(x))Dg()[h]] (0.31)
for every perturbation h € X and the partial derivatives
Dif(z,y): X = Z and Dof(z,y):Y — Z. (0.32)

Arbitrary derivatives of order m € Ny are denoted as 9" f = 0;(0;(--- (0;f))) for the
m-times differentiation, where 07 := 1, i.e. the identity. With multi-index m, we set
o™ =0, ..., 07", Further we use the conventional symbols V(:), V@ V(-), A(+) and
V- (+) for the gradient, Hessian, divergence, and Laplacian, respectively. For g: U — R,
f:U—=R™and H: U — R™", where U C R", we get

alalg s alang ?:1 ajHlj
V®Vg= : : and V-H = : . (0.33)
Op01g ... 0n,0ng i=10iHm;

Thus the gradient of a vector field equals its Jacobian matrix, whereas the divergence of
a tensor field is obtained by taking the divergence of each row. Using symbols, we can
write the Fréchet derivative in coordinate form D f(x) = ((91f(x), ce 8nf(:c)) =V f(x),
so that Df(x)[h] = V f(z)- h.

If no further indication on operators such as V or A is given, they act on all variables.
If they are applied to a specific set of Euclidean coordinates X € R™ with unit vectors
{e1,...,en} and coefficients X7, ..., X, we attach a subscript and get

Vg =0x,ge1+ -+ 0x,9€, = (0x,9,...,0x,9) (0.34)

for a scalar field g: U x I — R. Subsequently regarding Euclidean coordinates, explicitly
writing basis vectors is omitted and made clear from the context unless stated otherwise.
In index notation we then define for scalar field a € R, vector field a € R"™, second order
tensor A € R™*" and third order tensor 4 € R™"*"*"

Nd =oxa, [%a =odxla and [%A] =ox[A] . (0.35)

(%) 7 ijk ij
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For the divergence we state

%-a]=dxla , [%-4] =ox, [AL_ and |V - Qq = 0x, |2 (0.36)

ik’
with analogous notation for V% ® V& (+) and A (+). Since the nature of the dimensional
expansion of the gradient is obvious, we abbreviate V2 (+) = % ® V% (-). Note that,
auccordin?r to Schwarz’s theorem, a symmetry arises when performing second derivatives,

c.g. [VXQ = 6XJ8XK [O,L = aXK8XJ [CL}

Regarding differentiability, we define continuity classes

i

a
iJK

CHU, V) = {f: (Frovee i fu) U= V|
Vi€ {L,...,m}Vbe N (|b] < k): 30, with 0, € CO(U)} (0.37)
for k € NgU {—1,00}, U € R* and V C R™, where C*"(U,V) D C*U,V) for k €
N. As special cases, C°(U, V) comprises continuous functions, C*(U, V) are infinitely

differentiable functions, also called smooth. In analysis, the term regularity may also refer
to continuity.

0.3.3 Function spaces

Let 0 C R3 be a physical bounded Lipschitz domain with volume element dV as Lebesgue
measure L3(+). The Lebesgue space of square-integrable scalar functions is

12(0) = {f: QSR ’ [ir@rav < oo}, (0.38)

which forms a separable Hilbert space when equipped with the inner product (f, g)q =
Jo f - gdV, and is accompanied by its norm || f[|;z(q) = \/(f; f)a. As extension to vector-
and tensor-valued fields with m € N, we abbreviate L*(Q)™ := L2<Q; Rm), where for given
tensor fields A, B:  — R™ " we define the I? inner product by the double contraction

(A, BYo = / A:BdV,  A:B:=tu(AB) (0.39)
Q
and the corresponding norm [|Al[;z(q) = 1/(A, A)q. Taking additionally function deriva-

tives into account, we arrive at Sobolev spaces of square integrable functions (p = 2). For
k € Ny, we write

HE(Q) = {f € T3(Q) ‘ of e 12(Q) Vbl < k} (0.40)

where 0° denotes the (weak) partial derivative of multi-index b. Vector and tensor Sobolev
spaces are written H*(Q2)™ and 7{’“(9; Rmxn), respectively. If we consider the boundary
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082 of domain €2, the Trace space H'/?(9€2) accommodates essential boundary data using
the Trace Theorem with a trace operator T: H(Q) — H'/2(99), which is the unique
bounded linear extension of the restriction map on smooth functions. In particular, for
u € C*(Q) is given by Tu := u|gq. We further introduce its square norm

1l = [ 22 1071 - (0.41)
bI<k
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1 Introduction

1.1 Motivation

In the past decades, lightweight structures and advanced composite materials have become
indispensable in many high-performance engineering applications, ranging from aerospace
and automotive components, wind turbine blades, biomedical devices or civil infrastruc-
ture. Their outstanding stiffness- and strength-to-weight ratios are achieved by tailoring
the underlying microstructure, for example through aligned fibers, layered laminates or
engineered geometries. As a consequence, the effective structural response is no longer
governed solely by the macroscopic geometry and loading, but is strongly influenced by the
material architecture at multiple length scales, which must be accounted for in structural
analysis and design.

A characteristic feature of many such materials is the presence of significant scale differen-
tiation between the macroscopic structural dimensions and the characteristic size of the
microstructural components. When the microstructure exhibits strong anisotropy or size ef-
fects, classical Cauchy continua, which only involve first gradients of the displacement field,
may be insufficient as they cannot represent bending stiffness of embedded fibers, interface
layers with finite thickness, long-range interactions induced by periodic architectures or
a general material response of engineered structures (“meta-materials”) in a physically
transparent way. In such settings, the geometry and topology of the microstructure give
rise to apparent non-local interactions and generalized boundary conditions that must be
reflected by the underlying continuum model.

Resolving the microstructure explicitly in a fully three-dimensional setting appears to be
a straightforward solution approach. However, such a brute-force resolution quickly leads
to exorbitant computational costs, especially when the microstructure is complex or when
the macroscopic component is large in contrast to the micro-scale. Moreover, in many
engineering contexts we are not primarily interested in the detailed micro-scale stress state
but in homogenized or effective properties, in robust and efficient design procedures and in
reliable macroscopic models that yet retain the essential influence of the microstructure.

These observations motivate two complementary lines of development. First, generalized or
higher-order continua enrich the macroscopic kinematics by additional fields or gradients
and introduce intrinsic length scales into the constitutive response. In this way they
capture size effects as well as fiber-induced bending and torsion in an effective manner
without explicitly resolving the microstructure. Second, computational multi-scale schemes
couple macroscopic and microscopic boundary value problems in a variationally consistent
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fashion. Methods such as FE? and IGA? attach representative volume elements (RVEs)
to macroscopic integration points and determine effective stresses and tangent moduli
by solving micro-scale boundary value problems but fail to provide profound physical
interpretation and rely on inaccurate numerical assumptions. Each route has distinct
advantages and limitations in terms of accuracy, interpretability and computational cost.
For both approaches, we aim at their combination, extension and generalization within this
thesis, while reducing their weaknesses. Specifically, we pursue the following objectives:

e to formulate a continuous second-gradient continuum model that captures bending
and torsion of embedded fibers in a three-dimensional matrix by means of higher-order
kinematics and energetically conjugate higher-order stresses,

o to establish a variationally consistent coupling between generalized (reduced) contin-
uum models and surrounding three-dimensional Cauchy continua, including suitable
interface conditions and numerical discretizations, and

e to develop and implement a continuous higher-order multi-scale method that embeds
a generalized continuum description at the macro-scale and extracts its effective
material response from a microstructure in a variationally consistent, monolithic
and computationally efficient manner.

The guiding principle throughout this thesis is the use of higher-order continua as an
effective macro-scale representation of complex microstructural mechanics. Since higher-
order theories involve additional derivatives of the kinematic fields and require enhanced
smoothness of the approximation spaces, isogeometric analysis (IGA) based on spline
functions is employed as the primary discretization technology. Its inherent C* or higher
continuity throughout the internal body domain provides the regularity needed for second-
gradient formulations and leads to numerically robust and accurate simulations.

1.2 Higher-order continua and dimension-reduced
coupling

Generalized continua extend the classical Cauchy framework by either enriching the set
of kinematic variables, like micro-rotations in Cosserat or micromorphic theories, or by
including higher gradients of the primary fields, leading to strain-gradient or higher-order
models (cf. Mindlin [85, 86], Toupin [116, 117], Altenbach et al. [3], Eringen [36], Germain
[45], and Maugin and Metrikine [81] and Bertram and Forest [13] among others). From a
phenomenological point of view, such theories allow to represent internal length scales
explicitly in the constitutive law and to derive additional boundary conditions on higher-
order tractions. From a computational point of view, they enable the incorporation of
size effects within a continuum formulation without resolving all geometric details of the
microstructure.

In the present work, higher-order continua are employed in two conceptually different but
closely related ways. First, a second-gradient continuum material model is formulated
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for fiber-reinforced composites. Here, the body is described by the usual deformation
map and its first and second gradients. The fiber families are represented as embedded
directions with associated stretch, shear, curvature and torsion measures. These kinematic
quantities are linked to the second gradient of the motion in such a way that the bending
and twisting behavior of rod-like constituents can be captured within a three-dimensional
continuum, see also the works of Asmanoglo and Menzel [5, 6], dell'Isola et al. [31], Giorgio
[46], Soldatos [110], Spencer and Soldatos [112], and Steigmann [113]. The resulting
stored energy density comprises classical first-gradient contributions as well as additional
terms depending on curvature-like measures, giving rise to higher-order stresses and
size-dependent effects.

Second, higher-order continua appear naturally when embedding and consistently coupling
dimension reduced structural elements into a surrounding matrix. In particular, slender
short fibers are modeled as Cosserat-type beams embedded in an overlapping 3D continuum
domain, building on well-established geometrically exact beam formulations [16, 17, 95,
96, 106, 108] and immersed/embedded approaches in dell’Isola et al. [29], Duong et al.
[35], Hesch et al. [55, 56], Schulte et al. [103], and Steinbrecher et al. [114]. Based on a
kinematic coupling of beam centerline deformation to the matrix as well as transferring
forces and moments, the influence of beam bending and torsion reappears as higher-order
contributions to the stress response with corresponding hyper-stresses representing bending
and torsional moments of the embedded structures.

Within this thesis, both approaches for higher-order continua are explored, serving as a
unifying framework for representing fiber-induced size effects. They are obtained either
directly by postulating a second-gradient material law with embedded fiber directions
or indirectly by condensing explicitly modeled beam-matrix systems. In both cases, the
resulting formulations give rise to second-gradient theories with internal length scales
and non-classical boundary conditions, naturally benefiting from the use of IGA which
provides required smoothness on the discrete level.

1.3 Multi-scale method

While higher-order continua provide efficient phenomenological models for size effects
and curvature-driven responses, they intentionally suppress the explicit resolution of the
microstructure. In many situations this is sufficient and even desirable. However, in a
broad range of applications one is interested not only in the effective macroscopic response
but also in the underlying microstructural deformation mechanisms, in the calibration of
constitutive parameters from a known microstructure or in the virtual design of engineered
materials. In such cases, a purely single-scale continuum description is too restrictive and
a systematic coupling between macroscopic fields and microscopic RVEs is required.

In this work, this coupling is not introduced via a classical point-wise FE? association
(cf. Schréder [101], Matous et al. [80]) between macroscopic integration points and RVEs,
nor is it enforced primarily through the Hill-Mandel macro-homogeneity condition (cf. Geers
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et al. [44], Hashin and Shtrikman [52], Hill [58, 59], Mori and Tanaka [88], and Willis [120]).
Instead, the starting point is a domain expansion in which the macroscopic configuration
)y is combined with a microscopic reference cell Qo to form the product domain €y x QO,
such that the motion depends on both the macroscopic position X and the microscopic
coordinate X . The central idea is to decompose this motion into a macroscopic part and
a purely fluctuating microscopic part and to derive the macroscopic equations by energetic
averaging over the micro-domain.

More precisely, the kinematics are expanded in the macroscopic coordinate by means
of a Taylor series up to second order, thus enabling the connection to the established
fiber-reinforced second-order continua. The deformation on the product domain is written
as a sum of a polynomial ansatz in X and a micro-fluctuation field that depends on both
X and X. The macroscopic coefficients of the Taylor expansion represent the generalized
deformation measures, while the fluctuation field accounts for the fine-scale variations
induced by the heterogeneous microstructure. A key assumption is that the fluctuation has
vanishing average over the micro-cell, such that the macroscopic deformation is recovered
as the cell average of the total motion. This separation ensures that the macroscopic
and microscopic contributions are uniquely identified and that higher-order macroscopic
gradients arise in a natural and systematic way from the Taylor expansion.

The continuous higher-order multi-scale framework is derived by integrating the microscopic
stored energy density over the product domain Q x . Taking variations with respect
to the macroscopic motion and the micro-fluctuation field and subsequently averaging
over the micro domain leads to a coupled variational problem for both scales. In this
construction, the macroscopic balance equations and higher-order stress measures emerge
directly from the averaged microscopic energy and the kinematic expansion. The resulting
formulation is consistent with energetic averaging principles and can be related to the
classical Hill-Mandel condition.

The result of this procedure is a continuous higher-order multi-scale framework posed on
the product domain. The macroscopic problem appears as a second-gradient continuum
with associated first- and second-order stresses with generalized boundary conditions.
The microscopic problem, defined on Qy, governs the fluctuation field for each macro-
scopic position. Both are coupled through the Taylor coefficients of the macroscopic
deformation and through the requirement of vanishing average fluctuations. In this sense,
the multi-scale method provides a microstructurally grounded derivation of higher-order
continuum behavior, where curvature-dependent macroscopic response and hyperstresses
are identified as condensed measures of the microstructural deformation stored in the
expansion coefficients.

For the numerical realization, the coupled problem is again discretized using IGA. On
the microscopic domain, standard isogeometric bases are used for the fluctuation field.
Different combinations of approximation spaces are considered, including variants in which
continuous functions are used in the macroscopic coordinate and localized, Dirac-type
ansatz functions are introduced in the microscopic coordinate to concentrate the micro
response. This allows for a systematic study of how the choice of macro and micro
approximation affects the quality of the resulting higher-order continuum response and to
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recast the classical FE? framework and corresponding higher-order extensions, e.g. Feyel
and Chaboche [41], Kouznetsova et al. [67], Miehe et al. [84], and Smit et al. [109].

Beyond the continuous higher-order multi-scale model itself, the efficiency of its numerical
realization is crucial. Therefore, we propose a generalized solution scheme that further
enhances the efficiency and robustness of the continuous multi-scale formulation. In contrast
to classical nested FE?-type strategies, the present approach does not enforce micro-scale
equilibrium to be fully satisfied within each macro-scale Newton iteration. Instead, the
macro and micro unknowns enter a unified global residual and the linearized coupled system
is treated in a way that allows for controlled deviations from exact micro equilibrium during
the outer iterations. The null-space reduction and the associated condensed operators are
constructed such that these deviations are resolved simultaneously as the global Newton
process converges. This leads to a more flexible algorithmic structure as the micro problem
does not need to be iterated to full equilibrium at every macro step, significantly reducing
the number of expensive micro evaluations and allowing for alternative linear and nonlinear
solvers without violating the underlying variational structure. As a consequence, the
generalized solution scheme combines the robustness of a monolithic formulation (cf. Lange
et al. [74] among others) with the computational advantages typically associated with
staggered methods, while avoiding the rigid assumption of exact micro equilibrium at each
macro iteration.

1.4 Organization of the work

The thesis is structured to progress from numerical and theoretical foundations to special-
ized higher-order models and their application within a continuous multi-scale framework.

In chapter 2, the fundamentals of isogeometric analysis and finite element discretization
are recalled. After introducing B-spline and NURBS basis functions and multi-patch
geometries, emphasis is placed on aspects that are crucial for higher-order formulations,
such as the construction of globally smooth approximation spaces and a knot-insertion
based multi-grid algorithm.

Chapter 3 provides the continuum-mechanical background. The kinematics of bodies with
higher-order gradients of the motion are developed, together with the associated balance
laws, hyper-stresses and boundary conditions. These concepts form the theoretical basis
for the higher-order material models and the multi-scale method developed later.

In chapter 4, a continuous second-gradient material model for fiber-reinforced composites
is proposed and analyzed. Fiber families embedded in a matrix material are described
by direction fields and associated first order stretch and shear as well as second-order
curvature and torsion. The formulation, its isogeometric discretization, and the associated
boundary conditions are discussed in detail. Numerical examples for fiber-reinforced
specimens demonstrate the model’s ability to capture fiber bending and torsion effects at
the structural scale.
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Chapter 5 focuses on a complementary approach in which the fibers are represented as
geometrically exact Cosserat beams embedded into a three-dimensional matrix. After
introducing the beam formulation, a consistent coupling is established maintaining kine-
matic constraints and the transfer of forces and moments consistently between beam and
matrix in an overlapping domain. By means of static condensation, a reduced model is ob-
tained that can be interpreted as a second-gradient continuum along the beam centerlines.
The discrete formulation, including the use of quaternions for the parameterization of
rotations and the isogeometric approximation of all fields, is discussed in detail. Numerical
investigations illustrate the behavior of the coupled beam-matrix system and the quality
of the reduced model.

In chapter 6, the continuous higher-order multi-scale method is formulated. Starting from
the generalized macroscopic continuum, a coupled macro-micro problem is formulated
on the product domain Qg x €. The variational structure, boundary conditions and
the enforcement of both energetic consistency and kinematic averaging conditions are ad-
dressed. Several discrete variants of the macro-micro approximation spaces are considered,
including Dirac-based ansatz functions at the macro level. A null-space reduction scheme
is introduced to solve the resulting algebraic system efficiently. The performance and
accuracy of the approach are examined in a series of numerical experiments ranging from
one-dimensional benchmarks to three-dimensional higher-order problems.

Finally, chapter 7 summarizes the main findings of the thesis and provides an outlook
on possible extensions and future research directions. In particular, the potential of the
proposed frameworks for nonlinear constitutive behavior, damage or failure and more
complex microstructures is discussed.
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2 Fundamentals of Isogeometric
Analysis

Solving real-world mechanical problems relies on geometrical and physical modeling. The
numerical approach to solving these problems implies the use of computers. Here, we
focus on a variety of numerical methods enabling us to transfer complex mathematical and
physical relations into simple computational tasks. Numerical modeling therefore requires
in the first step representing geometries and fields of interests as functions and in the
next step a discretization. The isogeometric concept (Isogeometric Analysis - /[GA) aims
to directly link the geometric modeling used in Computer Aided Design (CAD) for the
functional representation and discretization used in the computational analysis (Computer
Aided Engineering CAFE). The terminology was prominently brought to wide readership
by Cottrell, Hughes and Bazilevs in their 2009 book (Cottrell et al. [26]). We also refer to
the fundamental works of Piegl and Tiller [92] among others. In this chapter we provide
a brief introduction into geometric design with focus on basic concept of B-Splines and
the implications of high-order continuity to the continuum model approach presented in
chapter 3.

2.1 Functional representation

In general, functions are used to describe a set of coordinates X = Xi,... Xy, in the
d-dimensional space with d € {1,2,3}. By smooth continuation of in one, two or three
independent directions, the set of coordinates becomes a domain Q C R?, as line, surface
or volume, respectively. One way of explicitly formulating the geometry is by employing
a functional representation making one coordinate a function of all other coordinates,
e.g. X3 = f(X1,Xy) = X? + 2X,. Hence this approach is limited as the function can take
only a single value and cannot represent some basic shapes like the hull of a sphere. Implicit
formulations create a root finding problem f(X) = 0 which omits this limitation but
requires additional step of solving. Therefore, formulations are best suited, where geometric
coordinates are explicit functions of an independent set of parameters. For example taking
a point in space and following its position in time creates a time-parameterized curve in
space.
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2.1.1 B-Splines

A Spline itself is a function of piecewise defined polynomials. Univariate B-splines,
meaning Basis-Splines within a single direction and minimal overlap, lay the foundation
for multivariate splines, e.g. for surfaces and volumes, and further enhancements like

Non-Uniform-Rational-B-Splines (NURBS).

Univariate B-Splines

We define a univariate B-Spline of degree p as the set of € basis functions in the parametric
space by the non-decreasing sequence® 2 = [£, &, . . ., Eeypr1]), Where & € R is called the
b knot and the set Z is denoted as knot vector and additionally uniform, if all knots

are equally spaced. Further, we define the breakpoint vector 2 = [51, e ,fﬁ} as the set

of n unique (non-repeating) knots. The ¢ basis functions can be constructed by defining
zero-degree piecewise constants with

7 _{1 if &<&<&in

Nm(é)_ 0 otherwise (21)

as step function and the recursive application of the Cox-de Boor formula De Boor [27]

ﬁi,p(f) < sz 1(§)+MN’@+1@ 1(6) - (2.2)

€z+p fz €z+p+1 gz—i-l
Throughout for repeating knots we define % = 0. The set of all £ basis functions
{ﬁ Lps - e s .//\/’\g’p} eventually forms the spline basis in the parametric domain € =

[gp-i-l ) f?—i—l)'

Remark 2.1.1 — Closed spline space. In order for the curve to be also defined at
the right boundary &1, eq. (2.1) needs to be adapted towards

Nio(§) =31 if =& = & AN &G=E& (2.3)

0 otherwise,
yielding domain ) = [Ep+1 s Eera

Given knot vector and polynomial degree, continuity of the spline basis is determined.
As per definition, N, i.p 15 a C*-polynomial between adjacent breakpoints (f],ﬁjﬂ) for
j =1, ...n—1, whereas at each breakpoint 5] the multiplicity of that point, i.e. the
number of repetitions r; for éj in 2, reduces the continuity C’~"7. Open knot vectors
have exactly © = p + 1 repetitions of the first and last knot, leading to C~'-continuity

*We use one-based indexing and begin with the index 1 as first entry in the vector.
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on both ends and discontinuing (“cutting off”) the spline. In figure 2.1.1, a B-Spline
with varying continuity over the breakpoints as well as the corresponding basis functions
are shown. As can be seen, the breakpoints form a mesh, such that QO = Ut Q° with
elements (¢ = [ée, €e+1). It is worth noting that each element may have a different number
of basis-functions with active support, i.e. with function value greater than zero.

1 1 1 1 1 1
c c? c! ol c? c!

N ! l | | I
0.5 -
of -

1 1 1 1 1 1

0 1 2 3 4 5

¢

Figure 2.1.1 — 1D basis functions. Cubic basis functions for the knot vector
==10,0,0,0,1,2,2,3,3,3,4,5,5,5,5] with given continuity at breakpoints
building the mesh.

Multivariate B-Splines

For creating a multivariate domain Q, we apply the tensor product of d univariate domains
Q= x O x ... x Ol with associated knot vectors

=la] _ [elo] ¢l []
‘—‘[ ] - [ 1 562 »--- 7§E[a]+p[a]+1:| ) (24)

where o = 1, ..., d. Here, we use Greek letters for indexing parametric dimensions
and identify variables per dimension writing (-)[a}. The multivariate functions follow by

executing the tensor product of the univariate B-Splines N l[ﬁﬂ] plal yielding

d
Bap(&) = Bip(&) = H Nit[)ti]]jp[a] (g[a]> ] (2.5)

a=1
where we use the multi-index ¢ = (z’m, cee i[d]) e N 11 < il < gld v =1,...,d
with corresponding index space where ¢ € A, degree vector p = (p[l], cee p[d]> and
parametric coordinates & = (f I [d]). In figure 2.1.2, a two-dimensional domain

with corresponding basis functions is shown. For global indexing the in total £ = [T¢_, €l
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functions, a natural scheme of the form

d B-1
A=AG) =+ > ([P -1) [, Aeh={1, . ¢ (2.6)
£=2 y=1
1 | 1 I 1 1 I i
0.5 .
(O I I 1 [ ——
0 1 2 3 4
51
1 F T T T T ]
0.5 1
(= i
0 1 2 3 4
52

Figure 2.1.2 — 2D basis functions. Bivariate basis functions of degree
p = (2,3) for the knot vectors E') =[0,0,0,1,2,3,3,3] and
=2 =10,0,0,0,1,1,2,3,4,4,4,4]. Top: Univariate basis functions. Bottom:
Multivariate basis functions

Now we take the breakpoint vectors 2@, to describe the domain and the associated

mesh
d

d A A A ~| ~|
H [ plad+17 e[a +1] and 2= UQE’ 0 = H [éi?a]]’gﬂlﬂ) ) (2.7)

a=1 e a=1

where e = (e[l], . e[d]>, 1 <eld <qplel 1,

For a breakpoint & [[a], its multiplicity r ; determines the continuity ! with ol =

pled — ]['ﬁl] on the resulting hyperplane. Furthermore, the tensor product leaves properties
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of B-Splines intact, such as the non-negativity B,p(ﬁ) > 0 and the partition of unity
D ieA giyp(é) = 1, respectively for all £ € Q). In this work, we solely make use of open
knot vectors with non-repeating inner knots, such that additionally the compact support
is given by supp (gi,p) = Hi:l[é—i[[cg]_;’_l ) f£§]+p[a] +1), resulting in a fixed number of active
functions within the parametric domain. In the context of function continuity, we introduce
the convention, that a C' multivariate B-Spline is at least t-continuous on the inside in
any dimension, i.e. B;,(&) € C* for all £& € [[%_, (fm}, ~7[~f[‘l]), where t = (t[a]) and
tl = ... = tld = ¢ For open knot vectors without repetitions on the inside then follows
pl=t+1 Vae{l,... d}

Remark 2.1.2 — Lagrangian Elements. An open, uniform B-Spline basis of degree
p = 0 resembles a constant function, thus multivariate B-Splines of degree pl!! =
... = pld = 0 are equal to constant shape functions of dimension d. For the linear
case, i.e. pl = ... = pld =1, each set {ﬁ 2[?;]] p[a]} creates the typical hat functions
of Lagrangian one-dimensional linear shape functions, see figure 2.1.3, such that the
univariate B-Spline of d = 1 is equal to a mesh of Lagrangian linear line elements, the
multivariate B-Spline of d = 2 is equal to a mesh of linear Lagrangian 4-node planar
elements, for d = 3 equality is given with the linear Lagrangian 8-node volume element
and so on, see Cottrell et al. [26] among others.

Cl—l CIO CIO CIO CIO CIO Cl—l
ok L | | | | | I
0.8 .
0.6 _
=2=10,0,1,2,3,4,5,6,6]

04F -
02 .
0.0 F .

1 1 1 1 1 1 1

0 1 2 3 4 5 6

3

Figure 2.1.3 — Linear Lagrange basis functions. Linear univariate
B-Splines representing a one-dimensional Lagrangian mesh.

NURBS

For the sake of completeness, Non-Uniform-Rational-B-Splines are an expansion of B-
Splines towards a broader spectrum of shapes. They are constructed by multiplying
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basis-functions with their associated weights w* > 0 and normalizing them in order to
have partition of unity

w BAp

w(g)

with the weighing function W (¢) = 3" 5 w? BBJ,, for which both the repeated index does
not indicate summation. The division of two piecewise polynomials results in a piecewise
rational function, where numerator and denominator are of same degree. Continuity
and other properties remain unchanged and thus are determined by the underlying knot
vectors.

RAP(&) (2.8)

2.1.2 Derivatives of B-Splines

As will be seen in the following chapters, we are in need of derivatives for basis-functions.
Taking the univariate B-Spline basis as in eq. (2.2), calculating its first derivative by

d = o p N
—N;, (& N; ) — ———N; 13 2.9
N0 =g, —g V@)~ g g Mene© 29
leads using the chain rule to the m™ order derivative
dm p dm=1 __ P dm=1 __
—imNip(&) = ip—1(8) — i+1p-1(&), (2.10
df(m)NVP(g) Cip — & df(mfl)N’p 1o Sitpr1 — Sit1 df(mfl)NH’p 1(8), (210

see e.g. Piegl and Tiller [92] among others. Applying the tensor product for multivariate
B-Splines of dimension d, calculating partial derivatives yields

o d dGMM)

a BA,P(ﬁ) = H (m[ ]) [a] [a] <§[ > (211)

a=1 dg[a]
where 0™ = (87ﬁ[1], ey EZ}]M) and m € N¢. For the expansion towards NURBS, the

product/quotient rule yields
n 1 nn/ LA

O Ripl&) = oo |0 Ny — 3 (k)a FRip@) W), (212)

(E) 1<k<n

with the binomial coefficient

n n! nltl nldl 4
<k> - T - (k;u]) (k[d]> . mkeN:, (2.13)
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2.2 Geometric representation

In the following we use the introduced Splines to represent geometrical shapes. Their
parametric dimension dg determines the kind of body they can describe, e.g. for spatial
dimensions, dg = 1 results in a curve, dy = 2 is a surface and dgz = 3 is a volume body.
By extension towards a space-time framework, which is beyond the scope of this work,
one parametric dimension is reserved for time, such that e.g. dg = 2 becomes a curve in
time. Since the kind of shape does not necessarily determines the physical space it can
occupy, we denote the physical dimension as dg € {2,3}. This becomes clear considering
a curve, which can be in a dg = 2 or dg = 3 dimensional physical space, such that here
dﬁ < dg < 3.

2.2.1 Spline-based geometry

Taking the p degree basis functions 7/3\,47,,, a geometry G, is defined as linear combination
with associated vector-valued control points P4 in the form

Gp(€) = > P Ru,(€), €€Q. (2.14)

AeA

Going back to the definition of NURBS in eq. (2.8), the connection of control points to
weights becomes clearer

Bap(§)

g = PA A
The weight determines how much a control point “pulls” the geometry towards it, enabling
to generate diverse geometries which can be controlled regarding desired continuity. Overall,
B-Splines can be seen as a subset or special case of NURBS, obtained by setting all weights
w? to be equal. In combination with the resulting capabilities of replicating Lagrange
basis functions up to degree one (see remark 2.1.2), we will use the NURBS notation 7/€\A7p
for any kind of basis-function in the following sections.

(2.15)

Example: curve

In the following we will show some examples on each a B-Spline curve and a surface
geometry, whereas for complex NURBS-geometries we refer to literature, see again Cottrell
et al. [26] and Piegl and Tiller [92] among others. The curve in figure 2.2.1 is evaluated
using the B-Spline basis shown in figure 2.1.1. Additionally, the associated control points
are plotted and thin separator lines show the images of parametric element borders. Firstly,
the non-interpolatory character becomes obvious since the inner control points do not
coincide with the spline curve. Secondly close to control point P7 it can be seen, that the
curve has an edge transitioning from the third to fourth element at breakpoint &, due to
the low continuity C°.
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12

T

10

5 10 15 20 25
X1

Figure 2.2.1 — 2D curve. Curve in dg = 2-dimensional space with control

points P1(5,4), P%(7,5), P3(7,8), P*(5,9), P5(9,12), P5(11,10),
P7(14,11), P%(13,9), P°(18,8), P'0(20,4) and P'1(27,3).

Example: surface

The second example in figure 2.2.2 shows a complex surface in dg = 3-dimensional space
created with the basis shown in figure 2.1.2.

4 <
2
X3
©0 o0 0% ®owmo g o

04
6W

4 6 8

2 00 2 4
X2 X1

Figure 2.2.2 — 2D surface. Surface in dg = 3-dimensional space with control
points as listed in table 2.A.1 (see section 2.A.1).

2.2.2 Spatial discretization

For the spatial discretization of a given (approximated) geometric domain €2y with position
vector X, we assume the existence of a geometrical mapping G,, : {2 — € from parametric
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to physical space such that

X(6) =G,(€) = > P Rap(€). (2.16)

AeA

Further we also assume local existence of the inverse mapping (G,)™'. Concerning the
map we introduce the Jacobian

OR.

=3 Py ¢ Rioxd (2.17)
08 i g

ig =219

For a solid we have dg = d, thus J is square and invertible with J _1(5) = %. Moreover

we make use of its determinant 7 = det (j ) for integral transformation.

Derivatives

Regarding derivatives as gradients with respect to X, we apply the chain rule yielding for
the first and second gradient

—~ ORAp ~—1
VRap(€) = — 273 (2.18)
9
and -
275 T o RAp 57y ORAp\ o (31
WRi0 =T s (Y] (1), 219
respectively. Derivatives of the Jacobian are obtained by applying the chain-rule on its
inverse

~—1 0 ~-1)\=-1

N (3T)=-T (ag J )J (2.20)

Evaluation on reference element

Next, we introduce a fixed parent domain Q = [[¢_,[—1, 1] with associated coordinates

n= (17“], cee n[d]> and create a link per element to the parameter coordinate &£ with the
affine transformation

I K R A G )
=G =1 - (2.21)
(5, 55’%) (&8, +€50)

The Jacobian of this map is diagonal, such that we write

. aG* N G el el
Ge _ det( ) _ () I &l — el (2.22)
an 92 o] lal 41 [a]
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Gaussian quadrature

Using a natural scheme of the form & = E(e) (cf. eq. (2.6)) for the in total & =

e ( o] 1) elements, we conduct element-wise integration of function f(X) over
the geometric domain

¢
Juoay =y / {f(x)}av. (2.23)

For each element contribution we then compose the parameter space transformation and
element-wise mapping to the reference G, o Q by using the mesh associating parametric
with physical elements QF = X (QE> yielding

Jureyav = [{roxnitde = [{r(X€m)ii*an (2.24)
QE

G2 o

Quadrature is then performed on the reference domain Q with per-direction Gauss points

{n[o‘} W[a}} g=1,. ng‘;] and apply the tensor product. Therein 7y [} is the Gauss point

position, WL?‘} its associated weight. For exact integration of polynomials we require for
the number of Gauss points nLgOI‘)] > pll 4 1. Using again a natural numbering scheme

(cf. eq. (2.6)) for the ng, = [I%_; nl2) Gauss points with G := G(g). The total weight

d

follows from the tensor product by wg = [[5_; W[ga}. Evaluation at the quadrature points
is then done by conducting the compositions, e.g. X¢ = X (£(ng)), jc = j(€(ng)) and for

the Spline basis [7/2\,44,”(; = 7/'\’,\,471,(5@). Thus, the integral eq. (2.24) is transformed into

~=E & ~ =E
J{rx€m)ii®an = Y f(Xa)je i we. (2.25)
Note again that, for the right choice of Gauss points, the quadrature of non-rational
functions, i.e. in this context standard B-Splines, becomes exact.

Remark 2.2.1 — Further Integral evaluation. Besides the standard element-based
Gaussian quadrature other integral evaluations may be considered, e.g. using Dirac
Delta distributions. Citing Reali and Hughes [94],

[a Dirac Delta distribution| can be formally constructed as the limit of a se-
quence of smooth functions with compact support converging to a distribution
and satisfying the so-called shifting property, i.e.

[ HX)S(X — Xav = f(X0), (2:26)

for every function f continuous at X; € €.

We refer to McRobie and Lasenby [82] and Weeger et al. [119] for isogeometric collocation
methods.
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2.3 Parametric adjustments

In the following, we briefly show a small selection of techniques used to adjust the B-
Spline/NURBS basis in order to refine, enrich or elevate/decrease their degree without
compromising geometric accuracy of the resulting geometry. These techniques become
important considering simple shapes in the reference configuration whose deformation is
expected to be more complex and especially considering continuity requirements. Since
the tensor product structure allows us to treat each parametric direction independently,
we focus on dg = 1 dimensional curves.

2.3.1 Degree elevation

In general, a p™ degree polynomial G,, curve is equal to a (p + 1)th degree polynomial
G,41, if we embed G, in a higher dimensional space. Practically this can be achieved
by setting Gp11(§) = Gp(§) + 0 - (£)p+1. Taking the knot vector E = [&1,&, ..., Serpia]

and the associated NURBS geometry G,(§) = DO 28 N”’ )5) there exists knot vector

== [5_17 &, ... ,E@Fﬁﬂ}, with p = p+ 1 and control points P;J, such that

ﬁ ﬁ<f> (2.27)

Hence degree elevation is the process of finding 2 and 13;” which fulfill this condition. For
preservation of geometry, the overall continuity has to remain the same. Since this is
determined for each breakpoint by the order and its multiplicity, the latter also has to be
raised by one

E: 517"'7517527"'7527"'7&%7"'75@ ) (228)
_~—

r1+1 ro+1 ’r’é—‘rl

with £ additional knots leading to £ = £ + £ — 1 new basis functions respective control
points. For the latter, there exist a variety of determination approaches, see e.g. Lai
et al. [72] and Piegl and Tiller [92] among others. The simplest one is to build a set of
linear equations using eq. (2.27) and solve for 135; as pair of control point position and
corresponding weight. Degree elevation is widely denoted as p-refinement.

2.3.2 Knot insertion

To enrich the function basis, we use knot-insertion to place a new knot & € [€;,&j+1) into

the existing knot vector Z to obtain E = [51, §2,-- 58,8841, - - ,€(e+1)+p+1:| with now
£ 4+ 1 new basis functions. If the knot value is already present, its multiplicity is increased
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and thus continuity for that knot reduced. Otherwise, i.e. inserting a new unique knot
E=¢e (éj, gj+1>, we now have €+ 1 knots building the mesh and effectively split element
j into two. Analogous to Lagrangian meshes, this method is also called h-refinement. Here,
only the vector space basis is changed whereas the geometry and parameter space remain
intact. The new set of control points to the £ + 1 new basis functions is again obtained by
solving a set of linear equations

¢ A e+l AT
7 W) 5 W(¢)
Utilizing linear independence and local support, inserting & € IS3 éjH) breaks down to
PY = aPL+ (1-a)PL ", (2.30)
where
1 iS]=p
=g e joptl<i<j. (2.31)
0 i>j+1

Note, that the linear equation eq. (2.30) for the insertion of knot &; can be written as
a matrix-vector operation M7 = T~ MJI~! with T7/~1 € R&)*t%-1 containing the
coefficients «;, furthermore €;_; as number of control points before and €, = ¢;_; + 1
as number of control points after insertion. Moreover, we define M7~! = {P!}" and

M = 1_35) T as vectorized sets of old and new control points, respectively. For the set
of j =1,...,t knots to be sequentially inserted in a refinement process, the operation
becomes
M — Tht1 pptt
=T T T MO (2.32)
— T MO

where T inserts additional knot &; and so forth.

Finally, we associate the initial set of control points M with its mesh denoted as M? and
the resulting mesh as M?! with control points M, generated by the prolongation matrix
T and write

M =T o MY, (2.33)

Knot insertion based multi-grid method

For a fast and efficient solution of any given discrete boundary value problem, we construct
a series of nested meshes characterized by a linear dependency of the coarse shape functions
from those of the fine scale. This can be easily obtained in the context of B-splines and
NURBS, if the fine scale is constructed by a knot insertion method (see e.g. Hughes
et al. [61] and Piegl and Tiller [92]). This technique provides all necessary topological
information for the prolongation matrix TP*. Hence, a simple solution scheme detailed in
algorithm 2.3.1 can be applied.
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1: Construct a coarse scale mesh M°

2: fori=0:n—1do > n = degrees of fineness
3: Refine mesh M? using a knot-insertion to obtain the finer mesh M+

4: Construct prolongation matrix Tt

5. end for

6: fori=0:n—1do

7: Solve a given boundary value problem on M®

8: Prolongate the solution M1 = T o M?

9: end for

Algorithm 2.3.1 — Multi-grid algorithm. Fast solving scheme using nested
meshes

2.3.3 Hierarchical refinement and multi-patch geometries

There exist a variety of methods to further either enhance existing geometric description
or to expand capabilities toward more complex geometries. We prominently point to
hierarchical refinement, the process of subdividing targeted elements to locally increase
accuracy as presented in Dittmann [32] and references therein. Regarding complex shapes,
a widely used approach is to break down the geometry into easier to describe patches

and subsequently re-combine these simple shapes, e.g. by employing mortar methods as
described thoroughly in Schuff [104].
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2.A Appendix A

2.A.1 Control points of Spline Surface

Point x; x93 23 Point x; 22 23
P! 4.0 0.2 22 p% 6.5 1.8 28
p? 3.2 04 1.1 P2 61 23 05
P 24 0.5 22 P3 57 28 28
p? 14 06 1.1 P> 53 35 05
p° 0.4 0.8 22 P*» 49 43 28
PS¢ 46 0.7 24 P*% 71 20 29
P 3.9 09 09 P 68 25 04
p? 3.2 12 24 P® 66 31 29
P 24 1.5 0.9 P»® 63 39 04
pY 1.5 19 24 P 60 48 29
p 52 1.1 2.6 P 77 22 3.1
P2 47 14 07 pP* 7.5 2.7 0.2
P340 18 26 P 74 33 3.1
P 34 22 07 P 73 41 02
PY% 26 28 26 pP¥ 71 5.1 3.1
P 58 15 27 P¥% 83 22 3.2
P 54 19 06 P 83 28 0.2
P® 49 23 27 P¥ 83 34 32
PY 43 29 06 P¥* 83 42 02
P2 38 36 27 PY* 83 52 3.2

Table 2.A.1 — 2D surface: control points. Nodal data for B-Spline surface
in figure 2.2.2.
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3 Second-order Continuum Mechanics

In this chapter, we briefly cover the basics of generalized continuum mechanics in order to
understand the mechanical problems introduced in the following chapters and start with a
short historical context without any claim to completeness and refer to comprehensive
literature on that topic, e.g. Altenbach and Eremeyev [2] and Altenbach et al. [3], Bertram
[12], dell'Isola et al. [30], Forest and Trinh [42], and Maugin and Metrikine [81].

Historical background

Following Isaac Newton work in the late 17th century, among others, classical mechanics
rests on Leonhard Euler’s balances of linear and angular momentum (Euler [38] - 1757,
translation Frisch [43]) in the mid 18th century, linking measurable kinematics to forces
and torques or momenta with additions by Joseph-Louis Lagrange (Lagrange et al. [71]
- 1788) and Pierre-Simon Laplace (Laplace et al. [75] - 1798). With introduction of a
stress tensor and traction vector by Augustin-Louis Cauchy (Cauchy [21] - 1823), the
Euler-Cauchy stress principle led to the Cauchy-continuum approach. Therein, curvature
of surfaces was neglected and the overall stress/force relation assumed to be the reaction
of first order changes of motion. The limitations are reached when considering size effects,
motivating the inclusion of internal length scales or micro deformation, e.g. polar media
with micro-rotations or torques (Cosserat and Cosserat [25] - 1909) and micromorphic
extensions (Eringen [36] - 1999) which introduce further degrees of freedom. Keeping the
initial set, another path is to include higher gradients of the motion.

Gabrio Piola (Piola [93] - 1848, translation Dell’Isola [28]) introduced higher gradients via
a variational wvirtual power approach, expanding intermolecular forces into a series, such
that derivatives of any order enter the stress law and anticipated hyperstresses ensuring
Euclidean frame invariance. Similar ideas were given by Cauchy (Cauchy [22] - 1851)
from balance laws for infinitesimal deformations. Ernst Hellinger (Hellinger [54] - 1907)
systematically applied the Principle of virtual work to gradient materials, already noting
higher boundary conditions and line forces. The following years, second-order hyperelastic
material laws began to surface along with the higher order invariants or energy terms.
Morton E. Gurtin (Gurtin [49] - 1965) examined the material and energetic theories in
context of thermodynamic principles and concluded the necessity of present hyperstresses.
Richard A. Toupin (Toupin [116] - 1962, Toupin [117] - 1964) and Raymond D. Mindlin
(Mindlin [86] - 1965), finally delivered the fundamental small-strain, linear hyperelastic
gradient theory up to third order.
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3.1 Configuration and kinematics

We start with a short summary of continuum mechanics in which objects completely fill
their occupying space, are assumed to be deformable and their respective properties such
as material characteristics are distributed continuously. We consider the body B C R,
d € {1,2,3}, moving in the Euclidean space. For the geometrical description we use a
Cartesian orthonormal basis with fixed origin . The body’s geometrical region at time
t in the time interval I = [0, 7] C R is the Lipschitz bounded domain Q; C R%, ¢ € I,
called configuration, with boundary 0€2; and outward unit normal n,. We attach a
characteristic length scale ¢ to the body, enabling the discussion on scale dependency.
We define the initial configuration €2y at t = 0 to be the reference configuration, which
is load-, deformation- and stress-free. Configurations for ¢ > 0 are referred to as actual
or current. The movement is assumed to be smooth with respect to temporal changes.
At any configuration, we assume each material point P of the body can be described
using a position vector &, € R?. For simplification, we define X = x, for the reference
position and further mark other quantities in the reference configuration with capital
letters, i.e. N :=ng and V := V. Since all configurations apart from the initial one require
t > 0, the index regarding the point in time is omitted, i.e. = @, for the current position
and Q = €, as current configuration. In Lagrangian (also called material) description of
quantities or relations is with respect to the reference configuration, whereas the actual
configuration is used in the Fulerian (also called spatial) description.

3.1.1 Kinematics

The motion ¢ : Qy x I — R? of the aforementioned body is defined to be the mapping
(X,t) = o(X,t) = x and assumed to be a C*-diffeomorphism and to be globally
injective. Due to the assumption of a smooth motion in time, the regularity requirement
is strengthened to C*°, although suitable finite continuity may be sufficient. Hence for
all one-to-one mappings ¢((-),t) € C*(Qy x I) : Qg — € for a given time ¢ there exists
an inverse one-to-one mapping ¢ 1((+),t) € C®(Q) : Q — Qqy, where p~!(z,t) = X.
Regarding time differentiation, we introduce ¢ = 9%/or and @ = 9*¢/a2 as velocity and
acceleration, respectively. The material deformation gradient is defined by

F:Q)—»R™ F=Vzx=Yeyp (3.1)

which maps infinitesimal vectors d X at the material point X in the reference configuration
Qo to the infinitesimal vector da at  in the deformed configuration (2. Applying the chain
rule on the composition ¢~ (p(X,t),t) = X leads to (@ (X, 1)) =N ! ((x,1),1),
yielding de = FdX and dX = F~'dz. By taking the determinant of the deformation
gradient J(x,t) = det(F') we get the volume transformation dV; = JdV, where from
the inverse mapping follows J # 0. We further demand J > 0, thus the deformation is
orientation preserving and thereby ruling out interpenetration making the deformation
mapping locally bijective.
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By taking two linearly independent vectors X, X at the boundary 0 and outward
reference normal vector IN, we can construct a three-edge parallelepiped with the in-
finitesimal area element dA via the cross product dX® x dX® = NdA. When mapping
the edges with the deformation gradient, we arrive at the well-known Nanson’s formula
nda = cof (F)NdA, where H is the co-factor or adjoint tensor given by

H = cof(F)=JF " = ;(F X F). (3.2)

Here, we used the formulation using the tensor-cross-product (see section 0.2). Using the
cofactor, the Jacobian determinant can also be computed using

J = det(F) = éF (F % F). (3.3)

A graphical representation of the different kinematical values is given in figure 3.1.1, see
Betsch et al. [14] for further details.

The first order deformation gradient can be represented by
d

with eigenvalues (principal stretches) A; and principal directions a; in the actual and A;
in the referential configuration. We then can express the additional first order kinematical
set as follows

d d
J = H )\i and H = Z )\])\k a; ® Al s (35)
where {4, j, k} is a permutation of {1,2,3} for the case d = 3.

Remark 3.1.1 — Principal stretches. The deformation gradient F' can be decom-
posed using left and right principal directions, n; and IN;, respectively, using

Fla;=)\ A, and FA, =)\ a;. (3.6)

This can be linked to the computational detour of the polar composition F' = RU with
rotation matrix R and stretch tensor U. Applying the eigenvalue decomposition on the
stretches U = Zf A A; ® A; and reinserting into the deformation gradient yields

d d d

with the eigenvectors a; = RA; rotated from the reference into the current position.
Note, that a; and A; can be obtained by utilizing

d
b=FF =RUUR' =RU’R' =Y Ma;®a, (3.8)

and

d
C=FF=URRU=U>=) N ARA,. (3.9)
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€1

Figure 3.1.1 — Generalized continuum: kinematics. Graphical
representation of kinematics at different configurations.

3.1.2 Second-order continuum

Extending from the classical so called Cauchy continuum in which deformation measures
relating to the first gradient play a role, we extend the kinematical description towards
higher gradients. Note, that upon dividing the boundary surface into a collection of
patches we may introduce 9%¢) as set of curves on the boundary, cf. among others Javili
et al. [62]. Therein also a discussion on the normal N, tangential to 9 can be found.
Regarding differentiability, we require sufficiently smooth fields in a neighborhood of the
surface. Along 0%, we identify dS as the infinitesimal line element along the edges of
these subsets of 0€).

The second-order deformation measure §: Qo — R¥*¥¥? i5 then given by the second
gradient of the mapping p(X) as

F=WF=%ep, (3.10)

with symmetry on the last two indices F'%? = F'. We note that § is proportional

to the reciprocal length scale § oc £, whereas the first order deformation gradient is
dimensionless. In general, we identify for the n'" order deformation gradient V¢ oc £17".
The presence and the material reaction to higher gradients (> 1) leads to the term of a
generalized continuum.
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3.2 Constitutive Framework and variational formulation

For the body we assume the existence of a suitable energy potential W, also called the
Helmholtz free energy density function, to account for the material response to deformation,
see Agiasofitou and Lazar [1], Javili et al. [62], and Mindlin [87]. Here, ¥ depends on the
first- and second-order deformation gradient and we define

U =U(X,F,3) :\P(X,V(go,vggo): Qo — R. (3.11)

In contrast to classical or first order materials, where the dependency solely lies on
the first gradient V% ¢, this formulation allows to capture size effects, surface and edge
phenomena as can be seen in the following paragraphs, and the mechanics of materials
with microstructure Eringen [36], Mindlin [85], and Toupin [116].

Remark 3.2.1 — Higher order material laws. Note, that only a few examples
of higher-order strain energy formulations exist in the literature. We refer, among
others, to dell'Isola et al. [31], where a Piola homogenization procedure was employed to
derive an appropriate formulation. We will show the specific construction of this type
of gradient material formulation based on a continuum approach for fiber reinforced
composites in chapter 4 as well as a natural result of a discrete fiber insertion in the
context of the multidimensional beam coupling in chapter 5.

Integration over the body gives the internal stored energy IT™: 0y — R, where
It .= Hi“t(X, @@,V&p) = /{‘IJ(X,VXQO, szcp)}dv : (3.12)
Qo

Further, we introduce the scalar mass density py of the reference configuration, such that
the kinetic energy IT¥": Q5 — R is given by

. o 1 .
Ik = 1190 () = /{zponsow}dv, (3.13)
0

with the time derivative of the map ¢. Finally, external work due to forces is collected
in

Mot =1 (X, Y%, Wep): Qg = R, (3.14)
such that the Lagrangian function is the energy difference between these three energies
(X, %e, W, 0) = [{L(X. %o K, @) vV = I I 11 (3.15)
Qo

conform to the classical formulation £ = T — V, with kinematic energy T' := IT¥"™ and
potential energy V = IT" — [Tt
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3.2.1 Hamilton’s principle and variational calculus

In order to derive balance equations as well as to identify boundary conditions and external
contributions, we apply the principle of stationary action. It postulates for the evolution
of the system between two specified states t1,ts € I, that the action functional A as the
time integral over the Lagrangian is stationary with respect to admissible variations. For
stationarity, the variation .4 must be zero and is then given by

A [p —(5/{ X N, Vo, go)}dt
(3.16)

- /{mkm — 0TI (X, Yep, Wop) + 611 (X, szo,szo)}dt =0.

Remark 3.2.2 — Second variation. Note that for sufficiency of the minimization
problem eq. (3.16), the second-order Legendre-Clebsch condition has to be fulfilled, see
also eq. (3.117).

For the variations, we separate the boundary 9€), using
00 = 0N UINL, where 095NN =10, (3.17)

to provide first order essential (Dirichlet) and natural (Neumann) conditions on 0€) and
OQL | respectively. For the second-order boundary, we correspondingly introduce

00 = 0P U | where Q¥ NI =0, (3.18)

Then, we define the variational function of the motion d¢ with the space of admissible
variation functions

Vi = {04 € H?(Q) | 6p =00n 005 x I, VdpN =00on " x I} (3.19)

and additionally require 0 (X, t1) = 0¢p(X,t2) = 0 as well as Nk dp(t1) = Y% dp(ta) =0
making the variations vanish for known values of ¢, also denoted as essential or Dirichlet
boundaries. Varying with respect to the arguments and applying integration by parts on
the temporal derivative yields

/ fortos - | {6 /{;P0H¢H2}dv}dt

t1 QQ

_/{/ 0P - Oip dV}dt

t1

= [pop - 0]’ —/{ /{Po¢'5¢}dv}dt

t1 QO

- —/{ Jtoe- (Posb)}dv}dtv

(3.20)



3 Second-order Continuum Mechanics 39

where [o {po@}dV gives the time derivative of the linear momentum for constant po.
Regarding the internal energy, variation with respect to the deformation map leads to

STI™ — 5/ (X. %o, Bo)}dv

= /{ Vo a%( } (3.21)

:/ P : NS+ B o hdV
Qo

Therein we identify the first order stress tensor, also known as First Piola-Kirchhoff stress
tensor, and the second-order (hyper-) stress tensor defined as

o ov v ov

respectively. In the following, we restrict ¥ not to be directly depending on the position
field, hence g‘p = 0. In order to derive boundary conditions relating to terms in 6II°**, we
conduct 1ntegration by parts twice resulting in

5Hint:/{_5¢_(VX,P)_‘_VX.(5¢.P)—VX-‘}3:%5¢+V{‘(VX&P:m)}dV

— [{50 - (% (%9 = P)) + % (0 (P = % ) + R (Rdep - )}V,

(3.23)

Remark 3.2.3 — Divergence theorem. The first order divergence theorem applied
to smooth first, second and third order tensor fields @ € R?, B € R™? and C € R¥x4xd
reads

/{VX (a-B)}dV = /{a B-N}dA, /{vx (B:C)}dV = /{B C-N}dA
Qo 00 0N (324)

The higher-order divergence theorem (see Gurtin [50], Mindlin [85], and Toupin [116])
furthermore states

/{v % CldV = /{v C-N}dA - /{c WN}dA + / . (NoN)}ds.
0Qo 0Qo 92Q0
(3.25)
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Further we make use of the divergence theorem (cf. remark 3.2.3) on the second and third
term of eq. (3.23), yielding

I = [{6+ (V- (R 98 — P))}dv

Qo

- /{5(,0- (P =% P)N) +%dp: (PN)HdA. (3.26)

Qo

For the separation of higher order boundary contributions, we introduce the orthogonal
decomposition V| - (+) = % (+): (N ® N) and V- (+) = % (+) : (I = N ® IN), such that
for the last term follows

%bp: (PN) =k (0B N)—dp- % (B N)

=YL (0P N)+ Y% - (6B N) (3.27)
—6p -1 (BN)—dp- - (BN).

Applying the product rule for the orthogonal component
op N1 (PBN)=%%1 0P N)—N1dp: (BN) (3.28)

and the divergence theorem on the parallel component

/{VX“«(&p‘BN)}dA: /{(&p‘BN)-N}dS—/{K(dgo&BN)-N}dA, (3.29)

Qo 02Q Qo

we obtain for the last term in eq. (3.26)

[ (% (P N)}paa

0o

—— [{0¢- (KB NN+ % (B N)) - %ide: (P N)}da

Qo

n /{&p.(qg:(N@N))}dS. (3.30)

92Qo

with the curvature of the surface K == -\, - N.

Remark 3.2.4 — Higher order boundaries. We remark here that, depending on the
exact formulation of the energy density or with derived higher order gradient models
like Grioli-Koiter-Mindlin-Toupin indeterminate couple stress model, surface conditions
involving curl(u) = V x uw may arise. We refer to Madeo et al. [77] and again Javili et al.
[62] among others on a discussion of (independent) geometric and traction boundaries.
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Combining all of the above, the virtual internal energy reads
ST = [{5p+ (— % (P — % 98)) }aV
Qo

+ /{&P' ((P_%"B)N_K(mN)N—Vx”-(‘BN))}dA

0o

+ [(%usp:(BNA+ [ {5 (B:(NaN))jds. (331

890 32Q0

Inspecting the surface and line terms, we can derive a set of natural boundary conditions
constituting external contributions along with volumetric body forces. Hence, we have

STIE — /{w Bldv + /{(54,0 ThdA+ / {Videp: DT }dA + / {50 T}ds
Qo 00T oM 920k
(3.32)
with the common body force per unit volume B, the traction forces T' on 9QF and the
hyper-stress traction force M on 9!, For completeness, we included the line forces L on

boundary 9*¢%)’. In general we mark external contributions with an overline (-). Insertion
of the virtual energy contributions eq. (3.20), eq. (3.21) and eq. (3.32) into the action
functional eq. (3.16) finally yields

A ] :/{/{—&p-(p0¢)}dv—/{P:wcpm::;vfago}dv
t1 \Qg Qo
+/{5¢-E}dv+ /{6¢-T}dA+ /{vxﬂsgo:M}dA+ /{&p- f}ds}dt.
Qo 207 dOM 079

(3.33)

By comparison with eq. (3.31), we obtain for arbitrariness of variations d¢ in time and
space the corresponding strong form of the as law of motion (Euler-Lagrange equation)

pop =% (P —%%-B) + B, (3.34)
with the set of Neumann boundaries
(P-% - P)N-K(PN)N-%-(BN)=T(X,1) on  00L x T
PN=M(X,t) on N xI (3.35)
) on O x 1,

Dirichlet conditions
p(X,t)=9p on 00 x I

3.36
VeN =N eN on ON?xI (3.36)

and initial configuration

P(X,0) =X, ¢(X,0)=7 and G(X,0)=a5. (3.37)



42 3.3 Conservation Properties and Noether’s Theorem

3.3 Conservation Properties and Noether’s Theorem

Noether “s theorem focuses on symmetry aspects of a physical system. Therefore following
Marsden and Hughes [78], we take a general vector field n € Q with associated C'-
continuous flow q. by

dql(q,¢)
e _ , 3.38
l |, n(q) (3.38)
If it holds for a function F
, 0q.
F(q,Vq) = }'<qg, a(; : (Vq)> , (3.39)

then F is symmetric (invariant) under the flow q.. We identify Q = R®*x I with ¢ = {¢, ¢}
and inspect symmetries in space (¢) and time (t) separately, giving

d / /
4] - [2
de

de
Therefore we take the action functional eq. (3.33) F = Ale] = [;2{£}, and assume invari-
ance under transformations (perturbations) in space and time, resulting in conservation
laws of the motion. As introduced in the variational principle (see section 3.A.1), we
identify the perturbed variables ¢.(q, ) = G. o g with the infinitesimal scalar parameter ¢
and the generator function G.(q).

=C. (3.40)
e=0

e=0

3.3.1 Balance of Linear Momentum

We set t. = t and the arbitrary translational flow ¢! = ¢p+e¢ in space with a constant vector
s, thereby giving constant variations with vanishing gradients V¢ = 0 and V¢ = 0. Acting
as rigid body movement or a shift in the coordinate system, the reference configuration is
influenced by the same flow X! = X + e¢. Inserting d¢p = ¢ in eq. (3.33) and accounting
for the shift of the reference configurations yields

=0

- /{/{ S (@)kaV — [{P: s+ Weav

Qo

/ dV+/ T dA+/ Y%s: M dA+/ dS}d 0, (3.41)

o0 oY 020k

Al = |52

=0
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leaving external and inertia terms. For arbitrary variations in space and time we obtain
the balance of linear momentum (Euler’s first law of motion)

jtp = jt/{posb}dV
= /{ﬂosb}dv (3.42)
— [{(B}av + /{T}dA+ /{f}dS,

where the temporal change of the linear momentum p is the result of the acting external
forces.

3.3.2 Balance of Angular Momentum

For rotational invariance, leaving t. = ¢, we take a rotation matrix Q. € SO(3) acting on
the deformation map ¢. = Q.(t)¢. The rotation as Lie algebra can be expressed using
the exponential map Q. (t) = exp(£<(t)), where () € s0(3) is a skew-symmetric matrix.
Hence, we simply take d¢ = S = ¢ X ¢, with the axial (pseudo-)vector ¢ (i.e. ¢, = <).
Analogously it follows ¢(¢1) = <(t2) = 0, respectively ¢(¢;) = ¢(t3) = 0, For the time
derivative part, we get for the kinetic energy eq. (3.13)

to to

J{éﬂkin}dt:t/{é/{ ool @] }dv}dt
_!{/{fw o gxgo)}dV}d

_/{ /{¢x (po@)}dV +¢ - /{sox poSO)}dV}df (3.43)

to t

3 /{90 < (pop)av|| [ {c g Jie <po<o>}dv}dt

_ /{g J} tl

t1
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The remaining term contains the angular momentum J = o {¢p X (pogp) }dV or more
precisely its time derivative, for which we can equivalently write

d d :
EJ = dtQ/{SO X (pop) HdV
0

=/ po P X P+ X (pop) pdV (3.44)
Qo =0

— [{e x (ro@)1av.
Qo

Inserting the variations and the above into eq. (3.16) with further utilizing the triple
product then gives

to d . .
OA[p] = {— c—J = S 46 - BdV
o= [{-s g7 e flo<m)

+c- /{<,o xT}dA+- /{(FN x M) }dA + - /{cp xf}ds}dt:o, (3.45)
o0 o s

where for the external hyper-stress traction force M N (see section 3.A.2) following
transformation is used

V%i(sx@): M =YN%ny(sxp)- MN
= (¢ x % pN)-MN (3.46)
=s-(FN xMN).

Moreover, internal contributions read

o™ — [{P:i(ep) + B W (G) JAV

(3.47)

Qo

AT 2
:/ P+ Sav.
Qo .

=A

For suitability of the energy formulation we demand a rigid body motion or a change of
the observer not to influence the energy. Consequently following this frame-indifference
(or material objectivity), SIT™ has to vanish. Since § is a skew-symmetric matrix, double
contraction with a matrix leaves only skew parts. Therefore we require in a strong sense
the skew part of the integral to vanish (A — A") = 0, i.e. A — A" = 0 in order to
eliminate internal energy contributions

P-Yo+P:Ce=(P - Uo+P: o) (3.48)
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If higher order contributions vanish, the condition is equal to the well known first order
Cauchy symmetry eq. (3.49);. Therefore, we independently require the following symmetry
conditions, for which an alternative form is given in section 3.A.3,

P-Np=(P %) and P:We=(P:%e)'. (3.49)

Utilizing the material stress symmetry and rearranging in terms of the rotational variation
gives for the action functional eq. (3.45) now

5.A[<p]=/{—€ (iJJrc JlexB}av

Qo
+s- /{cp x T}dA +- /{(FN x MN)}dA+s- / { % f}dS}dt =0. (3.50)
007 o0M 9795

Arbitrariness of variations leads to the balance of angular momentum

J /(,oxB dv+/<p><T dA+/ (FN xIN)} dA+/<pr}ds
BQT 8QM 829L
(3.51)

stating that the change in angular momentum is equal to the applied external torque.

3.3.3 First Law of Thermodynamics

The first law of thermodynamics asserts, that the total energy is conserved in a thermo-
dynamics system. Hence, during the motion of a material domain, its change of energy
is equal to the power supplied by external contributions. Utilizing again the action
functional eq. (3.33) and setting t. =t + ¢, where ¢ = 1. For the field variation we get
dp =p(X,t+¢) — p(X,t) = ep for small . Inserting into the action functional and
factoring out arbitrary constant ¢ yields

S A[p] = / { Ji=¢- (np)rav

t1 QQ

+/ T} dA+/ %ip: M dA+/ @- L}dS}dt—O (3.52)

o0l o0y 020k

The first contribution restores the rate of the kinetic energy by integration by parts

sZW (@)av = o Q/O{;poqo lav. (3.53)
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Regarding internal contributions, we introduce the term stress power, where from the
defined internal energy eq. (3.11) we get

/{P:VXg'oJr%sV?gb}dV: (i/{\lf}dV+Dint, (3.54)
Qo

Qo

introducing an internal dissipation function D™ collecting non-reversible energy, e.g.
emerging from plasticity, viscoelasticity or fracture. Linking dissipation with heat gener-
ation and the second law of thermodynamics, we require D™ > 0. For non-dissipative
processes, i.e. pure elastic deformations, follows D™ = 0.

Rearranging and utilizing the fundamental lemma of calculus for arbitrary intervals finally
yields the balance of energy (more precisely power balance)

d 1 .
_ _ P \IJ Dmt
dtﬂ/{onso o }dV—l—

0

_4{¢-§}dV+ /{¢.T}dA+ /{VXM:M}dA+ /{g’o~ I}dS. (3.55)

o0% oM 920k

Remark 3.3.1 — Second Law of Thermodynamics. We require the system to
follow the Clausius-Duhem inequality in order to obey the second law of thermodynamics

DY ;Q/{n}dv EQ/{éR}dV —m/{;Q ~ N}dA, (3.56)

with the current temperature 6, the specific entropy 7, heat source R and heat flux Q.
Since the formulations throughout this work do not include thermal processes, leaving
the domain purely isothermal (6 = 6) without a potential heat flux on the boundary
(Q = 0) or heat sources (R = 0). The second law of thermodynamics then breaks
down to D" > 0, which is immediately fulfilled if we state n = 0, restricting to purely
non-thermal processes.

3.3.4 Choice of Helmholtz energy density

As established in the discussion of the balance of angular momentum (cf. section 3.3.2)
and, implicitly, of the balance of linear momentum (cf. section 3.3.1), material objectivity
requires invariance of the stored energy under superposed rigid body motions. In particular,
for ¢ = Qe + ¢, with Q € SO(3) and ¢ € R3, objectivity demands ¥(F,F) = W(F,g’)

With the induced transformations of the kinematic arguments

F=%(Qp+c)=QF and

N (3.57)
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translational invariance is satisfied trivially, while rotational invariance imposes the
nontrivial constraint

V(QF,QF) = V(F,F). (3.58)
This requirement restricts the admissible functional forms of ¥ and, consequently, the

stress measures derived from it. This can easily be achieved by introducing a set of strain
and strain gradient measures

C=FF and K:=F'F, (3.59)

where C' is the right Cauchy-Green deformation tensor and IC a higher order strain
measure, cf. Asmanoglo and Menzel [5] and Marsden and Hughes [78]. Conducting the
rotation on these measures yields

C-FF-(QF)QF-FQQF-FF-C (3.60)

and

— —~T ~

K=F%=QF)Q§=F'QQ§F=FF=K, (3.61)
which hence are invariant (objective). Note that alternative second-order strain measures
may also be objective, e.g. among others K = F~'§ as used in Bertram [12] or simply

R =F 3§ Following the chain rule, variation on @(C’ , KC) with respect to the new strain
measures leads to

ov ov _,
U=_——: —
) I o + 03 % o
ov oC ov oK o Ik _,
=—:—:M%0 — i —:\40 — i — i1\ 0
oC oF P oK tor NP T oK tag 0¥
_ 0¥ T T ov T oV e (3.62)
= (F™%d + (o) F) + e H(R0Q) T+ oo F Kb
ov ov ov _,
=(F2— s — | :N&d F— N, op.
< oc T a:c) Vb f Froe Nl
——
—p =P
Therein, we can identify the well-known symmetric Second Piola-Kirchhoff Stress tensor
S = 22% and the hyper-stress tensor M = g—;lé. Inserted in the condition for angular

momentum eq. (3.49), we achieve symmetry
(FS+M:FF +FM:§
—FSF '+ M-F+FM:§ (3.63)
=S FRF +M:(FoF +F ®F)cSym.

Remark 3.3.2 — Index notation for angular momentum symmetry. Contraction
is done on corresponding indices, thus the last line in index notation reads

[S]ap FlalF) 5 + (Mape (Blipe[Flia + [Flipl8)a0) (3.64)

with symmetries [S]AB = [S]BAa [M]ABC = [M]ACB and [3]2'30 = [g]iCB'
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Another way of ensuring frame-indifference is the use of invariants, that are constructed
especially in this regard as they define an invariant as any scalar valued function f :
R%*4 — R, which fulfills f(A) = f(QAQ"). For first order components there are three
principal invariants of right Cauchy Green tensor eq. (3.59) , which can directly be
expressed using the kinematical set in eq. (3.1) to eq. (3.3)

lc =tr(C)=tr(F'F)=F: F

e = 3 (((C)) ~ tr(C?)) = H: H (3.65)
[l¢g = det(C) = J?,

see e.g. Bonet et al. [18]. Suggestions for invariants of second-order deformation tensors
have also been made, e.g. by Soldatos [110], but depend strongly on the intended use
scenario and are quite extensive to be generalized.

In order to find a solution, we then require the existence of minimizers implying (poly-
Jconvexity and coercivity as shown in Ball et al. [10] (see also Healey and Kromer [53]
among others). From a physical point of view, orientation is preserved by demanding
U — oo as J = det(F) — 0T, thereby requiring infinite energy in order to compress the
to zero volume. Additionally self-penetration or self-contact must be prohibited, leading
to injectivity (cf. Ciarlet and Necas [24], Healey and Kromer [53], and Palmer and Healey
[91]), which is beyond the scope of this work. For the investigation of further requirements
on the energy density, we conduct a split into a pure first order part and an additional
second-order part V(F,§) = U (F) + Vo(F,F), allowing us to find criteria for each
part. As stated in Ball et al. [10], for energies of order N = 2 with present second-order
contributions no further convexity assumptions have to be made. For a vanishing higher
order contribution, leaving ¥ = ¥, of grade N = 1, we then must apply the usual criteria
of polyconvexity, e.g. established in Ball [9], see also Hartmann and Neff [51].

For the initial state, we further demand the material formulation has to fulfill

oW ov
v],, =0, [Pl, = [(91’] ) =0 and [P, = lasl ) =0, (3.66)
where
[F,, =%po=1 and [§], =% =0, (3.67)

such that the body is energy- and stress-free at the deformation-less reference configuration
%0-

Remark 3.3.3 — Material properties. It should be pointed out, that a wide range of
supplementary criteria from a material behavioral point of view exist, such as isomorphy
or isotropy among others. Nonetheless we do not further restrict the energy formulations
used throughout this work.
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Examples for material models

In the following we introduce certain first grade material models for the three-dimensional
case (d = 3), which are used in this work and refer to Hartmann and Neff [51] among
others for investigation towards polyconvexity. Note that two-dimensional versions can be
obtained simply by restricting the kinematic in the third direction, such that x5 = X3 =
constant. As an example, take the first order deformation gradient

0
Fop
Vep = o , (3.68)
0 0 1

where Fyp : Qp — R?*2, For § all second partial derivatives related to the third direction
become zero.

Many material formulations have variations related to the treatment of volumetric changes
where incompressible models demand J = 1, whereas without restriction we use the term
compressible. The latter can easily be achieved by adding terms to account for volumetric
changes. To offer flexibility in formulating the models, the determinant is used to separate
incompressible (isochoric) and volumetric parts

F:=J5F, (3.69)

where det (I_*") = 1, see Sansour [98] among others.

Mooney-Rivlin

First, we give the well-known Mooney-Rivlin constitutive model
Uur(F,H,J) =a(F:F-3)+3(H:H-3)+ f(J), (3.70)

where f(J) = —2(a+28)In(J) 4+ 7/2(J — 1)* with non-negative material parameters
a, 8, 7. In particular, Wyg is (poly-)convex with respect to its 19 variables, i.e. the
components of F';, H and J, by calculating the Hessian of Wy g, see Bonet et al. [18].

Ogden

Additionally we introduce a polyconvex, compressible Ogden material model that is
formulated using the eigenvalues A\, of F', where the volumetric-isochoric split eq. (3.69) is
applied reading

Ao =J 5\, (3.71)

see eq. (3.4) for the eigenvalue decomposition of the deformation gradient. The material
description then states

\IIOD()‘a) = qﬂ(%% (j‘a) + ‘P\S)IID(J<)‘a)) ) (372)
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where

=YY (G =) (3.73)

a=1 b

and

vyl = 7 (ﬁ n(J) + (J) " =1). (3.74)
The parameters p;, and «p with b € N are related to shear, whereas parameters x and /3
contribute to the bulk modulus. For the special case of b =1 and a = 2, one may recover
a type of Neo-Hooke energy, cf. Holzapfel [60], as shown in eq. (3.76).

Neo-Hooke

The Neo-Hooke model is rooted in standard material testing. It is related to the Mooney-
Rivlin model but trades in polyconvexity for simplicity as it omits contributions of the
co-factor H, i.e. setting 8 = 0 in eq. (3.70)

Unu(F, J) = (F: F—3)+ f(J), (3.75)

where f(J) = —2a In(J) +v/2(J —1)® with a,v > 0. In this context, alternative
parameters {u, A}, called material moduli are used, where = 2« and A\ = 7/2, see also
remark 3.3.4. Note that alternative formulations exist using the volumetric-isochoric split

eq. (3.69), e.g.
Uu(F,J) = g (JiF:F-3)+ g(J 1 — uln(J), (3.76)

where § ~ a and k ~ 7.

Saint-Venant Kirchhoff

Taking the Green-Lagrange deformation tensor C in eq. (3.9), we can derive the Green-
Lagrange strain tensor E = %(C — I) and formulate Saint-Venant Kirchhoff material
model

Ugyk (F) = ;\(tr(E))2 +ptr(E?) (3.77)

which is not polyconvex and not coercive, since lim;_,o+ Wgyg = 0. It is related to the
previously introduced Neo-Hookean model eq. (3.76) and can be obtained by inserting
C = 2E + I with expansion of J, omitting O(E?)-terms.

Remark 3.3.4 — Lamé-Parameter. We can relate the so called Lamé parameters A
and p (also known as Lamé’s first and second parameters) to other material constants
in linear elasticity. The second Lamé parameter i corresponds directly to the shear
modulus G, characterizing a material’s resistance to shear deformation, whereas the
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first Lamé parameter A is related to the Young’s modulus E and G. Alternatively the
Poisson’s ratio v is used. The relations are given as

G(E-2G) Ev E

ASTSGTE C (ron—z) M r=C=sa

(3.78)

3.4 Second-order boundary value problem

Although a complete dynamic framework incorporating time derivatives and inertial
contributions has been established for completeness, the remainder of this work is restricted
to the static case. Hence in the following inertia effects and dissipation are neglected.
The strong and weak form of the given static problem is summarized. For brevity, the
time-interval notation was omitted.

Static equilibrium

% (P—%%-PB)+B =0 (3.79)
Weak form
/{P Kb + P o)AV
Qo
_ /{5go BV + /{(5(,0 ThdA+ / {Vidp: ML }dA + / {5p- T}ds
Q0o oaT o 9?20k
(3.80)
Trial functions
Vie = {0¢p € H*(Q) | 3o = 00n 005, NN = 0 on 905} (3.81)
Kinematic
F=%p, F=V¢ (3.82)
Constitutive Stress relations 90 9u
p:ﬁ, gp:% (3.83)

Neumann conditions

(P~ % F)N — K(FN)N - % - (BN) =T on 005
PN =M on 90 and ‘,]3:(N®N):fon(92§2€f (3.84)

Dirichlet conditions

e=pond and VieN = @N on o * (3.85)
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3.5 Discretization and solution

Concerning the spatial discretization, the domain €y is approximated using the (NUR-
)B-Spline framework established in chapter 2. Discretization and subsequently integral
evaluation is then conducted following the steps elaborated in section 2.2.2. For brevity,
the approximation using a geometrical mapping to parameter space is implied by writing
RA = 7/€\A7p(£) with the order p either given in context or arbitrary. With required

regularity, e.g. pl4 > 2 we write RE, == Rpp(£).

3.5.1 Approximation of geometry and fields

Hence, we approximate the domain €y ~ QI and write for the position vector

X"=3"qaR*, (3.86)
AeN

with control-points q4 € R?. The overset ()h denotes variables obtained directly by
discretization or functions of approximated arguments. Alongside domain, motion ¢ and
its variation d¢ must be discretized as well. Employing the isoparametric concept, we use
the same shape-functions

ere = iR, eV, (3.87)
AeN
and
Sp "= dpaR*, dp" Vs, (3.88)
AeA

with solution and test space

Vb= (" e H2(2) | " = 3" on 005", Vp"N' = TN on 005*"} and

v;;a = {&ph € H? (Qg) | 6™ = 000 dQE", M@ N" =0 on 8Qg¢’h} ,

(3.89)
respectively, fulfilling the Dirichlet conditions. Further, ¢4, ¢4 € R? and with each ¢4
resembling d degrees of freedom. Due to the use of open knot vectors, the boundary
constraints, i.e. ¢ = 0 on 9 and V%dpN = 0 on 9Ny ¥, have to be fulfilled by
restricting values for control-points dgp related to these bounds. Note, that Q8 = ¢l at
reference configuration, thus g4 = ¢4,0. The approximation of other introduced fields and
respective variations follows the same pattern.

Regarding the weak form in eq. (3.80), we define R, (p,d¢) : Vs, — Vi,

R,(p;0p) = 0A[p] = I™ — 011" =0 Vip € Vs, (3.90)
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Inserting approximations we get for the internal part

ST — / [P": X% (0paRY) + "+ W2 (5paRA) JaV
b
— S - /{Ph GRA P GRA NV

h
2

(3.91)

and external contributions with omitted line forces accordingly

STIEH — 5, - /{RA B"}av + / [RA-T"}dA+ / (%R TI}dA
o ool h aoMh
(3.92)
Putting together yields the discrete system d¢p 4 - Rﬁ(goh, RA) = 0 with

RA(p" RY) = /{Ph GRA B RV

h
2

/{RA B"}av + /{RA T"dA + /{%LRA-Mh}dA . (3.93)

o oalh ook

accompanied by discrete conditions eq. (3.82). For arbitrary values dgp 4 we obtain the
vector-valued equation R, = 0, where the nodal dependency A is omitted.

Remark 3.5.1 — Regularity. Due to the incorporation of second-order contributions,
the variational problem requires approximation functions which are globally at least
C'-continuous, satisfying ¢", de" € H? (Qg) To meet this continuity requirement,
apply (NUR-)B-Splines sz. For non-existent second-order involvement, we require
P, dph € HE (Qg) and use R4,

3.5.2 Consistent Linearization and Newton-Raphson

Solving above system requires finding a solution ¢ € V,, (called root) fulfilling eq. (3.93)
and associated boundary conditions. Because the balance in general reveals a nonlinear
behavior, we introduce R, (¢, d¢) as residual operator and root finding methods have to
be applied. Throughout this work we use the Newton-Raphson method, for which we
linearize R, at a given point @™ using Taylor expansion up to first order and solve for
the linearized system employing a classical linear solver. This root is then used to linearize
at **+D and repeat solving until a convergence criterion is fulfilled. In this work, we
make use of the norm of the residual, i.e. we assume the solved state if | R, | < ¢ for a
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small value € € R. For linearization we take the Fréchet derivative in direction A¢g such
that we seek an increment Ap®) = p*+D — (%) linearized system, satisfying

R,(") 5¢0) + DuR, (0™ 6p) - ApH) =0 Vép € Vs, . (3.94)
Introducing the tangent
K¢¢(¢(k)7590> = DapRsa(‘P(k)v‘S‘P) = [D¢R¢(S075‘P)]|¢:¢(k> , (3.95)
the Newton step then requires finding Ap®) € V,, satisfying
Kop(p™,00) Ap™ = =Ry (o™, 0p) Vg € Vs,. (3.96)

After solving eq. (3.96), the update *+) = ©®*) + Ap® is conducted and the steps
repeat until reaching convergence criterion. For the discretized system with residual vector
prk) = [Rﬁ(goh’(k), RA)}, linearization is done with respect to discrete values ¢, giving
the tangent matrix

PP

KU) = [Dy, [RAP" P RY]| ) = [KLEE (MW RARE)| (3.97)

$PB=¥p
yielding
A k A
KAP® A = —RAM (3.98)
where Acpg) = cpgﬂ) — cpg) with discrete degrees of freedom (p. In general, the Newton
iteration counter (k) and the control-point indices are omitted, such that the system to be
solved in every Newton step is written as Ky, Ap = —R,,.

The convergence of this method is locally quadratic and thus depends on the start-
value for £ = 0, which in practice is a known solution of a similar problem. Hence,
an incremental load-application scheme, where external contributions or a prescribed
displacement are gradually increased, can provide good starting conditions. This can be
interpreted as a homotopy, where an auxiliary parameter ¢ € [0, 1] is introduced in the
function H(p,t) = S (¢, B(t)) — t STI™ (0, B (t)), scaling external contributions and
essential boundary conditions via @(t) = (1 — t)¢* +t®. Hence H transitions from the
trivial problem H (¢, t = 0) = 611" (¢, 5 (0)) = 0 with easily accessible or known solution
@* (e.g. ¢* = ¢pg) to the fully loaded problem H(p,t = 1) = 5™ (p,p) — 11 (p,P) =
R, = 0 with the desired solution. Note, that further improvements such as predictor
updates may be applied. Besides homotopy, other methods/algorithms or enhancements
on Newton’s method can further accelerate root finding, like line-search and damped
Newton methods (cf. Bonet and Wood [20] and Schuf et al. [105] among many others).

3.5.3 Multi-field systems and block structure

On the basis of the dual-field problem

(", W'} :arg{ inf  inf Q*(cp,w)}, (3.99)
weV,

o WEVw
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with residuals
Ry(p,w,0p) = 0,L(p,w) and Ry(p, w,dw) = 0,L(p,w), (3.100)

we now derive the steps for the Newton solution algorithm, representative of any multi-field
problem including constrained systems.

At a given state (¢, w®) within iterations, the directional derivatives in the increments
(Ap, Aw) read
R, +D,R, - Ap + DR, - Aw =0,

3.101
Ry +DyRy - A 4+ Dy Ry - Aw =0, ( )

for all (¢, dw) € V, X V. Defining the tangent blocks
KSOCP = [D‘P(S(P’g“(kp(k),’w(k)) 9 chw = [Dwéc‘og“(w(k)’w(k)) 9 (3 102)

chp = [D<P5w£]|(<p(k),w(k‘)) and wa = [Dwéw’gﬂ((p(k),w(k)) s
the discrete Newton step reads

Ap

Kep Kow
Aw

chp wa

R‘P
= [RJ . (3.103)

We further point out that in choosing the same space of ansatz-functions for variation
and solution, a system obtained by an underlying variational potential G(a, b) becomes
symmetric, since variation with respect to field a reads 0,G = da - D,G = a - R, and
hence the tangent Dy R, with respect to field b reads DyD,G = DpD,G (cf. Schwarz’s
theorem).

3.6 Mixed modes and constrained systems

In the variational treatment in certain continuum mechanic frameworks presented in this
work, we make use of mixed modes, in which additional fields, e.g. a derived kinematic
or stress responses, are introduced and coupled in a single functional. Therefore, we use
the terms primary and secondary for initial and additional fields, respectively. Coupling
is usually done by formulating equality constraints and enforcing them using Lagrange
multipliers. More generally, constrained systems (including but not limited to mixed
modes) lead to optimization problems with m equality constraints formulated to fulfill
fa: 9 — 0, = 1,...,m and n inequality constraints gg: 9 — R™,8 = 1,...,n.
Introducing Lagrange multiplier fields A\, (¢, F,§) and ps(p, F, &) for each constraint,
transforms the imposed stationarity of the Lagrangian £ to the augmented Lagrangian
£>k

Sl b As}] = £+ [DafaddV + [{ags}av
€2y o (3.104)

Z:‘I:‘A Z:¢“
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such that the stationarity condition now reads
0,£°=0, 0L =0 and §,£" =0. (3.105)

Taking the stationarity along with the primal and dual feasibility, f, =0, A, > 0Va and
g3 <0, ug > 0Vp, respectively, with complementary slackness p3 gg = 0 comprise the
well-known Karush-Kuhn-Tucker conditions.

Since non-equilibrium conditions are not considered in this work, the subsequent analysis
is restricted to equilibrium conditions. The nonlinear weak form of a system with equality
constraint f and multiplier field A € Q then requires finding (¢, A) € V,, x Q such that

Ry(, A, 0p) = 0,L(p) + 9o Pa(p, A) =0 Vi € Vs,

Ra(@,0A) = 0APr(p) =0 VoA € Q. (3.106)

The above given saddle point problem of finding the critical point can be directly stated
via the inf-sup formalism

n
Ve AeQ

{p", A"} = arg{ i 5 sup £ (¢, )\)}, (3.107)

where solution {¢*, A*} € V,, x Q is the argument obtained by minimizing £* among all
possible fields ¢ € V,, and maximizing among all possible A € Q.

3.6.1 Inf-Sup (LBB) Condition for the Constrained System

For above system, linearization reads
A= Kep = [D¢(5¢2 + 5¢(I>A)]‘ (R A(R)) > B = Kx = [DA%‘I)A]’((p(k),)\(k)) )

(3.108)
C = KNP = [D¢6Aq)k]|(¢(k)’A(k) and D = K)\)\ = [D)\(;A(I))\“(%(k),)‘(k)) )

) )

such that the discrete Newton step assumes the canonical saddle-point form

R‘P
=_ [RJ , (3.109)

Ap

A B
AX

c o0

where A is the tangent of the primal operator, B contains the action of the multiplier
and C' is the linearized constraint. Note that due to the construction of @, the linearized
variation with respect to the multiplier field vanishes, i.e. D = 0, and the system inherits
the symmetry B' = C.

Regarding stability of Galerkin methods for multi-field saddle point problems we refer to
the literature on that topic, e.g. Krischok and Linder [70] and Chapelle and Bathe [23]
among others. In the discretized state, stability test in terms of second variation can be
directly performed on the tangent matrix

£
H = (3.110)
C o
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as the Hessian of £* that must satisfy the LBB (Ladyzhenskaya - Babuska - Brezzi)
condition

—det(H
0<p"= inf sup et(H)

(3.111)
aabea soncph (19611, 10NN

with norms ||(+)|| for corresponding spaces (cf. section 0.3.3) and nonzero vectors 0\,
dp. Evaluating the determinant of the Hessian results in det(H) = A0 — C'C, hence
with definition of the bilinear form by« (d¢", SAM) = [D,0,P,] o+ 0, we can alternatively

state )
bo+ (0, O
0<pB"= inf  sup ( wh (250, )h> 5 -
sahegh sehevh [0 Hv(;q, [6A HQ

(3.112)

A uniform lower bound 8 > 0 guarantees that every admissible multiplier mode A" is
controlled by some d¢" through the bilinear form and discrete 3* > 0 gives criteria for
compatible V(?(p x QM pairings ensuring well-posed and non-oscillatory discrete saddle point
problem. Hence, Q" has to be chosen not to over- or under-constrain the system, resulting
in ill-conditioning of H or spurious oscillations.

Remark 3.6.1 — LBB. We point out, that one may write above equation using the
positive square root of the function, yielding in a standard form

b‘{’* ((590,5)\)
Vi 16l

0<p= inf sup

(3.113)
sxhegh sphevh, 6"
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3.A Appendix A

3.A.1 First variation

The variation d.F of a function F = F (X Lo, Y, Vo, gb) is conducted following these
steps:

I Consider a one-parameter variational transformation of the primary field ¢’ (¢, ¢) =
G- o ¢, with the infinitesimal scalar parameter ¢ and a generator function G.(¢),
where [G.(¢) o ¢]._, = . Note, that since the whole reference configuration is
known, no variation is conducted on X.

II Expand F. = F (go'e, Vl, V;?goé) with a linear Taylor series around € = 0

OF OF

]'—a:]:*'%'(%—%o)ﬂLavxso

(Yl — ) + (Wl - o)

oOF
N
n gﬁ (oL~ ) +0(), (3.114)

where
] g mete 3119
[IT Take the variation using
OF =lim 7e ; F_ ldd?] _ (3.116)

Note that for sufficiency considerations this can be extended to second variation, as the
second-order term €2 in eq. (3.114). For a solution {¢*} = arg{inf(pew ]—"}, i.e. fulfilling
necessary stationarity 0F = 0, the sufficient condition for a minimum lies in the second
variation

Fle"+dp) — Fle*) = (9<52> >0 Vip € Vs, (3.117)
Example: Set . = ¢ + e, leading to
O =p+edp, Mg =Vp+ec%dp and Vo =Cp+cWop. (3.118)

Conducting the Taylor series

= — 0 V) —— Nk 0 — 0 11
F! F+58¢ (p+€8vxgo VA cp+5a%2¢ \Va ¢+56g‘o <p+0(5>, (3.119)
and inserting yields
OF OF OF 2
OF = — - dp+ : Vo + Nk 0. 3.120
oo T gl T 0 o (3:120)

Unless stated otherwise, the variation is directly given by employing these steps.
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3.A.2 Traction on hyper-surfaces

There exist equivalent formulations for the traction force T, e.g. used in Bertram and
Forest [13], where

T=(P-%P)N-K@PN)N-% (PN)
=(P-%-P)N - K9P (N®N)—(N'(Vc||'q3)+q3 ( HN))
(3.121)
=P~V P)N — (% B) N+ ((% N)(NoN) - %N)
( )

P—Ne-P)N =V - ((B-N)I -N@N)).

Introducing the normal gradient % n(+) = (Y (+))IN (see Javili et al. [62]), the third part
of the internal virtual work eq. (3.31) containing the normal gradient alternatively reads

R 10 (BN) = Vb (P (N@N)), (3.122)

such that the external hyper-stress traction force can be set by P : (N®@ N) = M N on
OOM x I. We refer to Fedele [39] for the conversion into Eulerian description.

3.A.3 Higher order stress symmetry

With integration by parts for the higher order term and application of the divergence
theorem we get

o = [{P: ¥ (ep) + B R (Gp) }av

Qo

_/ATPVXQO AV R VAP dV+/{ Sp) - P)N HdA

' (3.123)

/{ (PN — %P -\ )}dV—}-/{(gx@(p);gpN}dA’

Qo

=B

where the latter integral enters the momentum balance as part of the boundary conditions.
Following the mentioned symmetry for B, the condition now reads

(P—%%-PB) %p=((P—%PB) %), (3.124)

where again to account for vanishing higher order contributions, we may require P -V, ¢ =

(P-Np) and (- PB) - %o = (% PB) - %)
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4 Continuous embedded fibers

In the previous chapter, we developed a comprehensive framework for the general second-
order continuum mechanics, where the kinematic description of a body is extended to
include second higher-order gradients of the motion. This approach allows to account
for size effects and non-local interactions due to micro-structure and curvature-driven
phenomena that cannot be fully captured using a classical Cauchy continuum. The
extended kinematical set provides instruments for material modeling, allowing withing
a concise formulation to account for internal length scales and higher-order boundary
conditions. A large field in this regard are composite material, where dissimilar structures
are combined and at least one is subjected to bending, twisting or its response is dominated
by curvature.

Increasing in area of application as well as manufacturing capabilities, a variety of fiber-
reinforced composites, such as steel beam reinforced concrete or glass-/carbon fiber infused
polymers directly fall into that category. Their characteristics lead to interpretation of a
matrix material with embedded idealized one-dimensional structures for which experiments,
e.g. in Schulte et al. [103] for woven fabrics in a polymer matrix, suggest significant bending
and twisting resistance.

In this chapter we first propose a continuous second-gradient material model enabling
to incorporate such effects. Therein the link from rod-like structures with curvature
towards second-order deformation gradients is shown and explicit interpretation in terms
of bending and twisting is provided. Subsequently, the model is inserted in the established
framework, which eventually allows us to conduct simulations showing the capabilities of
both framework and material model.

4.1 Fiber kinematic

Following preliminary works on fibers (e.g. Asmanoglo and Menzel [5, 6], Soldatos [110], and
Spencer and Soldatos [112]), we consider a fabric of fibers embedded into a matrix material.
We simplify the structure of fibers by assuming f € N families of fiber directions

LY:Qy—RY, a=1,...,f (4.1)

with normalized lengths |[L®| = 1, L* = L® and initial straightness V% L* = 0. The
surrounding body is subjected to the motion introduced in section 3.1.1 and depicted in
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la

Figure 4.1.1 — Continuous fiber kinematic. Deformation of the continuous
fiber embedded in a matrix.

figure 4.1.1. Therefore, its current direction 1% :  — R? is determined by the deformation
gradient F', see eq. (3.1), yielding

1= FL* = 1", (4.2)

Here we further introduced the current normalized fiber direction 1°Q — RY with
|I*]| = 1, as well as the fiber stretch e* : Q — R, defined by

e = |[I*| = |[FLY|| = VLe - F'F - Le | (4.3)

Incorporating the findings on pantographic structures, see dell’Isola et al. [31] among
others, we additionally aim to describe the shear deformation between two initially not
coinciding fiber directions L® # L. Thus, we introduce the shear measure ¢ :  — R
based on the change of angle v*# = <I(i°‘,iﬁ), calculated by

6% = tan(y*? —5%)

= tan(acos (ia . iﬁ) — acos (La . L’B)) , (4.4)

where e.g. for initially orthogonal fiber directions we have vy = 7. Following the works
of Asmanoglo and Menzel [5] and Spencer and Soldatos [112] among others, we take
into account curvature and twisting effects in addition to dilation and shear. The true
curvature K : ) — R? is obtained in the current deformation by projecting the spatial
gradient of the fiber direction onto itself

K=V 1 =\LI°F~'. (;FL“) = ;avxia L~ (4.5)

With given kinematics, we employ an alternative expression by analyzing the material
gradient of the deformed fiber vectors VW I® projected onto the initial fiber direction
I LY, giving

Wl L* =\ (FLY) - L* =% F: (L°® L") = §: (L*® L"), (4.6)

where we identify the second gradient of motion §, see eq. (3.10). Inserting the split
into current normed fiber direction and stretch reveals two separable contributions - one
associated with the stretch rate and one related to the gradient of direction

Nl L = Y (2°1%) - LY = (Ve L) 1% + % 41 - L7, (4.7)
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which after some calculations® reveals

1 _
KO — 7%la . L~
e

1 —
G (R a5
! 1
(3 @ g PR ) rre).

4.2 Energetic response

Based on the introduced kinematic, we build the constitutive framework for fiber rein-
forced composites. Introducing volume fractions (™ € R+ for the matrix material and
correspondingly (" € Ry for each fiber direction, where (™ + Z£:1 ¢he =1, we propose
the stored energy density to take the form

f
‘1/<F, 8) — Cm\lfm(F, S) + Z Cf’a\lff’a(F, S) + Z (Cf,a + Cf,ﬁ) \ij,aﬂ(F’ g)

a=1 a,B€{1,...f}
a<f
/
=(MUN(F HL ) 4 ) ¢ e m) + Y (¢ () wteR (¢07)
a=1 ayﬂe{ib--:f}

(4.9)
Therein, the total Helmholtz energy is additively composed of the matrix contribution
U™ (cf. section 3.3.4), the individual fiber contributions U5 accounting for stretching
and curvature, and the coupling term ¥"*# for shear interactions between distinct fiber
directions. With the set of constitutive coefficients a®, c® € Ry per fiber and b*” > 0 per
fiber combination, we constitute

phoes (¢aﬁ) — ;baﬁ ((baﬁ)z (4.10)

and . |
gl (e, n“)::§ao‘(5°‘ —1)%+ 500%0‘ SR (4.11)

For the curvature, we may extend the material description towards differentiating between
directions of flexure

1 1
Pl (e, no‘):ziao‘(sa — 1)+ 51@”‘ - kY, (4.12)

with the fiber bending stiffness tensor ¢® € R?*? given in the current configuration.

e =L || FLY| = Hiﬁu LY = HF}J’HLQ F'F - L
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Remark 4.2.1 — Referential parameter set. Given curvature k%, we can derive a
referential representation by kg : Q) — R4, k3 = F' - k%, yielding an objective stress
measure (cf. eq. (3.59)2 and Spencer and Soldatos [112]). Inserting yields

KY - c*K* = (F*Tng) - c” (FﬁTnfO
=K - (F_lco‘F_T) Kg (4.13)

N —
=C*

with the pull-back material tensor C* = F~'c®F~". Another referential curvature
measure can be obtained by utilizing the rotation matrix of the polar decomposition
with K : Qy — R?, K = R" - k%, giving

K* - c*k* = (RK") ¢ (RK"®)
=K (R'e"R) K, (4.14)

—_———
=C«

with the rotation-pulled referential material tensor C* = R'¢*R. Note that the latter
only changes basis whereas the former rescales anisotropically due to the inclusion of
stretch ¢ = U~ 1CoU .

If we consider the particular case of aforementioned woven fabric, we have two identical
fibers in two distinct directions. The energy is then given as

U(F,F)=C"V"(F,H,J)
+ Cf,l\I]f,l (51, Rl) + Cf,Q\ij,Q (527 H2) + (Cf’l + Cf,z)qu,u (<Z512)
(4.15)

Assuming uniform weaving, i.e. (b = ¢f? = % with identical material parameters
a' = a? = a and ¢! = ¢® = ¢, allows for a simplified total fiber energy contribution

\I/f (517 62’ R1’ /@2, ¢12> — \ij,l (61’ nl) + \ij,z (62’ R2> + \ij,12 (¢12)

:;a((gl _ 1)2 + (52 . 1)2> n ;(# ek + K2 CKIQ) n b(¢12)2
(4.16)

yielding? )
YU S) = CUE L) 1_2<‘I’f(51752a k' K501, (4.17)

cf. Dittmann et al. [33]. With these two fiber directions, one can construct the fiber
bending stiffness tensor ¢ for distinct in-plane and out-of-plane behavior, see also dell’Isola
et al. [31], with the unit normal

I'x1?

" x| )

T(Cf’l + Cf,Q)\I/f,lQ —9 1,<m/2‘l,f,12 = (1-¢"/2) b (¢12)2
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to the plane span (11, P), provided I' and I? are not collinear (I' # I?). The orthogonal-
tangential split yields
c=cy(I—n®n)+c (nen), (4.19)

with in-plane and out-of-plane stiffnesses cx and c,, respectively. See remark 4.2.2
for equivalent transformations of the isotropic and rotationally invariant split using
fiber directions in the reference configuration and the deformation tensor. Revisiting
the underlying beam theory, one can associate the tensional stiffness with the Young’s
modulus FEf in linear elasticity. Investigating a single fiber direction and conducting a
bending test as shown in section 4.3.1, allows for interpretation of the bending parameters.
Averaging the number of fibers per unit cross section - thus a measurement of areal density
- constitutes ¢ = vy F¢ I, with the second moment of area I and the areal density v¢. For a
deeper analysis we refer to the works of Asmanoglo and Menzel [7] as well as Soldatos
[111] and references therein.

Remark 4.2.2 — Orthogonal projection to fiber-plane. Using the initial fiber
directions, the out-of-plane vector normal to the tangent space of the fibers can be
expressed as

(FLY)x(FL?)  H(L'xL?  F'N
I((FLYX(FL?)|  [[H(L'xL?)|| |F N’

(4.20)

n —

with the vector in reference configuration IN = % The orthogonal-tangential split

finally yields
F ' N®F'N
nen = —— . (4.21)

Given kinematics, traceable to the first- and second-order deformation gradients F' and §,
the proposed Helmholtz energy can be inserted into the second-order continuum framework,
summarized in section 3.4, and discretized according to section 3.5.

4.3 Numerical examples

This section now investigates the characteristics and performance of the proposed energy
formulation for continuous, endless fibers. Higher-order contributions of the fiber model
are verified by two bending benchmark. Subsequently, a set of tensile tests illustrates
the influence of different fiber orientations. Throughout, the matrix is modeled by a
Mooney-Rivlin material, cf. eq. (3.70), with parameters o = 1000N/mm?, 5 = 500N/ mm?,
and v = 1000N/mm?, and a matrix volume fraction of ("™ = 0.5. All length scales are given
in mm. First- and second-order stresses are given in N/mm? and Nmm/mm2| respectively.
Unless stated otherwise, all tests use the same specimen, (0,100) x (—=5,5) x (=5,5),
discretized by 40 x 4 x 4 tri-quadratic B-spline elements.
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4.3.1 Two-point bending test

10
X2 0
-10
0
60 \
80 AC
X1 100 © X3

Figure 4.3.1 — Two-point bending test: setup. Problem setting with lines
illustrating the two fiber family directions.

The first example verifies the higher-order response of the fiber material in a two-point
bending setup. The left lower edge 9" = {X e R*| X; =0, X, = —5, —5 < X3 < 5}
is fixed in xy, 79 and x5 direction, while the right edge 00" = {X € R?*| X; = 100, X, =
—5, =5 < X3 < 5} is fixed in x5 and w3, see figure 4.3.1. A surface traction is applied at
the top center such that the remaining boundary 90 = 8QO\<8Q“§’I U GQ“S’T) is subjected

toT: 00 — R3,

= 0,—200,0)" N/mm? if 45 < X; <55, Xo =5, -5 < X3<5
T(X): ( ) T7 ) / 1 ' 1 ) 2 5 3 (4‘22)
(0,0,0)" N/ mm2 otherwise.
The load is applied incrementally in n; = 20 steps, resulting in the scaled traction

T, = kT /n; in step k.

Two fiber families are considered with L' = (1,0,0)" and L? = (0,0,1)", such that the
applied traction induces an out-of-plane bending of the fiber network. The test is performed
for two fiber parameter settings. In both cases, b = 0N/mm? and ¢4 = 0N remain constant.
First, the fiber response is purely tensile with a = 50-10"2N/mm? and ¢, = ON. Second, a
pure bending response of the fibers is prescribed by setting @ = 0N/mm? and adjusting the
bending stiffness to ¢, = 1250/3-1073 N. This value is obtained by assuming a single layer
of fibers spanning the whole thickness of the geometry, such that an equivalent bending
stiffness associated with the extensional stiffness follows from ¢, = a!/a, with the second
moment of area [ = 1/12W H? and the area A = W H, yielding ¢, = ¢/12 H?. Inserting
a=50-10"3N/mm? and H = 10 mm gives the above value. Consequently, if the thickness is
sufficiently resolved for a slender geometry (L >> H, L >> W), the deformation response
should be essentially identical for the pure-tension and pure-bending fiber settings. Figure
4.3.2 shows the zo-deflection of the Point P, = (50,0,0)" versus the applied load.

As expected, the two results are in close agreement. In particular, in this bending-
dominated configuration the tensile/compressive behavior of the continuum fiber model
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Figure 4.3.2 — Two-point bending test: deflection. Force-displacement
curves for bending tests.

is already represented by the bending terms. This outcome is both important and well
established as strain-gradient effects originate from a microstructure with an intrinsic
length scale and if that microstructure is already resolved within a first-order continuum
description, the corresponding second-order contributions should be omitted to avoid
double counting.

Moreover, figure 4.3.3 compares the first- and second-order stresses for both settings. In
the pure-tension case, no second-order stresses arise, whereas in the pure-bending case the
fibers generate only second-order stresses and the first-order stress is carried by the matrix.
The present benchmark can also be used to calibrate the in-plane bending parameter cy
by rotating the second fiber direction to align with the loading direction.

4.3.2 Clamped bending test

The second example targets the anisotropic bending stiffness tensor with distinct in-plane
and out-of-plane parameters cx and c;. As shown in figure 4.3.4, the specimen is clamped
on the left face, 908" = {X e R3| X; =0, —5 < X, < 5, =5 < X3 < 5}, fixing in 21, 25
and x3. On the right face, a uniform traction is applied equally in x5 and x5 direction,
i.e. on ONY = 90\0QZ" we prescribe T: 90 — R,

(4.23)

T(X) = (0,10, —10)" N/mm? if X; =100, =5 < X < 5, =5 < X3 < 5
(0,0,0)" N/ mm? otherwise .



68 4.3 Numerical examples

0
20
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2820 N/ mm?

ON mm/ mm? 5180N mm/ mm?

Figure 4.3.3 — Two-point bending test: stresses. Left to right: pure tensile
and pure bending settings. Top to bottom: Normed first-order stress || P| and
normed second-order stress |P]|.

Figure 4.3.4 — Clamped bending test: setup. Problem setting with lines
illustrating the two fiber family directions.
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Figure 4.3.5 — Clamped bending test: deflection. Displacement curves for
clamped bending test.

The fiber parameters are set to a = 5-1073N/mm?, b = 50N/ mm?, ¢y = 600-10"> N and
¢y =6-10" N. Since cy > ¢, the larger in-plane bending resistance should produce a
smaller z3 deflection compared to z5. This behavior is confirmed in figure 4.3.5, which
shows the displacement of P, = (100,0,0)" in the x5 and z3 directions as a function of
the applied load. The corresponding distributions of first- and second-order stresses are
shown in figure 4.3.6.

4.3.3 Tensile test

Finally, a series of tensile tests is conducted to demonstrate the influence of the fiber
orientations. The specimen is clamped on the left face, 8Qg’l ={X e R*|X; =0,
-5 < Xy < 5, =5 < X3 < 5}, and a uniform displacement in the X; direction is
prescribed on the right face, 925" = {X € R*| X; = 100, —5 < X, <5, —5 < X3 < 5},
with

r(X)=X1+30 VX €0Qf", (4.24)
while x9 and z3 remain unconstrained, cf. figure 4.3.7. The fiber parameters are set to

a=150-10"N/mm?, b = 15-10"3N/mm2, ¢y = 18-10"* N and ¢, = 0.18-10" N, allowing
strong stress contributions from tensile, shear and bending deformation.

Figure 4.3.8 shows the deflection of P, = (100,0,0)" for different fiber orientations. Here,
d = ¢'% (cf. eq. (4.4)) denotes the angle between both fiber families, while v, and ~,
represent rotations around the X; and X3 axis, respectively, such that

L' = Ri(m) Rs(72) (1,0,0)" and L* = Ry(m) Rs(72) Rs(¢') (1,0,0)",  (4.25)
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Figure 4.3.6 — Clamped bending test: stresses. Left to right: ||P]| and
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Figure 4.3.7 — Tensile test: setup. Problem setting with exemplary fiber
family.
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Figure 4.3.8 — Tensile test: deflection. Displacement in x5 and x3 direction.

using rotation matrices R;(6) == exp (0 [ei]x) € SO(3) (cf. eq. (0.25) to (0.26)). The results
show that ~; primarily governs the axial (x;) displacement, whereas 7, mainly affects the
transverse (z5) deflection.

1400
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Figure 4.3.9 — Tensile test: resistance. Residual resistance force.

In addition, figure 4.3.9 shows the residual reaction associated with the moving Dirichlet
constraint. For coinciding fiber directions, i.e. ¢'? = 0, the axial resistance is comparatively
low since no shear resistance is activated. For configurations permitting shear deformation,
the largest tensile resistance occurs when both fiber directions have a substantial component
aligned with the loading direction, e.g. for (30°,0°,0°) and (30°,0°,60°), as sets (P, v, 72).
In contrast, varying 7, has little influence because it does not change the relative orientation
of the fiber plane with respect to the imposed axial motion.

For completeness, figure 4.3.10 shows the first- and second-order stress for selected
configurations.
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Figure 4.3.10 — Tensile test: stresses. Stress of selected configurations
((30°,30°,60°), (30°,30°,0°), (30°,0°,60°) and (0°,30°,60°) arranged
clockwise). Rows (top to bottom): || P]| and |||
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5 Dimension reduction: Discrete
embedded fibers

The previously introduced continuous fiber material model manages to capture initially
straight aligned oriented fiber bundles. It is suitable for woven fabrics as by design all
fibers assumed to be endless within the body boundaries and evenly distributed, but fails
for finite length, randomly spread and individually oriented single fibers found for example
in short-fiber reinforced composites.

In this chapter, we thus derive a model for the embedding of one-dimensional arbitrary
fibers into a suitable three-dimensional matrix material. As will be shown, a more
complex but also more general second-gradient system arises. In contrast to the previous
approach, we employ a discrete beam formulation and insert it into the matrix with
yielding overlapping domains. We then identify coupling constraints allowing to transfer
forces and moments from beam to matrix and in addition provide a reduced model.

Here we intend to embed fibers with a length-to-radius ratio of 40, common for e.g. fiber
reinforced polymers, and reasonably restrict the three-dimensional continuum kinematics
of a discrete fiber body along its axis direction to a beam-like kinematic. In particular, we
use Cosserat beams as geometrically exact beams, introduced in Cosserat and Cosserat
[25] and comprehensively elaborated in Rubin [97] among others.

5.1 Beam kinematic

As introduced in section 3.1, we consider a beam to be a three-dimensional body occupying
the geometrical region (), C R®. We denote its reference configuration as Qo with boundary
8, where 0 = 8()’3 UdQY and 90PN QY = 0, see section 3.2.1 for details on
essential (D) and natural (N) boundaries. For the position vector in that configuration we
employ the following kinematical ansatz

X (6%,0%) = @o(0%) + 6° D, (0°), (5.1)

where ¢y (63) = 03Dy with 0% € [0, L] as parametrization along the center line of the beam
with lngth L, see also figure 5.3.1. Following the parametrization, we deglote uthe eundpoints7
where 62 = 0 and 62 = L, as 9. Further, the orthonormal triad {Dl, D,, D3} with

convective coordinates (6%, 62, 63) € € is introduced, where D, with o = 1,2 span the
cross-section plane. Moreover D3 functions as center direction line for the initially straight
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assumed beam. Hence the orthonormal reference triad remains constant along the center
line and thus D/, = 0, where ()" represents the derivative with respect to #*. Note that in

order to avoid confusion for commonly used symbols, the notation (v) always indicates
values corresponding to the beam.

Regarding its motion, the current position of the geometrically exact beam is then given
by
x(0%,0%) = @(0%) + 0% d.(6°), (5.2)

where the orthonormal triad Eia is related to the reference triad via the rotation tensor

v

Re SO(3), i.e. R =d;®D;, sec eq. (0.26). From the coordinate-direction pairs {éo‘, Da}
and {53, Dg}, we can compute the deformation gradient following Auricchio et al. [8] by

o or - oxr -

00 063
yielding
F=d,©D,+ (¢ +6"d,)® D3, (5.4)

noting again lv); = 0 for the aforementioned case of a straight initial beam.

We further aim to introduce new strain and curvature measures (cf. Betsch and Steinmann
[17], Eugster et al. [37]) by multiplying the deformation gradient with the identity R R =

R™ R = I and substituting d, ® D, = R — d3 ® Dj. Setting further R’ El’a -RR D,
and D3 = R'd3, eq. (5.5) along with the spin-notation in eq. (0.22) yields

9

F

R(R ¢ ©Dy+ R(R-dye D) +0°R R D, o D,).
D,®Ds+1 (5.5)
~R(GeDy+ [K] 0"D,eDy+1),

with the axial-shear strain vector G : O — R? and the torsional-bending strain vector
K : Q, — R? with
G=R¢-Dy md K] —RE, (56)

X

and their counterpart in the current configuration
§=RG and k=RK, (5.7)

respectively. Recalling the polar decomposition in remark 3.1.1, we can identify the stretch
tensor U using

%

F=RU, U=I+B®D;, with B=G+ (K x6*D,). (5.8)
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With regard to eq. (0.22) and eq. (0.26), the rotation tensor can be defined in terms of a

vector ¢ € R3 with basis {Ell, ds, culd} via the exponential map R((uﬁ) = e[¢]x for which a
closed form expression is given by Rodrigues formula

o cos (0) ||| . sinv22u2
T YT TN )

1l 2\ loll/2
which is used to derive the spatial variation of §R using ¢ via
= [5&LR, (5.10)

cf. Meier et al. [83]. For parametrization of the rotation tensor itself, we employ unit
quaternions § € 8 = {(Go,q) | o € R, § € R?, §2+q-q = 1} yielding with the
Euler-Rodrigues formula (cf. Betsch and Siebert [15] and Marsden and Ratiu [79])
R(q) = (245 — 1) T + 24old, +2d® g
1—2(a3+a3) 2(4:92 — dods)  2(d105 + dodz)
= |2(d1d2 + dods) 1 —2(q7 +435) 2(q2q
2(d41G3 — dod2)  2(d2d3 + Godr) 1 —2

(5.11)

5.2 Energetic response

In Ortigosa et al. [89] it is shown that the introduced kinematical set eq. (5.8) can be used
to express the cofactor H and the determinant J, such that Helmholtz-energy function
can be rewritten as W(F, H,J) = V(B(G, K)). Hence, with given local cross-section
A(63), the Mooney-Rivlin material model as presented in eq. (3.70) now writes
¥(B(G.K)) = /A<53>{ o(B-B+2B-Dy+3)
+8 (2B.B— (b3 x B) : (D3 x B) +4B-D3+3) (5.12)
+f(B-Ds+1)}dd" 6,

with material parameters «, § and volumetric function f(.J), such that by using the
centerline Cy = [0, L] C R we can write the total internal energy as line integral

[t — /{\II(B(G K))}ad. (5.13)

Co

For a constant cross section A(6%) = E = const. (with (;1(53))’ = 0), the cross-sectional
integral can be computed a priori. Following Steinbrecher et al. [114] and Weeger et al.
[119], we write the energy directly in terms of G and K providing

vou v VRV 1o o o
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with diagonal 3 x 3 matrices K; and K, containing material constants and the cross-section
geometrical parameters. For a simple model we set

Kl = dlag(G/le, GAQ, Ezzi) and KQ = dlag(Efl, Efg, Gfp) (515)

using Young’s modulus F, shear modulus GG in combination with the cross-section area A,
effective shear areas Al, Ag and the planar second moments of area I 1, I o and the polar
second moment of area [ =1 1 +1 9. For a circular cross-section with radius 7 we get
A1 = Ag = A= ;2 and Il = _[2 = 77’ . Hence we can clearly see relations to the fiber
material law in eq. (4.14).

Dual to the strain vectors G and K we introduce two stress measures. That is the
translational stress S : Qy — R? and 5 : 2 — R? as well as the rotational hyper-stress
W :Qy — RYand w : Q — R? in reference and current configuration respectively,
reading

v

A s=RS and W:a v=RW. (5.16)

,é S PN
oG’ oK

5.2.1 Virtual work of the beam

Conducting the first variation (see section 3.A.1), the internal virtual work of the beam
yields

SITn — /{S 6G+ W -GK | 4P (5.17)
&

with variations of the beam strain measures

0G =06(R'¢' — Ds) = 0R' @' + R'6¢' = R’ [597’L‘7’/ + R o¢’ (5.18)
and / / )

PK] —o(R R) = -R g R + R ([pg] B) - Ri¢] B, (5.19)
such that the axial vector 6K is then given by

oK —axl([pK] ) = B4 (5.20)

see eq. (0.3) and eq. (0.22)) to eq. (0.24) for details on the Levi-Civita permutation ey,
spin and axial vector.

Insertion into the internal virtual work eq. (5.17) results in
s = /{(RS‘) 55— (¢ x RE)-5p+ (RW) 5} i

] o (5.21)
= [{3-6¢'— (¢/ x 8) -0+ - 6¢'} dG*.
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Constituting external distributed forces 3 and moments w along with endpoint contribu-
tions gé and EE, we assume the existence of an external energy functional
y _ L. - N 197
it = [{3-p+T - g} + [5E.¢+fwﬁ.¢}]0

Co

: (5.22)

hence we obtain after integration by parts the classical balance equations in the actual
configuration, cf. Antman [4] - ch. 8,

_/ (5 +3)}ad® =0,

y (5.23)

—/ 'w+<p ><s+w>}d63:0,
for all (0¢p, 6¢u)) € V:;(p, where the functional trial space V;ap consisting of suitable and
kinematically admissible variations fulfilling boundary conditions § = EE on 652‘3’]5 and

o = Ao, B
w = wp on 08)y".

5.2.2 Mixed finite element method

In order to gain flexibility towards avoiding shear locking, a mixed (or Hu- Washizu
type, see section 3.6) method is employed by introducing independent fields equaling the

deformation measures eq. (5.7), Wlth the spatial axial-shear strain vector g = g and the

torsional-bending strain vector £ k. By examining how the corresponding Lagrange
multipliers act, we denote them as resultant translational force and rotational stress, to
and §, respectively. Eventually, the augmented strain energy function is given as

Upyw = U(R'g, Re)+5-(g—g)+1w0-(k—t), (5.24)

such that first variation now yields

/{— 0p-(8'+3)—d¢p- (0 + @ x5+w)+0g- (W_g)
&

+5E-(W—m)+5§-(§—§)+5m~(k—é)}d93—0. (5.25)

Assuming the kinematical augmentations to be fulfilled locally, the last two variations with
respect to 0§ and d1 in eq. (5.25) cancel out and we can rewrite the mixed formulation
as

/{— op-(8+3)—0p- (W' +¢' x5+0)
Co

+ 0§ (3—5)+ 0k (w x{a)}déSZO, (5.26)
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with stresses §, w given in eq. (5.16).

5.3 Coupling constraints

Building upon the continuous description of fiber-reinforced polymers chapter 4, we now
introduce a multidimensional coupling framework for the matrix-beam system for the
embedding of a beam into a matrix as illustrated in figure 5.3.1.

Figure 5.3.1 — Coupled matrix-beam system. Deformation of the coupled
matrix-beam system.

Originating from a surface-to-volume interaction principle, we derive a surrogate model in
which dedicated coupling constraints enable the consistent transfer of both force resultants
and bending moments between beam and matrix. Construction of the coherent model
relies on two main assumptions:

A1 Overlapping domains. The matrix continuum is extended into the beam domain.
This overlap introduces additional stiffness, whose magnitude depends on the beam
cross section and the stiffness ratio between matrix and beam.

A2 Coupling forces. We introduce coupling forces via Lagrange multipliers, which are
defined such that, they reproduce the mean force, bending and torsional moments,
as well as shear and dilatational components when applied to the beam cross-section.

Analyses of modeling errors induced by overlapping domains exist for various problems,
e.g. diffusion in Koppl et al. [65] and for fluid-structure interaction in Liu et al. [76].
Generally, surplus matrix contributions can be systematically removed by adopting a
continuum-degenerated beam formulation, which ensures compatibility of stress measures
between beam and matrix. Nevertheless, the reduced kinematical representation of the
beam cross-section remains inherent to the model.

These assumptions are particularly suitable for fiber-reinforced polymers, where fibers
generally have a great stiffness contrast relative to the surrounding matrix and are small in



5 Dimension reduction: Discrete embedded fibers 79

cross-section, mostly determined by their radius. Under such conditions, the influence of
the overlapping region is negligible compared to the overall material response. This balance
allows the surrogate model to retain accuracy while substantially reducing computational
effort, making it a practical and efficient tool for simulating fiber-reinforced composites
with arbitrary fiber directions and lengths.

5.3.1 Geometric coupling conditions

For the coupling we inspect the contact area between matrix and beam, i.e. mantle 8(20& and
end faces A(0) = A(L) = E as shown in figure 5.3.2, to identify the Lagrange Multipliers
as coupling forces of the constraint. Their total work over the whole matrix/beam interface
reads

e — / (i (¢ — &) }dA = T 4 T, (5.27)
with

(5.28)

L
= ([ o e-anackar, =] jae-epa
2= [ i o - ac) 3= | fypfie- - o]

Therein, C'(6?) is the boundary of cross-section A(63), each in terms of the arc length

0% and p is the position vector of the matrix. For clarity, we introduce some notational
conventions. Let f(X) : Qy — R be any function. Its restriction to the beam domain €

in convective coordinates is written as f (5“, §3> =f X (éa, 53)) Furthermore, the trace

[f]g, of f on the beam centerline Co is expressed as f(§3) = f(cfoo (53)), 0 e Co.
C (_53) o
Ao)| EEEN A(L)
/1 7o
L

Figure 5.3.2 — 3D beam kinematic. 3D beam reference configuration.

5.3.2 Coupling forces

For a beam representing a fiber, we assume a circular cross-section, determined by the
radius 7, such that area and the circumference result in |[E| = 772 and |C| = 277,
respectively. The Lagrange multiplier fz, physically interpreted as the interface load, is
then defined on the beam mantle 9 = {(7" cos(ﬁ) ¥ sm( ) 03) |6® € [0, L), 5 € [0, 27?]},

with angle 3 = arctan (02 / 01> along the beam cross-section circumference.
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We then decompose fi = [L(B , 53) in a Fourier series as periodic function of the angle and
truncate after the first two terms

[1(B,0°%) = 0(6°) + 1(6%) cos(B) + w(6%) sin(p3), (5.29)
identifying 7(6%) = = 02”{;1(5, 53)}d5 as mean cross-sectional load along v, a € {1,2},
as the first cosine/sine Fourier coefficients composing the load fluctuation

u(3,6%) = (6%

9

N(fB) = 21(6°) cos(3) + 2(6°) sin(5). (5.30)

Therein 3 = v, ®Da denotes the interface stress tensor and N = bl CoS (B) +b2 sin (B)
is the unit outer normal on the interface in reference configuration. Note that for a circular
circumference fo%{l?(ﬁu, 53)}d5 = 0. The decomposition jz(3,6%) = 7(6%) + £ N allows us
to physically associate 7 with the resulting cross-section forces for the position coupling
of beam center-line to matrix, and ¥, respectively f), with the coupled stresses, shears
and hydrostatic pressure responsible for transferring beam bending and torsion to the
matrix.

Inspecting the coupling stress tensor S=0,® ba, we recognize it has only six degrees
of freedom due to nonexistent contributions in centerline direction. By introducing a map
from the Cartesian coordinate system to the beam triad T = D ® e;, we can further
associate its entries
w1 wy — U3 0
RT |ws+9d; @ 0T, (5.31)
29y 24, 0

o

¥

giving w1y, ws, ws related to dilatation and shear of the cross-section, as well as J; and
¥y related to bending, and 3 associated to torsion. For separation of dilatation/shear
w0 = w;d; from bending/torsion ¥ = ¥;d; = axl(i] RT), we introduce the following
split

3 = (Pad + Qo ) ® Do, (5.32)
using the projections
P, = dy®ds—2d;®dy, Q =d,®d +dy®ds, (5.33)
Py = —dy ®ds+2d; ® dy, Qy=dy®dy+d; ®ds. ‘

5.3.3 Centerline restriction

In order to simplify coupling of the whole domain in eq. (5.28) - eq. (5.27), we aim at
a restriction to the beam centerline. Therefore we introduce the cross-sectional average
deformation gradient using Green’s Theorem

1 L
Foio / l[e@N}dC (5.34)
3(6%)
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and the decomposition of ¢ into circular mean
1 N
poi= = [ {p}aC (5.35)
e,
(%)

along Fourier cosine and sine coefficients

/ [psin(F)}dC.  (5.36)

Py ! /{Lp cos(ﬁ’)}dcu’ and @y =
’E‘ C(6°)

£

Subsequently, the energy contribution eq. (5.28); as constrained coupling on the beam
mantle 99, is derived by substitution of eq. (5.29) and eq. (5.30), yielding

fiz7 = [{ [ -t~y ac b
- R+ 28) (o= (o4 R Jac

(5.37)

Note that fé(ég){N } dC' = 0 for the circular assumed beam. Thus, the integral part
fé(gfs){N ® N} dc using N =D, COS(B) + D, sin(ﬂv) can directly be evaluated

2
[ {NenN}ac -7 [{NoN}aj
0(9“3) 0
2 2
— /cos dé + 7Dy ® Dy /{sin2(5>}d5
0 - O_Z,W_, (5.38)

2
o o o o

+7# Dy ® Dy + Dy @ D | /{Sln(é) cos(3) } dj

0

=0

= ’F?TDa & ba.

Using the identity ¥ D, @ D, = 3, we write for eq. (5.37)
I = /{n é(és){(cp )}dC’} a6® + { / ){(go RNV ® N}dC} d46°
éo
_ /{ V {p}dC — @\C\]}dﬁ?’ + { l/ {@@N}dC—wrQR]}dé3,
éo

(5.39)
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hence it follows with insertion of eq. (5.34) and eq. (5.35)

iz = [ (.- @) (Cl}a* + [{5: (F.— R) B} ad® (5.40)
Co Co

Variation of the work associated to the kinematic constraints then yields for the circumfer-
ence

otz = [{[on- (.= @) + 11 (3p. — 3)| €1} 48"

. + {(2:(51&—[5<7>LR)+62:(FC—R))IEI}d537 (5.41)

UO
noting 3 : ([&Vb}x R) =29 5<vb. Moreover, contributions of the faces read

L

“Tcon __ ~ v A N B AN - 23\ 1|1
" = ﬂg(és){u-(so—w)}dfl]lo = [ (0 — @)IEI+O(#)] .- (5.42)
where we denoted cross-sectional means
o 1 9 v 1 o
Bp=— /{u} dA, and ¢z = — /{go} dA, (5.43)

with [:{(-)}dA = {fA(O){(-)}d;l v fA(L){(-)}d;l}. A(0) = A(L) = E. Under the afore-
mentioned assumption of a large length to radius ratio, the O(#®) term is negligible. The
virtual work associated with the endpoint contributions then reads
- ) v . v v ~ L
ST =[Sk - (i — P)EI + i - (Gp iz — 5@)IE]] - (5.44)

In the case of an embedded face, this takes form of an essential boundary condition ¢ = ¢,
imposed via Lagrange multiplier as addition to the external endpoint contributions in
eq. (5.22) as § = 3 + ﬁE]E’\ on GQ%E. For a partially embedded beam, i.e. one or both
faces are not in the matrix domain, the cross-sectional area is manually set to zero, thus
canceling the corresponding contribution and leaving only Neumann boundary condition

% = 5, on OO5” instead. By accounting for higher-order terms O(i) in eq. (5.42),
additional Dirichlet boundary conditions for the beam directors may be prescribed.

5.3.4 Total coupled system

For the variational calculus (see section 3.2.1) of the Lagrangian for the coupled matrix-
beam system, we collect all virtual work parts yielding

5E(<p, @, R 5,107, j1;, 0, 1“2) = OTI™ — §TI™ 4 §TT™ — ST 4 STIL™ + STIX" = 0, (5.45)
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in terms of eq. (3.80) (only first gradient terms) and eq. (5.26) along with the virtual work
of the coupling forces in eq. (5.41). Based on their variation, we can separate between
matrix and beam including mixed-constitutive parts as well as coupling contributions. For
parts associated to the matrix we obtain

¥ ~ L o \J . ~ o v %
+ i SslEl]|] + /{n S0+ £(9, @)  SF.|E|} 46 = 0, (5.46)
Co
with constitutive equations and boundary conditions eq. (3.83) and eq. (3.84) - eq. (3.85).
For the beam we have the two balance equations

_/{ (gl +5+ ﬁ\é\) : 5¢} d6® =0, (5.47)
&
‘/{(‘{’/+¢'X§+5+25|EI)~5$}d53= , (5.48)

accompanied by endpoint conditions

g =0+ [8

where |E'| = 0 if the corresponding face is not embedded, supplemented by the mixed parts
for the stresses eq. (5.16) as weak constitutive equations

/{5g (3— %) dd® =0, (5.50)

= EE + [y E| and [t’b}

(@ — #i) =W, (5.49)

/{5?(@-&:)}@3 —0. (5.51)

Eventually, we have the coupling constraints

J{on- (.= @) [Ty ad® =0, (5.52)
/{55) . (F. - R)|E|} a6° = 0. (5.53)

5.4 Condensed system and second gradient model

In the following we derive a condensed version of the whole system eq. (5.46) - eq. (5.53)
in order to reduce the degrees of freedom to be calculated as well as to give a direct
link between bending/torsion of the beam and higher order stress contributions. The
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general goal is to directly include the coupling conditions and thus geometric dependencies
preferably eliminating Lagrange multipliers. In a first step by utilizing the projections
q. (5.32) with eq. (5.33), we write o = (]P’ 59 + Q, (5w) ® D, giving a two part

representation of constraint eq. (5.53) as

P |F.D, —d,|) 09|E|}d6® =0, (5.54)
J{(E [#. Do~ d.]) 5010} 00
Co

Q, |F.D, —d,|)-dw|E|} df® =0, (5.55)
J{(@L [0, - ) -5} ai
Co

effectively separating bending and torsion eq. (5.54) from dilatation and shear eq. (5.55).
It is worth noting that I?’Ecvia = 0 holds in eq. (5.54) due to the orthogonality of directors.
Furthermore, the final condition turns out to be independent of the beam variables,
constraining only the matrix stretches and shears, as will be demonstrated next.

5.4.1 Static condensation

To directly link matrix and beam position, we set d¢ = d¢p,. in eq. (5.47), enabling to
combine with eq. (5.46) yielding

/{P kb — B - p}dV - / [T -5p)dA
Qo o0

n [ﬁé.(g% ; ]Hg _/{(g'+§) 0 dé3+/{i::5Fc|E|}d9“3 =0 (5.56)

and thus ultimately eliminating Lagrange multipliers 9 for the interior, whereas endpoint
constraints fi; remain. Further for resolving the second set of Lagrange multipliers 3, the
dependence of the rotation in terms of the cross-section alignment is employed. Therefore

we take the constraint 3: <5FC — [5(75LR) of eq. (5.41), recall that 3: ([5qva R) =296

and insert the split eq. (5.32), note again the vanishing symmetric part of eq. (5.54),
leaving

0=3: (51«1—51?2)
& 2:5R:i:5Fc
& 3 ([5UL u) — 3 §F. (5.57)
& 298¢ =P, 9 ® D, JF,
& 5¢_; P 6F. D,

Insertion into eq. (5.48) along with eq. (5.105) yields

- {( oW+ xs+w)®ba+(i)—@a1“zba)|ﬁ|>:5Fc}d§3:0. (5.58)
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Combining with eq. (5.56) we obtain for the balance equations of both matrix and beam

J{P:%op — B dphav - [{T-sp}aa+ [ oy ],

o o0y

B /{ <212 B, (W' + ¢ x5+®)® D, — Qa*ﬂbalﬂ) :0F, + (8 +3) -5soc}dé3 ~0.
Co

(5.59)

supplemented by coupling conditions

/ (67 (0, — @) |1} d0° + / (BLE.D, - 59|E|} 4§’

Co 50

+ [{(@ (B~ R)D.) - seiEl} i ~ 0. (5.0
Co

along the unchanged mixed constitutive parts

/{5@-(é—é)}d§3+/{6%-(zb—rb)}d§3 — 0, (5.61)
éo éO
with boundary conditions ¢ = % and dpp = 0 on 8Q€ , as well as beam endpoint
conditions
& @iy =0, [lye =55+ figlEl and  [0],p = (562)

An alternative representation of the third coupling term in eq. (5.60) is given in sec-
tion 5.A.2.

5.4.2 Constraint projection to the centerline

We employ a projection of the 3D-1D coupling to the beam centerline that is consistent
with the regularity of the solid field. In particular, for a displacement ¢ € H!()? the
point-wise trace on the centerline Qo C ), i.e. a codimension-two set, is not available in
general causing a direct restriction [¢]s to be ill-defined. To circumvent this difficulty,
we previously introduced cross-sectional circular mean operators ¢, and F, cf. eq. (5.35) -
eq. (5.34), as admissible I(€) line fields, relying on well-posed surface traces followed by
averaging.

However, in the following, we assume Galerkin C°, ¢ > 1 conforming approximations, lead-
ing to higher regularity of ¢, see section 5.5.1. Hence we are able to express line restrictions
(e, € 12(Q) and [V ele, = [Flg, € () in terms of a Fourier representation of ¢.
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With coordinates y = N (B)?* € R? in polar form for the circular cross-section plane, that
contains C'(#3) and originates on the centerline, we write using Fourier variable w now

0 3)] g, = [0 )7}

R2
= /{Co(ég, w) eiN(B)%} dw
]RQ

(5.63)

where again N (f) = D, cos (5) + D, sin (B) (see also in context of eq. (5.30)). Averaging
according to eq. (5.35) yields

gél/{¢Q¢M®}dé::/{¢@§w)éﬂﬂ%ﬁﬁéN@V}dé}dw (5.64)
R2

Pe = ‘ ‘
C(6%)

Then we conduct a power-series ( Taylor expansion) for the kernel

oy k
Lo o (iw-N(B)7T
k=0 :

Insertion lets all terms with odd k vanish due to fé(és){N } dC' = 0 (see section 5.A.3).
Thus leaving parts for & = 0, consolidating all remaining parts for even k£ > 2 and
transforming back eventually leads to

e = ¢le, +O(). (5.66)

Applying the same Fourier representation and subsequently inserting the Taylor series for
the circular mean deformation gradient eq. (5.34), we finally obtain

F, = |E1|C(Z {(/Rz{@(é?’,w) (iN(3)F)) dw) ® N} e,

R? C(%) (5.67)

Therein, the additional ® N now lets even terms vanish, such that k& = 1 remains and all
other terms k£ > 3 are consolidated (see again section 5.A.3).
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5.4.3 Second gradient model

The O(7?)-terms in eq. (5.66) - eq. (5.67) induce O(#3)- and O(#')-contributions in
eq. (5.40). For a sufficiently thin beam, these are presumed comparable to the discretization
error and are therefore neglected. Thus, we state ¢. ~ [p] and S F A~ [Fle,;
using D, ® D, = ¥. Since the bg—component of the gradient does not appear in the
constraints, in what follows . and F, are directly replaced in the system eq. (5.59) -
eq. (5.61). This substitution yields a second-gradient material model, as will be shown
next.

Assuming necessary regularity, we can integrate by parts on the centerline Co and eventually
write the system for the matrix deformation field

Qo oYY
+ /{‘43 Ve b + (13§ + P® 4+ Q.D, |E|) N — 3 - 5g0} d6°
o
1 . L
- HSE Sp+ 5 (B Bp @ D) vx(scp] —0, (5.68)
0

and remaining coupling conditions

/{577 (e - @) (]} df® + /{Eﬂip D, 595} af’

Co éo
+ /{ (Q. (F - R)D,) - dw0|E| } d6° = 0, (5.70)
&

with boundary conditions ¢ = % and dp = 0 on 8(26) . Therein we made use of corre-
sponding stresses related to beam contributions

o 1/. o — o
W (e oy <

P = Z(Pam Po(@¢ x 6+ ®)) ® D, (5.72)
g 1o . o y

P = Paww D, Ds. (5.73)

After integration by parts, the end-face terms vanish due to the centerline projection,
whereas the beam endpoint constraints [@ — @]« [E] = 0 (where |E] = 0 if the face is
0

not embedded), [§]

= Wy remain.

o0 = 35+ fup|E] and [10] 5z
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We point out P, = [k], P, — P4 K], with k = aXl(R/RT), as obtained by direct differentiation
of eq. (5.33). Furthermore, the identity

PLFD, = |D;R'FD, — D\R'FD,| d;—2 |[DsR'FD,| dy+2 [ DsR'F Dy dy. (5.74)

shows that the constraints related to 69 correspond to a planar version of the spherical
rotational constraint axl (RTF ) = 0 introduced in Simo et al. [107]. Finally, eq. (5.68)
provides an explicit expression for the third-order stress tensor defined in eq. (3.21). This
tensor results from condensing the beam moment equation and depends directly on the
resultant torque 1o (see eq. (5.14)), expressed through the second and polar areal moments.
It acts along the fiber centerline Co, typically at the microscale for short fiber-reinforced
polymers. For macroscopic gradient formulations, appropriate homogenization techniques
are required. Note that additional terms arise if the beam has an initial curvature
D, # 0.

5.5 Discrete multidimensional coupling model

For the above given framework for beams embedded in a matrix, we approximate the con-
tained fields to derive a discrete system satisfying regularity prerequisites and subsequently
show a reduction scheme to decrease computational effort.

5.5.1 Spatial approximation

Concerning the spatial approximation, the isogeometric discretization scheme established
in chapter 2 is employed for matrix, beam and the remaining coupling conditions.

Matrix

For matrix contributions we employ a standard approach for the deformation field ¢ and
its variation d¢ as introduced in section 3.5 of the form

"= > paRY and "= > dp,R*, (5.75)

AN Al

using three-dimensional (NURBS-)basis R4 : Q8 — R of order p;, where ¢4,dpa € R?
and with index-space Aj:= {1, ..., O1} for the number of control-points O;. Due to the
regularity demand arising in the centerline projection, we require ", d" € H>2 (Qg),
hence set p, > 3V p, € pr.
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Beam

Beam associated fields are approximated using a one-dimensional (NUR)BS-basis. For the
centerline position appearing in the constraints and quaternions q for the parametrization
of R as in eq. (5.11) we set

"= ¢, R and §'=3> §,R", (5.76)

aEAi GEAi

where R : Ch — R of order p; = min(p;) and index-space A; = {1, ..., O;}. For the
augmented /mixed stresses we set

"= 5, M and w'"=Y w, M (5.77)

aGAﬁ aEAﬁ

using M ég — R with order py < py for robustness (cf. section 3.6.1) and index-space
Aj. We further employ the classical Bubnov-Galerkin approach for augmented deformation

tensors (6§ ~ 0%, 6€ ~ 610) yielding
g = Y sg, M and oF = 3 b, M. (5.78)

aEAﬁ aEAﬁ

Remark 5.5.1 — Mixed mode and approximation order. Due to the chosen high
approximation order p; > 3, locking phenomena as described in Weeger et al. [119], are
generally negligible such that the Hu-Washizu approach section 5.2.2 may be avoided
altogether.

Coupling conditions

We discretize the remaining variations of Lagrange multipliers using N ég‘ — R with
order py < py and associated index-space Ay as

st = Y g, N and 9 = 3 69, N, (5.79)

aEAﬂI aEAﬂI
whose counterparts 1 and 9 are already condensed.
Remark 5.5.2 — Variational condensation. With condensation we can relate d¢

to coupling of matrix position with 7 and rotation dq to 9 and the quaternion unity
constraint thus resulting in a Petrov-Galerkin like method.

Next, we introduce suitable approximations for the coupling force and its variation

=Y w, W and st = Y sw, WV, (5.80)

CLGAIV aEAIV

employing w" . 58 — R with order py, < py and associated index-space Ay, .
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5.5.2 Discrete system

The discretized system as proposed in eq. (5.68) consequently reads

R, = /{Ph AR~ RA BV — /{RA T"}dA

ob anh
o [ RRA 4 (PO 4 PR Qi D, ) - RRA - RA ) dd?
¢t
- 1,0 o L
- |[RA Sh+ 5 (B @k D) VXRA}I —0, (5.81)
0
constitutive mixed terms
R, = /{M (s —s")}at® =0, (5.82)
ch
Ry [{M (@~ ")} ad® =0 (5.83)
ch
and remaining coupling conditions
R, = / (N (¢" =) [C] L ad* =0 (5.84)
ch
R, = / [N B P D, |} dd* = 0 (5.85)
ch
R, = / {W QLr <Fh — Rh> D, |E| }dé3 =0, (5.86)

ch
where for the last line eq. (5.101) was applied.

The use of quaternions gives rise to an additional balance equation as unity constraint
R; = q-q9—1 =0, eventually preserving orthogonality of the director triad. Using a scalar
multiplier and assuming fulfillment within convergence, thus neglecting contributions
entering through dq, in a weak sense we require

Ry = /{R(qh g —1)}dd® =0 (5.87)
e
using R QB — R . Alternatively, we can apply a point-wise strong condition at the
control points acting like a Dirac delta distribution (cf. remark 2.2.1, see also Wasmer and
Betsch [118])

Ry =4q,-9,—1=0. (5.88)
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Within the Newton-Raphson iteration (cf. section 3.5.2), we have to solve at every step

Koo Kop Koj Koz Kooy Koo _Acp i R,
0 K, 0 K 0 0 A Ry
0 0 Ky 0 Ky 0| |7 R
S
Kfﬁ‘so 0 K;%I 0 0 0 Adb Ry
0 K; 0 0 0 . R;
Ao
K, Ky; 0 0 0 - - R
- - L -
=K =Aq =R

which is a non-symmetric linear system that owing to the Petrov-Galerkin approach does
not necessarily produce a square matrix K, which is investigated in remark 5.5.3.

Remark 5.5.3 — Deterministic system and consistent linearization. Regarding
all beam contributions, we can determine the size of the linear equation system. Taking
the total degrees of freedom for the five sets of fields 7 € (¢, q, 8, w, To) we have

ng =) di0;
= 39y + 495 + 394 + 395 + 39x, (5.90)
= 6Df[ + 3531(, + 7Di

and for the variational sets j € (cp, §,.6.1,9,4, fz) of residual equations

ng = Zd§D§
= 3904 + 390y + 30y + 30y + 19 + 30y (5.91)
=69 + 30y, + 197 + 6Oy,

with respective control point size d; and d;. To create a square solvable and deterministic
system we then have to account for asymmetries originating in Oy < Oy by explicitly
setting beam endpoint constraints eq. (5.49) targeting the 3 (O; —Oy;) missing conditions
for each ¢ and q. For a fully embedded beam we therefore additionally impose

R,;=[¢-@)lf =0 and Ry ;= [PLFD,] =0 (5.92)

L
0
from eq. (5.74), each constituting 6 equations. Hence we limit the choice for Oy > Oy—2
which for the same number of parametric elements implies p; — 2 < pg, < py. Note that
the system becomes overdetermined when imposing R,  and R,  but setting p > p;—2
and a least-square or another minimization technique is applied, e.g. K' K Aq = K' R.
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We note that discrete system reduction techniques can be employed. This holds in
particular for discrete condensation (Null-Space methods) of the symmetric and mass-

. va vb < . .
matrix like tangent contributions Ky = Ky, = j@O{M M }d93 associated with the
mixed modes, if these terms are not omitted altogether (cf. remark 5.5.1). Depending on

the choice of N/ a, components regarding the position coupling Ky may also be considered.
Further possible reduction steps are outlined in section 5.A.4.

5.6 Numerical investigation

This section evaluates the accuracy of the proposed formulation through several benchmark
problems. First, a reference test is performed to compare the multidimensional coupling
against the surface-based coupling between beam and matrix. Subsequently, a torsion test
is analyzed to assess the necessity of rotational constraints as opposed to purely positional
ones. Finally, the applicability to larger representative volume elements (RVE) containing
multiple embedded fibers is demonstrated. In order to avoid excessive use of indices, we
denote here x = xy, y = x9 and z = x3.

To examine the influence of the approximation order, we define the order vector pg, =
[De, Pps Pa» Ds» Divs Pijs Py » P, which collects the polynomial orders of all fields introduced
in section 5.5.1. Here, we explicitly differentiate between fields, but recall that the matrix
is discretized using the same order in all directions p, = p, = p. = p, = pr and the
same order is applied for beam position and quaternions py = py = p; = p1. augmented
quantities satisfy ps = py = pj, while the coupling conditions of condensed fields are
discretized using py = py = py and finally for the remaining coupling we have pz = pi;.

5.6.1 Bending of a beam

Figure 5.6.1 — Matrix-beam bending test: setup. Reference configuration
of the bending test (left) and the torsion test (right).

The first example reproduces a benchmark from Steinbrecher et al. [114], Section 4.2,
where a beam of length 5m and radius # = 0.125m with Young’s modulus 4346 N/m?
(see eq. (5.15)) is embedded in a 1m x 1 m x 5m matrix block of Saint-Venant-Kirchhoff
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material (see eq. (3.77) and remark 3.3.4) with Young’s modulus 10N/m2. Poisson’s ratio
is zero for both materials. The parameters are chosen such that the matrix, if treated as a
beam, exhibits the same bending stiffness.

Both beam and matrix are clamped at * = 0m, and a moment [w], = w; = [0, 0,
0.025] Nm is applied at the beam tip (x = 5m) as a dead load (figure 5.6.1, left). This
test assesses stability, convergence, and model accuracy, since reference data for surface
coupling are available in Steinbrecher et al. [114]. The mesh uses n elements in the y- and
z-directions, and 5n in z-direction, yielding uniform elements. The beam employs the
same discretization in x, ensuring coinciding control points along the axis.

0 N/ mm? 0.3 N/ mm?

Figure 5.6.2 — Matrix-beam bending test: results. Von Mises stress
distribution.

The deformation and von Mises stress distribution are shown in figure 5.6.2. As expected,
stresses concentrate near the loaded beam end. In figure 5.6.3 we present the tip displace-
ment for second- and fourth-order approximations, where the legend numbers denote the
B-spline orders in pg;,. Both order combinations converge to the same solution.

Moreover, figure 5.6.4 depicts &, 10 and =& along the beam centerline for various order sets
Psim- 10 prevent spurious oscillations, ©o is fixed to zero at the first node. As expected,
§,, tu,, tu, and @, are nearly zero. Additionally, explicitly enforcing eq. (5.53) at both
beam ends yields results identical to integral enforcement along Q.

The deviation of the beam tip displacement between approaches is evaluated via
B(L) ~ Go(Dle
[(@(L) = @o(L)]o

expressed as a percentage relative to the reference displacement 0.19078898128 m (cf. ta-
ble 5.6.1).

(5.93)
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Figure 5.6.3 — Matrix-beam bending test: convergence. Convergence of
the tip displacement for different combinations of shape functions.
1.0 x1073 x1072 x1071
" l~cond 4,4,4,3,3,4,4,2 0.0 —
Ccond 4,4,4,33,4.4,2 i el
f--cond 4,4,4,4,4 s )d;\} 1.0 ‘\.\_\
l-expl. EP 4,4,4,3,3,2,2,2 — b
2.0 \—cond 4,4,4,3,3,4,4,2
—-cond 4,4,4,4,4,4,4,4
2.0 expl. EP 4,4,4,3,3,2.2,2
0 1 2 3 4 5 0 1 2 3
“n3 < (03
1 (6°)]] e (6°)l
~14 —2
%10 25 x10
I l—cond 4,4,4,3,3,4,4,2
," —-cond 4,4,4 A4
—cond 4,4,4,3,34,4,2 i 9.0 [l--expl. EP 4,4,4,3,3,2,2,2
—-cond 4,4,4,4,4,4,4,4 P J n -
--expl. EP 4,4,4,3,3,2,2,2 e >
15
e 10
0 1 2 3 4 5 0 1 2 3 5
“/n3 v /N3 “/n3
(=Gl [ (0%)]] (0]l
—5 —4 —12
5.0><10 x10 : 0.5><10
l—cond 4,4,4,3,3,4,4,2 i—cond 4,4,4,3,3,4,4,2 H
—-cond 4,4,4,4,4,4,4.4 i 0.0 .-%,
---expl. EP 4,4,4,3,322.2 : . :
8 0.0 H R i
B N i R 05 i
Ty I—cond 4,4,4,3,3,4,4,2 i
50 " L0 cond 44,444,444 !
! L5 --expl. EP 4,4,4,3,3,2,2,2
0 1 2 3 4 1 2 3 4 5 ) 1 2 3 5
< (N3 “/n3 “ (N3
=Gl 1@ (0%)]] (=1l

Figure 5.6.4 — Matrix-beam bending test: analysis.
§, o and ©o. Left to right: 2-,y- and z-components.

From top to bottom:
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Comparisons include explicit endpoint enforcement and alternative treatments of the
quaternion unity constraint, either weak using eq. (5.87) or pointwise as in eq. (5.88). The
relative deviation between [4, 4, 4, 3, 3, 2, 2, 2] and [4, 4, 4, 4, 4, 3, 3, 3] is in the order
of 107° %, i.e. negligible, though the latter setup is computationally simpler since only
two polynomial orders must be evaluated per Gauss point.

Routine expl. EP expl. EP expl. EP expl. EP cond cond
g-unity weak direct direct direct direct direct
orders 44433222 44433222 44444333 44444222 44433442 44433443

expl. EP  weak 44433222 1.13-107* 1.32-107*% 1.13-107* 1.17-107* 1.15-107%
expl. EP  direct 44433222  1.13-1074 1.90-107® 1.00-1077  4.00-107%  2.00-1076
expl. EP  direct 44444333  1.32-107%  1.90-107° 1.90-107 1.50-107® 1.70-107°
expl. EP  direct 44444222 1.13-107* 1.00-1077 1.90-107° 4.00-107%  2.00-1076
cond direct 44433442  1.17-100*  4.00-107%  1.50-107°  4.00-1076 2.00-1076
cond direct 44433443 1.15-107* 2.00-107% 1.70-107® 2.00-107% 2.00-1076

Table 5.6.1 — Matrix-beam bending test: accuracy. Deviation of the beam
tip displacement in percent (%) for different orders and approaches for the
quaternion unity constraint.

5.6.2 Torsion test

The next study employs the same geometry as in section 5.6.1, but with the Mooney-Rivlin
material model eq. (3.70), using f(J) =2 (a + 26)In(J) + 2 (a + B)(J — 1)%, with a = 2
and 8 = 1. An external moment w; = [0.9, 0, 0] Nm induces pure torsion (figure 5.6.1,
right). Position constraints alone are insufficient here, as they do not restrict beam rotation
relative to the matrix. Figure 5.6.5 shows the resulting von Mises stresses on the virtual
beam surface inside the matrix. Rotation of the matrix within the beam’s virtual volume
arises from incorporating geometric data via the second moment of inertia in eq. (5.14).
Since only a limited gradient field surrounds the 1D beam, full geometric reconstruction
would require higher-order contributions.

Figure 5.6.6 presents §, to and o along the beam centerline for py, = [4, 4, 4, 3, 3, 2,
2, 2]. Components §,, §,, 10, and W, remain near numerical zero, consistent with the
expected physics. Due to the nonzero Poisson ratio of the Mooney-Rivlin model, a small
elongation in a-direction occurs, leading to §,(L) # 0. A comparative simulation with
the Saint-Venant-Kirchhoff model yields §,(L) = 0, confirming this effect. As the torsion
produces large deformations, only the Mooney-Rivlin results are retained.

5.6.3 Shear test

The final single-beam test considers simple shear. The lower matrix surface is fixed, while
the upper surface is displaced laterally. Figure 5.6.7 shows the von Mises stress distribution
with (left) and without (right) hydrostatic and shear constraints (eq. (5.55)).
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Figure 5.6.5 - Matrix-beam torsion test: results. Von Mises stress

distribution.
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3 N/ mm2

Figure 5.6.7 — Matrix-beam shear test: results. Von Mises stress
distribution with (left) and without (right) constraints on hydrostatic
pressure and shear.

The shear load does not induce bending or elongation, and the beam rotation remains
nearly constant. Without the constraints, the matrix remains largely unaffected by
the beam, as evident in figure 5.6.7, right. Enforcing the constraints of eq. (5.55) (or
equivalently eq. (5.102)) redistributes the stresses around the virtual beam geometry, as
seen in the left plot.

5.6.4 Application of multiple beams

As a proof of concept, the final example investigates a microscopic continuum in the form
of a unit cube for fiber-reinforced polymers. The polymer matrix follows the Mooney-
Rivlin model from section 5.6.2, with o = 2000N/mm? and § = 1000¥/mm2. The fibers
have diameter d = 27 = 0.01 mm, approximate length [ = 0.2mm, Young’s modulus
E = 73000N/mm?, and Poisson’s ratio v = 0.3.

The cube size is (—0.5mm, 0.5 mm)? with 20 elements per direction and order py, =
4,4, 4,3, 3,2,2,2]. Both isotropic and anisotropic configurations include 40 fibers
discretized with 2-5 elements each, depending on length. Periodic boundary conditions are
applied enforcing equal fluctuations on opposing faces, see section 6.2.1. The prescribed
macroscopic deformation gradient

0.9985  0.0250 —0.0020
F = [—0.0100 1.0005 —0.0050 (5.94)
—0.0010 0.0100  0.9985

is imposed as a Dirichlet condition at the corners.
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290N/ mm?

Figure 5.6.8 — Multiple beams: results. Von Mises stress distribution,

isotropic (left) and anisotropic (right) case, plotted in the reference

configuration.

Finally, figure 5.6.8 illustrates the resulting stress distributions in the matrix. Peak stresses

reach approximately 289N/mm? for the isotropic and 266N/mm? for the anisotropic case,

compared to mean values of about 170N/mm? in both cases.
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5.A Appendix A

5.A.1 Rigid bodies

If instead of the beam a Cosserat point is to be coupled (0D-3D), we have to restrict the
whole sphere. Following eq. (5.30), we decompose & into torque and pressure

9] v 9

p(0) =9 x (RN (")) + v, RN (0"). (5.95)

Insertion into eq. (5.37) reveals

(0[N (7 85 D) ~ (1 3). [« (¥ [1.- 7] )] D).
DL (5.96)
= (R'9)- [N x (R'F.N)| ||§" D]
With the spherical parametrization of the form
N =D, COS(B) sin(¥) + D sm(B) sin(¥) + Ds cos(¥), (5.97)

we obtain for an arbitrary matrix A

Uy

/{/ (N (4 N)}dg} 2

or | « D1 D, D;
/ / COS sm(ﬁ) sin(ﬁ) sin(¥)  cos(¥) | pdB pdy
""(| Dr'AN  DyAN D;AN
ol = D3TANs1n(6) sin(y) —
= [bl,b%bg} / / —D; ANCOS( ) n(y) +
o DQTANCOS( ) sin(¥) —

D,"A N cos(¥)
+ D,"A N cos(%) dj pdy
D, ANSiH(B) sin(%)
D;"AD,— Dy,” AD;
=T [Dl, DQ, Dg] . —DgTAbl + DlTA bg
D,”AD, - D/ AD,
=27 [Dl, DQ, D3] : axl({bl, bg, Eg} TA [Dl, DQ, D3}) .
(5.98)
Applied to eq. (5.96) in the second-to-last term we get

2

X IR
o/{_lN x (R'F.N) dﬁ}dy

%

— 27 [Dy, Dy, Dy - ax([Dy, Dy, D, TR, [Dy, Dy, Dy]). (5,99
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Collecting the above identities, we obtain
Sk@W([bl, DQ, Dg} TRTFC [Dly -b27 b3})
= |Dy, Dy, Ds| " skew(R' F.) Dy, Dy, D3] . (5.100)

With regard to the constraint formulation eq. (5.40), we have to enforce skew(R' F,) = 0,
which is equivalent to the formulation shown in Simo et al. [107].

5.A.2 Co-rotational split

We introduce symmetric tensorial representation [(-)],, stating for the vector ©o operating
in the cross-section

[, = R'Q. @ ® D,

(5.101)
:w1D1®D1+w2D2®D2+w3(D1®D2+D2®D1)€Sym.

Following the co-rotational split into co-rotational (rigid) motion and deformation, cf.
Felippa and Haugen [40], we decompose the variation of dilatation/shear in eq. (5.55),

v

such that we have dco-rot (RRT@anwba) = (5(R [fw]o) = R o], + F, [pzo|, + O F, [zo], +
SR [5],. Note that the last term vanishes due to symmetry of [§<5], with the definition of
rotational variation eq. (5.10). Summing up terms with respect to §zo, we have

/ [(R"(F.— R) + (F.— R)"F.) : b=, |E|} d6”
Co
— /{ (FF.~1): b, B} d6° =0, (5.102)
Co
given F,'F, — I = R (FC — R) + (FC = R)T F,. and eq. (5.101). The associated coupling
condition eq. (5.55) can then be rewritten as

/{ (F.'F. - I): 5eal, B} d6° = o, (5.103)

Co

Using eq. (5.101) we get for the variation with respect to 0 F, accordingly

/ [Quew ® D, :0FIE| ) df° = / [F. &), : FJE| } df°, (5.104)

Co CO

resulting in

1%

$:0F, = (Quw ® D,) : 0F. + (P9 D, )oF,

& (8-Fe):F = (9@ D.)oF,. (5.105)

transforming the stress component Q,®D, =F. [a]..

(o]
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5.A.3 Circular integral

27, . o o o v o
It holds f{N®(2j+1)} dB =0 for j € Ny. Setting 5* = S+, we have N (5*—7) = —IN(3).

Insertion yields

2 2m 2T ;
/{N(B)@(Qj-i-l)} dﬁ _ /{N(B* o 7T)®(2j+1)} dﬁ _ /{ <—N(B*))®(2j+l)} dﬁ
0 0 . 0% (5.106)
_ /{N(E;*)@(%—l—l)} af = — {N(B)@(ZJ-H)} 43
0 0

5.A.4 Continuous reduction

It should be emphasized that the coupling condition in eq. (5.55) explicitly includes the
rotation tensor R. Due to its orthogonality, this condition can equivalently be expressed
solely in terms of F' (see section 5.A.2). However, in the quaternion-based formulation,

an approximation error in the orthogonality of Rh arises, as the unit-length constraints
introduce numerical inaccuracies. Additionally, the effectively coupling of " and F™ in
eq. (5.55) also does not guarantee exact orthogonality at every evaluation point due to
further numerical errors. These shortcomings are reduced when the condition is formulated
in the alternative form eq. (5.102).

Without proof, it is further noted that the quaternions can be eliminated from the system
by using eq. (5.54) in combination with eq. (5.104). Accordingly, the director field is
evaluated as Zl =F lu)a, with glg d1 X dg computed at the respectlve Gauss points
along the beam centerline. The rotation tensor then follows as R=d;® D,. Assuming
again straight initial fibers, the derivative R is obtained as R = d; ® D;, which directly
yields

:V{Fii)a(@bg, and Elg:<v(FD1®D3)Xa2+a1X(%FD2®D3) (5107)

This ultimately leads to a system that is solved with respect to the matrix degrees of
freedom ¢ and the Lagrange multipliers zo, beside potentially not condensed mixed-
fields. If desired, appropriate techniques such as the augmented Lagrange method may
be employed to solve the problem exclusively in terms of the matrix unknowns. In the
numerical examples presented in the following section, the quaternion formulation is
adopted.
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6 Dimension expansion: Continuous
higher-order multi-scale method

In the previous chapters 4 and 5, the higher-order behavior of fiber-reinforced media
was recovered in two complementary ways. First, a continuous approach was pursued by
modeling fiber kinematics within a second-order material law. Second, discrete Cosserat
beams were embedded into a three-dimensional Cauchy continuum, with subsequent
condensation resulting into an effective second-gradient solid. In that setting, the influence
of the microstructure is contained in a finite set of higher-order constitutive moduli that
are directly related to the geometric and material parameters of the embedded beams.
The microstructure therefore enters only implicitly through these condensed parameters,
while the macroscopic problem is formulated entirely on the physical domain 2.

In the present chapter we follow a complementary route. Instead of eliminating the
micro-degrees of freedom by static condensation, we expand the description to a product
domain € x Qy and retain an explicit microstructural representation on a representative
volume element (RVE) as micro-domain, capturing non-local interactions, higher-order
effects and other material or geometrical heterogeneity as depicted in figure 6.0.1.

The macroscopic kinematics are approximated by a Taylor expansion in the vicinity of the
RVE position and enriched by fluctuation fields that are constrained to have vanishing
volume average. An energetic averaging over the micro-domain then yields a consistent
macro-micro coupling, from which generalized stresses and the associated micro-scale
boundary value problem are obtained in a unified variational framework. Classical first-
order FE?-type schemes are recovered as a special case when only the leading-order terms of
this expansion are retained, whereas the full setting naturally leads to a continuous higher-
order multi-scale framework. The resulting formulation enables a monolithic treatment
of micro- and macro-problems, avoiding iterative scale-separation loops and enhancing
numerical robustness.

In the following sections, the theoretical setting of this higher-order multi-scale method is
developed, starting from the extended kinematical set, proceeding to variational principles
of energetic homogenization and extending them toward second-order continua.

6.1 Macroscopic boundary value problem

As a starting point, we briefly recap the generalized continuum as established in chapter 3,
which provides the macroscopic description. Consider a body with macroscopic geometric
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RVE

P, B

Figure 6.0.1 — Continuous micro-scale expansion scheme. Macro-scale
deformation is transitioned to the micro-scale and the stress response is
obtained by homogenization.

domain € including its boundary 02 in reference configuration and with position vector
X € RY. Tts motion is denoted as ¢(X) = x from reference to current configuration .
Deformation measures are given in the form of the first- and second-order deformation
gradients

F=%¢p and §=Vo, (6.1)

respectively. Following the introduction of an internal energy functional W(F,§), we
identify first- and second-order stresses

ov ov
P_a_F and %—%. (6.2)

Variation yields the balance equation in weak form

/{P:Wgo+spsv?5<p}dv

Qo

:Q/O{égo~§}dV+ /{&p-T}dA+ /{vxégo:ﬁ}cm, (6.3)

o9% oM

with the internal virtual work on the left-hand side and virtual external contributions
omitting line forces on the right hand side. For completeness of variational statement 6.3,
we specify the admissible space of admissible variations as

Vip = {0 € HX(Q) | 5 =00n 00F ,  dpN =0 on 0}, (6.4)
that reflects the solution space

Vo= {p e H: () | ¢ =7 on 09, Y%pN =Z%oN ondy*}.  (65)
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The balance equation is complemented by Neumann boundary conditions
(P-N%-PB)N=T ond and PN =DM ondQ, (6.6)

where 09 = 9% U 0L = 9Qy? U 9QY! and 908 N oQT = oQy* N oy = 0.

6.2 Microscopic continuum

We subsequently derive micro-scale quantities, based on the assumed existence of an
underlying microstructure for every macroscopic point X € €y. The micro-structure takes
form of a representative volume element (RVE), that determines the overall behavior of
the body and inherits all occurring inhomogeneities. Thus the macroscopic domain is
expanded by a microscopic subdomain QO(X ) with local position vector X e QO(X ),
whose extents are much smaller compared to macroscopic scales. For the local deformation
map @(X, (+)): Qo — R? we conduct a Taylor series expansion up to second-order around
the center X, = X of the RVE

C(x-X)

c

P(X, X) =&+ [%p(X, X)]
|

Wo(x.X)

(X -X)® (X - X)) +w(X,X) (6.7)

and link quantities evaluated at the center to the macroscopic deformation, i.e.

(. X)]

¢ = F(X) and [p(X, X)) L = 8(X). (6.8)

Further setting X, = 0 in the local coordinate system we arrive at the kinematic micro to
macro transition

¢(X, X) :F(X)X+;S(X) (X X)+w(X,X), (6.9)

where we denote the microscopic fluctuation field ﬁ;(X ,X ): Qg X QO — R?. In the

following we mark quantities referring to the microscopic scale using (~) Note that second-
order terms vanish if the macro-level takes form of a (first order) Cauchy continuum.

6.2.1 Multi-scale kinematic

Given microscopic deformation map, we denote local first- and second-order gradients

F=FF §%w) =V%p=F+FX +V%w (6.10)

F=33%w)=%e=5F+%w. (6.11)
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For justification of the micro-macro transition eq. (6.8), we relate macroscopic deformation
gradients to volumetric averages of microscopic counterparts

1 SN 1 At
- IQOIQ{{F}dv and F = m%{%}dv» (6.12)

also known as averaging theorem. For this to hold, we arrive at distinct conditions obtained
by insertion of the micro-scale kinematic. Hence using eq. (6.10), the first order gradient
can be rewritten as

[€2] 4

:ml()'/{ﬁ}df/:@ld/FjLSXJr%w}dV Fi— /{fow}d\/ (6.13)
Q 0

As mentioned, by design the geometric center coincides with the origin X, = 0, such
that for a geometrically symmetric RVE, with —X € QoVX € Qy, follows fQO{X }df/ =0
and thus the cancellation of the second-order contribution. The remaining condition then
becomes
/{%{v}df/ - /{w ®N}dA=0 (6.14)
Ton
which intuitively demands vanishing volumetric average fluctuations. Alternatively, after

application of the divergence theorem, all fluctuations on the boundary must cancel. For
the second gradient, eq. (6.12), reads with insertion of eq. (6.11) now

1 . i o
:@d/{g}d IQOI/SJFV?QU dV T+ ~0|/V?w (6.15)

with emerging second-order requirement

/{V"Q"N"}df/: /{VWN}M:O. (6.16)

Qo EGIoN

Fulfillment for equations (6.14) and (6.16) leaves mainly three choices of constraints,
cf. Miehe et al. [84]:

(I) Voigt. Firstly, we can restrict all fluctuations to vanish
w=0 inQy, (6.17)

from which inherently follows V@ = 0in Qo and thus prescribing the total deforma-
tion of the RVE. We refer to this setting as either Taylor-Hypothesis, as the Taylor
assumption eq. (6.8) is extended to the whole domain, or as Voigt-type condition
(see Taylor [115]), since the macroscopic stresses then emerge as volumetric weighted
average micro-stresses (cf. section 6.2.2).
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(II) Dirichlet. Making use of the divergence theorem, we can alternatively restrict
fluctuations only on the boundary. For the Dirichlet set we eliminate all fluctuations

on the boundary ) .
w=0, Y%wN =0 ondQ, (6.18)

for which we conveniently define Dirichlet boundaries 0% = 9Qy and OQY? = 9
for first- and second-order restrictions.

(ITI) Periodic. For the third setting, we define pairs of opposing surfaces on the RVE,
where for boundary point X+t € GQO there is an opposing point X~ =—X* e,
whose outward normals satisfy N (X ) = —N(XH).

@] = [@]g. . [W@N| _=-[%@&N| , ondd  (619)

Note that wt = w~ on 9 inherently restricts the tangential gradient, such that
we alternatively write

w(X")=w(X"), %w(X)=N%w(X") ond (6.20)
for the Periodic constraints, see also the illustration in figure 6.2.1.

In the following two remarks we address firstly implications of the unknown . in re-
mark 6.2.1 and secondly comment on specifics about setting up an RVE in remark 6.2.2.

Figure 6.2.1 — Micro-scale BVP: periodicity. Microscopic boundary value
problem, periodic boundary constraints on 9€)g, here only displayed for top
and bottom for better understanding.

Remark 6.2.1 — Center position and rigid body movement. We point out
that, in case of vanishing fluctuations (i.e. constraint (I), eq. (6.17)), the current center
position &, can directly be calculated . = X, = 0, whereas for Dirichlet (II) and
Periodic (III) constraints the center position acts as a translation (“offset”), that with
given translational invariance (see section 3.3.1) does not influence the system. Hence
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to restrict rigid body translation we set without loss of generality likewise . = 0.
Alternatively one may choose any corner position (cf. Kouznetsova [66]). Rigid body
rotation is then automatically avoided by choosing Dirichlet constraints (II), whereas
for periodicity (III) we additionally restrict fluctuations to vanish at the corners of the

RVE fu( {X}

making enforcement necessary for a single corner due to periodicity.

COI'IleI‘) - 0, aQﬁ} - anﬁ} - U{ |:X:|

}c o0, (6.21)

corner

Remark 6.2.2 — Choice of RVE. The construction of a representative volume
element is a constitutive component, as its geometry, orientation, size, and boundary
conditions may directly influence the recovered macroscopic response (see Schroder
[101], Kouznetsova et al. [69] and Bargmann et al. [11] among others).

For periodic microstructures, the natural choice is a unit cell reflecting the inherent
material symmetry. Such a unit cell can be stacked into a single RVE comprising an
integer number of repetitions in every spatial direction to reduce boundary induced effects,
as long as the microstructural length scale remains small compared to macroscopic
variations. Non-periodic microstructures, e.g. as in section 5.6.4, the influence of
geometric choices increases due to localization (cf. Gliige [48]), and generally different
shapes can be used (e.g. spheres in Gliige et al. [47]). For further reading we also point
to Ostoja-Starzewski [90], Kanit et al. [63].

Moreover another influence lies in the choice of energetic consistency constraint (I), (II)
or (III). In Schroder [101] and Gliige [48] it is further shown, that constraint (I) as
higher order equivalent of a uniform displacement tends to produce an upper bound
on stiffness, whereas traction boundaries, i.e. prescribing surface tractions instead of
deformation, produces a lower bound. We point out, that periodicity (III) in general is
the most flexible, as less actual fluctuation degrees of freedom are restricted. This is
addressed in some simulations in section 6.6.1.

6.2.2 Energetic micro-macro transition

Besides kinematic averaging, we further assume energetically consistent the volumetric
average of the micro-scale Helmholtz-energy ¥ to be equal to the macro-scale potential

1 .
U= IQOIQ/{\If}on/, (6.22)

such that macroscopic stresses now yield

1 ov) .- 1 oY -
P:mﬁ/{aF}dV and m:@olﬁ/{é‘%}dv' (6.23)
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Before investigating these further, we define micro-scale first- and second-order stresses
as

_ 90 . T
P = 0~ and P = a—~ : (6.24)
OF 0¥
Applying chain rule and inserting eq. (6.10), the first order macro-stress reads
1 (fov) ., 1 [[fov OF -
— Qv = — / = / 6.25
|Qo|/{ 8F} 2] - {8F 8F} |Qo| (6.25)
Qo Qo

which ends up as volumetric average of the first order micro-scale stress. We analogously
obtain for the second-order

1 O oV aF ov  OF
- — 1=y = —
¥ \QOyQ/{as} o] /{ap a5 o3 as} yQO|/ +Pj

(6.26)
containing the second-order contribution 8 in combination with the micro-scale (leveraged)
first order stress-moment P ® X . For reference, 9F/ar and 98/ag represent the second- and
third-order identity tensors, respectively.

6.3 Variational formulation

For the derivation of balance equation and the weak total system, we adapt the macroscopic
boundary value problem presented in section 6.1 towards the energy formulation eq. (6.22),
leading to the internal energy as double integral over macro- and micro-domain

1% (i, /{qf (p, @)}V = /{M/ﬂo{@(ﬁ(@, ), &, ))}dV}dV. (6.27)

We assume external contributions nonetheless being restricted to the macro-domain

1o () = /{¢-E}dv+ /{go-T}dAJr /{VXQO:M}dA, (6.28)

as the microstructure is not directly exposed to external loads, especially regarding scale-
differences. Furthermore, this maintains energetic consistency, see remark 6.3.4, as internal
loads would increase micro-scale energy. Without loss of generality we neglect volumetric
forces, hence set B = 0.

Stationarity of the energy balance with respect to the paired primary fields (¢, w) accord-
ingly gives the minimization problem

kTR f Hint ~ _Hext 2
{o7, @} arg{(%ﬁ))g@% (o, @) (99)} (6.29)
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for the solution {¢*,w*} of suitable spaces V,, and V; as energetic minimizers of the
multi-scale formulation. Assuming non-vanishing micro-scale fluctuations, i.e. employing
constraints (II) or (III), variation requires the introduction of the micro-scale fluctuation
trial space

Vio = {0t € I (Q0;H*(Q) ) | 0 = 0 on 0%, kdwN =00n dQF"} . (6.30)

Remark 6.3.1 — Fluctuation function space. Note that for completeness, the
solution space coincides with the trial space, as the Dirichlet constraints contained in (II)
or (I1I) also set d = 0 on 9L and Vi dwN = 0 on IQY™. If periodicity (ITI) is chosen,
constraint eq. (6.20) is also valid for the variation of fluctuations, i.e. ﬂ)(X *) =w (X +)

and V('EU(X*) = V{&J(X*) on 9.

We further point out dp € H'(y) and dw € 12 (QO;’Hl (Qo>) is sufficient in case of
vanishing second-order contributions on both scales, thus leaving multi-scale first order
continua.

Applying variational calculus, the internal energy yields

STI™ — /{ |$O| /{20{5\1/( (F, 3, %), é(s,v?@))}w}dv

Y /N
cOF + — : 0§ ¢dV pdV
d {]Qoy o aF * 0F 3} }

¢+ oo X + o) + P (Lo + w?éfv)}df/}dv

Qo o| Qo

J

:/p Vb + P Ko dv+/{| 0|/Qo{ :%6@+§33V~?5'&;}df/}dv,
Qo

) (6.31)
where for the last line we inserted eq. (6.25)-(6.26) and used o {A} = A|Q|, A & Q.

{P:Nbp+ (PoX +P): Wop+ P: %ow + P : W ow fdV }dV

Qo Q0

Remark 6.3.2 — Stress symmetry. Note that due to the symmetry of V24, we may
be alternatively write

‘4322'%@ {P®X+‘$+(P®X+§3)m}d\7. (6.32)
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With variation of external contributions in eq. (6.28), stationarity JII"™ = §TI°*" results
in

/{P W+ P Loy dV+/{

Qo

/ P;@mm}s@?aw}dv}dv

Q] S

_ /{5¢-T dA+/ [Wdp: M JdA V(5p,6®) € Vs, x Via, (6.33)
00T o0

which we equivalently write as

R, = /{P : Vo + P V?&p}d\/
Qo
_ /{590 ThdA - /{Vx&,o DT dA =0 Vop € Vs,,  (6.34)
00T o0

= /{|Q1|/Q{P : VoW + P : V?éfv}df/}dv =0 Vo € Vsg . (6.35)
O 17701 TR0

Note that above equilibrium equations are possibly subjected to the periodicity constraint
eq. (6.20). Within the multi-scale framework eq. (6.34) hereby recasts the well-known
weak formulation for the macro-scale second-order continuum, whose material relations
are henceforth obtained by homogenization of micro-domain stresses. The second equation
(6.35) represents the micro-scale equilibrium which will be investigated in the following
two remarks.

Remark 6.3.3 — Micro-scale equilibrium. Applying the divergence theorem on the
inner integral in eq. (6.35), we obtain analogously to eq. (3.26) now for the micro-scale

i (% (% - P)

Qo

+/ (P % B) N) + %ow: (P N)}dd. (6.36)

Q0

Inserting the previously established boundary conditions for fluctuations, i.e. either
eq. (6.17) (Voigt) or (6.18) (Dirichlet), cancel out surface terms and for arbitrary
variations we arrive at the micro-scale static equilibrium

% (P—%-P)=0 in Q. (6.37)

We point out, that for conformity the periodic boundary conditions eq. (6.20) have to
be complemented by antiperiodic traction relations

M(X*)=-M(X") and T(X")=-T(X"), (6.38)
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which along with dA~ = dAt and N~ = —IN'* result for the surface terms in cancella-
tion

/{5@' (P-% %) N) +%ow: (B N)}dA

a9,

- /{&aﬁ ((P-%-B)N)" + %ow': (BPN) A"
o ) o o (6.39)
+ /{m— (P-%P)N) +%dw : (PN) Jdi-
o0y
_ /{&aﬁ : (f+ +?‘) + Vowt (ﬁ* +ﬁ‘)}d[l+ -0,
a0t

or in this case are the consequence of static equilibrium with applied kinematic period-

icity.

Remark 6.3.4 — Hill-Mandel criterion. Above weak fluctuation equilibrium Rg
along with the introduced boundary conditions eq. (6.17), (6.18) and (6.20), satisfies
the well known Hill-Mandel criterion, stating the virtual energy on micro-scale with
respect to the micro-motion is equivalent to the virtual macro-scale energy with respect
to the macro-motion

1 _ . .
|Q|/{P:%é@ﬂ&@?é@}dvzP:vxacp+q35v?5¢. (6.40)
0| 2
Qo

Therein, the variation of the micro-scale motion @ (cf. eq. (6.41)) is done with respect
to macro-motion ¢ and micro-fluctuations w, reading

-1 -
5@:@5¢X+§@25¢: (X ®X) + %ow. (6.41)
The left-hand side of eq. (6.40) can be rewritten after insertion as

I ) N o
|QO|Q/{P (o + oo X + ow) + R 1 (Wop + Fow) JdV

:@H/{P;v{wﬁp@fcwfp) Lo+ P Nebi + P o pdV
0] *
Q

0 (6.42)

1 N - .
:P:vx&p+qszv?5go+|m {P:N%ow + P : Fow}dV
0] ¢

Qo

=0, cf. eq. (6.35) and remark 6.3.3

:P:VX(Scij‘BEVf(Sgo,

which is identical to the right hand side in eq. (6.40) and thereby proves the statement.
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6.4 Discrete setting

To solve the weak formulation, we adopt the discretization strategy introduced in chapter 2.
For approximation (throughout denoted using (-)h), we first employ the same procedure
previously for the macro-scale and then cover the micro-scale afterwards.

6.4.1 Macro-scale

Following section 3.5.1, approximation for the macro-fields takes the form

P'(X) = Y @aRNX) and 6"(X) = Y dpaRAX),  (643)
A€y A€y

using three-dimensional (NURBS-)basis R4 : Q8 — R of order Py, where X € Qf,
pa,0p4 € R® and with index-space A, == {1, ..., O,} for the number of control-points
9O, together with the corresponding discrete function spaces

Vh = {cph € HQ(Qh) | " =% on 00, V"N =V pN"on QQX“"} and
Vi, = {00" € H?(Qf) | 6" = 00n 09F, “Ip"N =0 on 0¥}

° (6.44)

With discretization, the macro-balance eq. (6.34) transforms into

Sp /{Ph GRA+RERA AV

h
2

— b, - /{RATh}dA— /{V{LRA'Mh}dA Vg, € R® (6.45)

T.h

M. h
Q) 08,

Applying a suitable quadrature formula (cf. section 2.2.2), transforms integral evaluation
into a summation over the functions evaluated at Gauss points Xg multiplied with

associated weights wg, where G = 1,.. ., ngp, yielding
R =Y wo{P"(Xc, X) - UWRY(Xc) + P"(Xo, X) : WRN(Xe)} —F§ =0, (6.46)
G=1

where we collected evaluated external contributions into the nodal vector

ep(T) ngp(
Z n{RA(Xu) T"} + M)wl{@ﬂa Xy)-M"}. (6.47)

I=1

Recalling homogenization eq. (6.25)-(6.26), the discrete values for the macroscopic stresses
are obtained from the micro-scale for which a similar integration scheme is used, eventually
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leading to
P! (X0, %) = 3 P (Xe. X)) and
10 = (6.48)
q311()((;,5(K) = & Zwﬁ{ph(xG,X )®X +9B (Xc,,XK)}
K=1

6.4.2 Micro-scale

Regarding the micro-scale, we aim at a suitable approximation of the fluctuations defined
in the expanded domain 2y x €}y and therefore introduce the tensor product of macro-
and micro-scale shape functions

ﬁ)h(X’X) => > ﬁ)aBMC(X)./\?B(X)
CeAp BEA
s (X, X) =Y Y 5@C,BWC(X)A~/‘B(X)7 (6.49)

CEA@ BGAw

with wep, dwep € R3. Therein for the micro-scale we have X € Qg, J\~/'B : QB —
R with index-space Az = {1, ..., Oz} for the number of micro control-points .
Correspondingly the macro domain part features X € Q8 and shape-functions M, W¢ :
Qb — R for the solution and variational parts, respectively, with index-space Ag =
{1, ..., Oz} for the number of macro points O;. Note that the nature of both macro-
domain functions being in I? allows for different treatments as will be investigated next.

Concerning the micro-scale weak boundary value problem (6.35), insertion of the approxi-
mations provides

0=4{@u/@0{

i ® % (MO(X )NB(X))>

N —

(6.50)
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6.4.3 Choice of Ansatz-functions

To reduce computational effort and to directly link the homogenization procedure to
the micro-scale balance equation, we use a Dirac-Delta distribution (cf. remark 2.2.1
and eq. (2.26)) for the macro-domain based shape-functions for virtual fluctuations
WC(X) = 5<X - X C) to turn the integral into a point-wise evaluation. Setting further

all points to be the macro-domain quadrature points X¢ = X¢, consequently Op = Ngp

and Ay = {1, ..., ng}, yields

bt (X, X) =Y Y 0(X - Xe) N (X) b (6.51)

GeAg BeAy

Insertion into eq. (6.50) gives

0= |$0|5wGB /QO{Ph<Xg, X) wN7(X)

+ P (X, X) : BN (X )}dV Votwe,s € R®, (6.52)

from which we for arbitrary (scaled) variations /| dwg g obtain the micro-scale balance
equation for every integration point X on the macro-scale

For further separation of macro- and micro-domain, making homogenization eq. (6.48)
computationally simpler, we use Kronecker Delta functions for the macro-scale anchored
contributions in the solution ﬁ:(X X ) as analogous to the Dirac-Delta distribution for
fluctuation variations

1, fA=0

o (6.54)
0, otherwise

ME(X) =(X — Xa), where §'(A)= {

Consequently the discrete fluctuations and their gradients only exist (i.e. differ from 0) at
the macro-integration points X therefore reading

w (X6, X) = s N (X),
w0 (Xe, X) = wen @ UGN (X)), (6.55)
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Insertion into the motion, we then can isolate macro- and micro-scale contributions
¢(Xa,X) = F(Xa) X + 5 3(XG) (XoX)+@w(X), (6.56)

revealing the only transfer from the macro- to micro-scale lying in forwarding discrete
evaluated deformation tensors F'(Xg) and §(X¢). Together with the point-wise micro-
scale equilibrium eq. (6.53), the choice of paired Dirac-Delta functions ultimately recasts
the classical FE? or generalized IGA? formalism (e.g. Schroder [101] and Schmidt et al.
[100] among others).

6.4.4 Discrete multi-scale framework

In combination, the full discrete multi-scale framework choosing Dirac-Delta reads

RI=Yw {|10| Z {P (X6 Xg) - VXRA(XG)}

G=1

1 Tlgp

g 3 o (P (X Xe) @ X+ B (X, X)) - RRAKG) |} - Fd o,
2] 5=,

RE = (RGY)

G=1
Ngp Ngp ~ N B B~ ~ ~ B
33 e ) () () A () .
G=1 L g=1
(6.57)
accompanied by discrete macro-scale boundary conditions
" =" on 0" "N" =L oN" on 005" 659

(P_V(.qg)hNh:Thon(?Qg’h, ‘BhNh:Mhonaﬁé/l’h.

We point out that explicitly writing out the homogenization procedure without equivalent
transformations to include macro quantities like wg, allow for an easier implementation
and, in combination with the Dirac-Delta setting, to separate macro- from micro-processes
as detailed in algorithm 6.4.1.

Depending on the choice of fluctuation restriction (I) to (III), discrete counterparts have to
be enforced. Since the paired Dirac-Delta functions separate the micro-scale fluctuations
from macro-scale influence on the shape-functions, we can write the micro-scale boundary
conditions independently and therefore omit any integration point index (+).

(Id) Voigt. For vanishing fluctuations over the whole micro-domain we set wp =
0 Ywp € R3.
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(11d)

(I11d)

Dirichlet. Constraint eq. (6.18) may be written in a simple approach using a
set of evaluation points P, € 008, i € Z = {1, ..., Op} along the boundary for
which we require

ZBGA N( )wp =0

VP, € 005, (6.59)
2. Beng V’c/\/’ (P)wp =0

providing d = 3 scalar equations for the first order constraint and additionally d?
scalar equations if a second-order domain is assumed. Denoting ¢ = {wg} = {w},
with b € Ag = {1,...,dOy} as set of total scalar degrees of freedom for the
discrete fluctuations, the point-wise constraint can be written as linear equation
system A q = 0, where A € R"a*?9% with the number of total scalar Dirichlet
constraints n.q = (d + d?) Op. As in general only boundary associated degrees
of freedom are affected, we introduce the active index set Ay C Ag, collecting
indices of corresponding nonzero columns of A. With the restriction operator
Ry € {0, 1}1*alxA4l we can now identify active parts for the degrees of freedom
q = R 4q and the constraint matrix A= AR, Ultimately setting

q,=0 (6.60)
we subsequently fulfill A § 4 = 0 and thereby eq. (6.59).

Periodic. Analogous to the periodicity constraint, we introduce sets of opposing
evaluation points {Pf, Pj_} €O jeJ ={1,...,Op}, such that eq. (6.20)
is formulated as

Sher, (N (BF) = N* (P ) ws - =0
Yper, (VN7 (PF) = %N (P7)) s =0

which again can be rewritten as a linear equation system B q = 0 with B €
Rree*d9a - wwhere ne, = (d+d*)Op is the number of total scalar periodicity
constraints. With corresponding active index set Ap C Az and restriction operator
Rp € {0,1}*8Aal we can now collect involved degrees of freedom q = Rgq
and create the active constraint matrix B ::ABRTB. The discrete periodicity
condition can then be written equivalently as B g g =0.

V{P', P} e o, (6.61)

Following Dittmann et al. [34] we now assume, that the active index set can be
partitioned into two disjoint subsets Ag = Ap; U Aps, where ABI N A = 0,

~

such that we decompose restricted constrained matrix and vector gz = <Q1 , q2)

and B = gBl , Bg>, where ql e R*»l and q2 € RA#2l Condition eq. (6.61) then
takes the form - .
Byg,+Byq,=0. (6.62)

With oversampling boundary points {P;“, Pj_}, above system reads in a least-
square sense the optimization problem

— ~ = ~ (|2
min | Bi g, + By o (6.63)
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for whi/gh t/lge associated normal equation reads §1T /B\l ?11 + §1T§2 52 = 0. Pro-
vided B;" B; is nonsingular, this yields the relation for degrees of freedom

‘31 (62) = SIREQ ) (6-64)

—~ e~ =1~~~
with constant linear periodicity matrix 90t .= — (B1T Bl) B,"B,, solely composed
of discrete shape functions. With this so called “basis modification” we are able to
condense @, ((}2) = Mt q, and correspondingly dq, (5(12) = Mg, into the system
(6.571).

Note that structured meshes may allow to easily identify sets Ag; and Apgs a priori
by assigning primary-secondary nodal pairs from opposing surfaces while carefully
treating edges and corners. For a first order continuum, an equidistant Lagrange
mesh allows nodal coupling.

All proposed discrete conditions imply restricting involved degrees of freedom, in case
of periodicity additionally calculating the basis modification matrix, and therefore are
inherent to the RVE-mesh and determined upon initialization. We remark here, that the
combination of both periodicity subsets is equal to the Dirichlet subset Ag; U Agy = A4,
such that the procedure for discrete constraint (I1Id) may also be used for (IId). Beside
introduced strong enforcement of fluctuation constraints, other options include the use of
Lagrange multipliers or penalty methods.

6.5 Solution of the multi-scale problem

In this section, we address the solution of the nonlinear multi-scale problem. The procedure
is based on the Newton-Raphson scheme introduced in section 3.5.2, which requires the
linearization of the residuals on both scales with respect to the discrete primary fields
¢4 and wg p. The generalized formulation proposed herein enhances robustness and
reduces computational cost, while still containing the classical solution strategy employed
by Schroder and Keip [102], Kouznetsova et al. [67], and others as a special case. To this
end, we go into greater detail on the linearized contributions and the resulting two-field
tangent operator.

We exploit the independence of both fields in the external contributions. For brevity,
the discretization indicator ()h is omitted, and the integral notation is reinstated on the
micro-scale. Moreover, we employ index notation (cf. section 0.1.2), in which the nodal or
control-point indices (+), and (+)q 5 are written as superscripts. The linearized residuals
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Pre-processing (offline phase)

. Set up RVE with boundary conditions. Calculate || and 90t

2: Determine number of Gauss points ng, in the macro domain and prepare load
distribution

10:
11:
12:
13:
14:

15:
16:
17:
18:

19:
20:
21:

. do

Localization phase (macro level)

for G=1:ng4, do > ngp: Gauss points
Collect macroscopic deformation gradients at Gauss point Xg: Fg and ¢

end for

RVE-phase (micro level)
for G=1:ng4, do > each G independent, parallelizable
Provide specific deformation Fg and g
Assemble micro residual RS:
for K =1: iy, do
Calculate contribution Rg’g
end for 7
Optional: solve RVE boundary value problem Rg’B = 0 (cf. section 6.5)
Compute homogenized stresses

- 1 .
P = = P:dV and = —= PeX +PBdV
SoN QO{ } Pe=1a) Qo{ )
for K =1: iy, do . . . )
Calculate contributions Py i, Po g ® X¢ g, Pk
end for

end for

Global residual assembly (macro level)
for G =1:ng,, do

Collect homogenized stresses Pg and P4 and assemble macro residual R,
end for

22: while ||R,|| > ¢,

Algorithm 6.4.1 — Computational multi-scale algorithm. Offline-online

scheme for FE2/IGA2.

119
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then take the form
AR)" = )y WG{ %R ", /{ NS
. {vfn};‘;@g (BPCIx], + ]S, Jav) oo
G

srd = S [ (AR o [l v ).

As the only direct dependency on the solution fields lie in the discrete values of the stresses
evaluated at the macro-quadrature points, we conduct the overall linearization with respect
to the primary fields using the linearized stresses. Applying the chain rule, the linearized
stress tensors read in index-notation

et (6.66)

for which we introduced material stress derivatives

N P P Y 3
C:= 0 D= a—N, M = a—q} and N:= 5",!3 . (6.67)
8F oF oF o0F
~ 1T (123)(45) -
Note that here [M} = [D} . The linearization of micro-scale deformation
(JK)(sT) (sT)(iJK)

gradients yields

A, = [ Iag o+ X [R] ]+ [l 69
for the first and analogously for the second gradient
857, - [ g + [NTE i 5

After insertion into eq. (6.65) (see also section 6.A.2), the tangent parts can be separated
and we get

C

k)= X wof A, [ + A, (2R,

H R M SR RN, KR e

1 JKsTU
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with

o = 7 A Bl = g AL, 4 B D

Mo = / {X], [0, + ., yaV and

N s = ml, / (x4, &, &0, M, X+ N, e
(6.71)

as the macro-macro tangent. As can be seen, in absence of fluctuations this is equivalent to
volumetric stiffness averaging in context of the Voigt-type homogenization Equation 6.17.
Proceeding with the micro-micro tangent, we arrive at

LR AT, N 3 3 2
(RN, [ + (AT AT a0

and eventually the micro-macro tangent reads

S+ BRI, oo,

Qo
AN, K, ) - AT (P, K, I, ) e (R
(6.73)
Therein, the first integral in linked to the change of the micro-scale with F' whereas the

second integral is the reaction on §. This can be useful for transferring data between the
scales. Note that both mixed tangents are connected Koz = |5 Ka.p.

6.5.1 Linearized System

In particular, we solve

T AC A(G,D) i A
(SQOA . K<P4P K¢@ ’ AQOC _ (5QOA ‘ Rap (6 74)
(S’IIJG,B Kgfp’B)C Kw%B)(G’D) A’IIJQD 5’&)@,73 RfGU’B ’ .

where each Gauss-point G creates an own residual-tangent pair in the total system. We
now show a version for numbered Gauss-points to illustrate how the Dirac-Delta choice of
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shape-functions enables fast solving

Ky, Kig Aw, R},
K121’so K2 Awy| = — |R% | . (6.75)
KUPZJSD K3 . Aws R}

The block-diagonal structure and the parametric separation from each micro-scale residual
now enables condensation and allows to utilize the online-offline scheme (cf. algorithm
6.4.1). Since the structure of the tangent is clear, we omit the Gauss-point indication in
the following with natural schemes F = E(G,B) = B+ (G —1) 94 and F = F(G, D) =

D+ (G — 1) Og, giving
A
- [R] | (676)

RE

Apc

AC AF
K PP K pw
Awp

EC EF
Kz, Kis

Analogously, Wy € R?" 9% summarizes all fluctuation degrees of freedom and respectively
RE € R3m=» Y@ aggregates all micro-residuals.

6.5.2 Classical solution strategy

In conventional FE? frameworks (cf. Schroder and Keip [102]; Kouznetsova et al. [67]), the
solution process is commonly staggered. Firstly focusing on the second line of eq. (6.76)

K5 Ape + Ky Aoy = —R] (6.77)

in the first stage the macroscopic degrees of freedom ¢ are held fixed, implying Apc =0
and thus
KIE Ap = —RE . (6.78)

Above now de-coupled micro-scale system is then block-wise independently per macro-
Gauss-point resolved solely with respect to the micro-fluctuation field wg. Thereby
criterion | RE|| < €4 is enforced. Assuming further RZ = 0, re-inserting into the second
line of eq. (6.77) yields

w

& Nwp = —(KEE) " KES Age.

K5 Apc + K Awp =0
(6.79)

Condensing into the macro-scale equilibrium in the fist line of eq. (6.76) allows now to
solve a single macro-scale Newton step

K;$ Ape + Kon Awp = —R))

AC AF (3oEF\ 7! p-EC A (6.80)
& (KW - K8 (KEE) Kw> Apc = —R2
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We emphasize here, that this strategy requires re-enforcing the assumed condition RZ = 0,
whenever ¢ is updated. Consequently, each macro-iteration necessitates a complete
re-solution of all representative volume elements.

6.5.3 Generalization of the solution strategy

To generalize the solution strategy we apply a standard condensation by pre-multiplication
of eq. (6.76) with the rectangular null-space matrix

T

PACE) — , (6.81)

1O KA (KED)

where I1¢ = id € {0,1}9¢*P% is the identity matrix for the macro-field. Multiplication on
both sides of the linear multi-scale system eq. (6.76)

__(pacey". | Ro
= —(PAD) [Rg] (6.82)

Apc

AC A
(pA(CE))T _ [Kw Ko
Awp

EC EF
Ki, Kiw

yields for the macro-Newton iteration

w

AC AF EF\ ! -EC A AF EF\ ! pE
(KW - K8 (KED) KW> Apc = -R)+ Koh (KEL) R (6.83)
The micro-update is then performed using
Ny = —(KEE) " (KLS Ape + RE). (6.84)

The essential distinction lies in forwarding the micro-scale residual to the global level, which
permits a simultaneous update of both primary fields and thereby reduces the number of
micro-scale iterations. As long as the macro-problem has not reached equilibrium, there
is, in fact, no meaningful physical interpretation of a micro-scale state that is numerically
converged with respect to its own balance.

The generalized framework can still be operated in a staggered manner. However con-
vergence of the micro-problem in each macro-iteration it no longer required, since any
non-vanishing micro-residual R% is consistently transferred to the global iteration. In
contrast, enforcing RE = 0 in the classical strategy is a purely numerical condition but the
micro-residual typically does not vanish exactly. This, in turn, deteriorates the quadratic
convergence of the overall Newton scheme. Hence, the proposed formulation is generally
more advantageous.

6.6 Numerical experiments

In this section we investigate the performance and accuracy of proposed multi-scale
framework. We firstly investigate the RVE itself in a series of simulations focusing
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on higher-order contributions, homogenization and the influential choice of micro-scale
fluctuation constraints. In the second part we address the continuous macro-micro domain
and the generalized solution approach. Eventually a large scale higher-order multi-scale
example is presented.

In the absence of further specification, subsequent length specifications are given in
millimeters (mm). For a consistent comparison of material parameters, a unit thickness
of 1mm is assumed in each omitted spatial direction. First and second-order stresses are
given in N/mm? and Nmm/mm2 respectively.

In order to numerically verify the approach, we introduce a normed error measure err$ (B)
for the difference between tensors B and A with respect to A and where ¢ specifies the
type of error, i.e.

errLQ(QO)(B) - |B — AHLQ(QO) errL2(Qo><Qo)(B) — |B — A||L2(QO><QO)
4 ||AHL2(Qo) 7 4 HA”LQ(QQXQO) ’
max max(|B — AJ) B — Al
err'y™(B) = 1A and err%(B) = Al (6.85)

Therein, the first and second measures are denoted as relative I? error, whereas the third
and last are referred to as relative mazimum and relative norm error.

0 :w=0 0 w(X~) =w(XT)

a o
o J ........ ([ ) = 0

/]

Figure 6.6.1 — First-order homogeneous RVE: setup. Left to right:
Dirichlet (II) and periodic (III) boundaries.

6.6.1 RVE investigation

We start with a homogeneous first-order benchmark test highlighting certain aspects of
homogenization. Then we investigate the influence of higher-order contributions and then
additionally show inhomogeneities. All following tests are performed on the same RVE
representing a cube Qo with edge length 0.1 and coordinate system is fixed in the center.
The microscopic boundary value problem is set up with different fluctuation restrictions,
either w = 0 (I), @ = 0 on 9 (II) or '[U(X*) = '&J(X*) on 9 (IIT) (see section 6.2.1
and figure 6.6.1).
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The prescribed macroscopic fields F and § are

[ 0.897  0.500 -0.400] 20.033  0.015 -0.020]
F = (0070 1.001 -0.100| , F(1,::) = 0015 0013 0.043],
0.082 0.020 0.997] -0.020  0.043  0.029)]
] ] ] " (6.86)
0.015 -0.005 0.024 0.023 0.005 -0.031
F(2,:,:) = ]-0.005 0.028 0.028 , F(3,:,:) = |0.005 -0.042 -0.001] ,
0,024 0.028 0.014] -0.031 -0.001 -0.012]

with & chosen symmetric in accordance with eq. (3.10). In all following RVE benchmarks,
the micro-scale BVP is solved up to numerical limits. Unless stated otherwise, quadratic
B-spline basis functions per direction are employed.

RVE benchmark: Homogeneous first-order

As a first proof of concept, we assume a first-order continuum, hence here § = 0, and
investigate the RVE using a homogeneous Mooney-Rivlin material (cf. section 3.3.4). The
first-order constitutive relation ¥ (F) is taken from eq. (3.70), where we set a = 2000N/mm?,
B = 1000N/mm? and v = a+6/3.

Remark 6.6.1 — Homogeneous first-order: trivial setting. Note that in case
of vanishing fluctuations, the micro-scale is per construction always in equilibrium.
Moreover, for a homogeneous material distribution, ¥ is independent on the micro-scale
quantities as well as on discretization. Derived stresses and tangents follow analogously,
hence

1 oy~ ~
Y = 10| /{‘D}dvﬂ) =V, Py=P and Cy=0pPy=C. (6.87)
Qo

For present higher-order contributions, there is no homogenization-free relation, since a
direct dependency on the location is given (see also eq. (6.71)). Note that this dependency
may be computed a priori by extracting geometric quantities, cf. Kouznetsova et al. [68].

The corresponding errors in homogenized energy, stress, and tangent moduli are reported
in table 6.6.1 for both fluctuation boundary conditions, using the trivial configuration as
reference (cf. eq. (6.87)). Both the normed maximum and relative errors remain in the
range of 10716 to 1014, indicating that deviations are bound by numerical accuracy of the
underlying discretization.

On account of the first-order Mooney-Rivlin material model and the linear boundary
constraints, the resulting stress field is spatially uniform and corresponding representation
can be found in 6.A.3.
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Elements 4x4x4 8 X 8% 8 16 x 16 x 16
Boundary * (IT) (I11) (IT) (III) (I1) (I11)

errgl?;;(\p*) 1.24-107%6  1.24.107% 2.11.107% 2.11-107% 1.11-107% 1.11-107

errg(a;)((P*) 7.00-10716  7.00-10716 7.13.107% 7.13.107%% 1.05-107% 1.05-10714

2
€ITp

(D(P*) 1.06-1076  1.06-107% 8.64-107% 8.64-107% 2.11-107% 2.11.107™

Table 6.6.1 — First-order homogeneous RVE: accuracy. Rows top to
bottom: relative maximum error of the energies and relative
maximum/normed error of homogenized stresses for an RVE with 4, 8 and 16
elements per direction with Dirichlet (II) or periodic boundaries (III).

RVE benchmark: Homogeneous second-order

This benchmark addresses a setting dominated by second-order effects. To that end,
we again consider a homogeneous medium, now governed by the continuous fiber model
introduced in chapter 4. The objective is to quantify the hyper-stress field induced by
prescribed second-order macroscopic deformation. Consequently, the micro-scale boundary
conditions (II)-(IIT) must additionally constrain the boundary fluctuation gradient.

The composite consists of a matrix following the Mooney-Rivlin law and uniformly woven
fibers with two orientations as defined in eq. (4.16). Material parameters follow typical
ranges for woven fiber-reinforced polymers reported in Asmanoglo and Menzel [5] and
Dittmann et al. [33].

In the first step, Dirichlet conditions (II) are imposed such that w = 0 and V% w = 0.
In the second step, periodic conditions (III) are enforced, i.e. w(X~) = w(X™*) and
Vw(X~) = %w(XT), supplemented by vanishing corner fluctuations. Figure 6.6.2
displays the von Mises stress and the norm of the hyper-stress ‘j3 for a discretization with
16 quadratic B-spline elements in each direction. The two enforcement strategies for the
energetic condition lead to visibly distinct stress distributions, in particular regarding the
second-order contributions.

To quantify the accuracy of the formulation, we next consider a setting approximating a
pure second-gradient material. Because the anisotropic second-gradient law is singular in
the absence of first-gradient terms, a stabilization is required. The first-gradient stiffness
is therefore successively scaled by a factor down to 1078. For all cases, 16 elements
and quadratic B-splines per direction are employed and we apply either Dirichlet (II) or
periodic conditions (III).

Table 6.6.3 compares firstly the prescribed deformation with the homogenized kinematic
and shows the maximum error of the resultant second-order stress with respect to the
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Matrix
Parameter a 2000 N/mm?
Parameter g 1000 N/mm?
Parameter v a+p/3
Volume fraction ¢am 0.5 -
Fiber
Shear parameter b 150000  N/mm?
Stretch parameter a 3000 N/mm?
Scalar curvature parameter ¢ 1.25 N
Orientation of fiber 1 L' Yyizs[-1;-1; 1.5] —
Orientation of fiber 2 L? 1yvizs[-1;-1;-1.5) —

Table 6.6.2 — Second-order homogeneous RVE: Material. Parameter
setting of the fiber-reinforced polymer according to eq. (4.16).

analytical macro-scale evaluation of the same material law, i.e.
. 0¥ ()
(A) — 0z

Secondly, to assess the magnitude of stress moments induced by inhomogeneities, we
introduce following measures

(6.88)

C’BP:K%O‘{Z{;(P@X—{—(P@X) 32)}d‘~/ and ‘13@:: ’5

y /{&ﬁ}df/, (6.89)

whose norms and the ratio of 2]313 are also listed. The normed deviation of the averaged
second-order stress with respect to the analytical value err%‘?j; (‘B(H)) decreases in direct
proportion to the diminishing first-gradient stiffness and the remaining second-gradient
response converges as expected to the analytical value for constant deformation.

RVE benchmark: Inhomogeneous second-order

We now apply the previously examined second-gradient formulation to a geometrically
inhomogeneous RVE containing a centered three-dimensional cross-shaped void. Such
configurations are representative of lightweight lattice-like structures often encountered in
additive manufacturing.

In the present setting, the void is modeled by reducing the constitutive parameters in
the cross region to negligibly small values, as setting them exactly to zero tends to cause
numerical instabilities. Both Dirichlet and periodic micro-scale boundary conditions are
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Scaling 1070 1074 10-8
Boundary * (I1) (I11) (IT) (I11) (IT) (I11)
err%aX(F*) 1.77-107% 1.18-107% 8.44-107'6 1.01-10°% 1.60-107% 1.35-1071°
err%ax(3*) 8.37-10716 6.85-10716 7.61-107'6 9.13-1071¢ 7.61-1071¢ 8.37.10716
err;%?j’; (B,) 1.41-10M°0 1.12.10790 1.82.107% 1.79-107% 1.53-107% 2.35-107%
1B 2.70-107°2  2.70-107°2 2.70-107°2 2.70-10792 2.70-107°2 2.70-102
Rl 1.05-10"° 8.13.107°% 1.18-107% 1.17-107% 4.96-107%7 8.17-107%7
B2/ 99.5% 99.3% 0.44% 0.43% 0.0018%  0.0030%

Table 6.6.3 — Second-order homogeneous RVE: higher-order
contributions. Relative absolute maximum error of F', § and B, norm of

averaged second-order stress contributions PF and P along with the ratio

PL over P.

imposed on the RVE, which retains the same edge length and origin as in the homogeneous
benchmark. The 3D cross consists of intersecting arms with edge lengths /s (short) and !/4
(long), cf. figure 6.6.3. Within the cross-domain, parameters of matrix- and fiber-material
(o, B, 7, a, b, ) are reduced by the factor 107¢ in order to mimic a structural void while
maintaining numerical stability due to non-vanishing stiffness in corresponding elements.

1/120

-1/120

-1/30 4

-0.05

Figure 6.6.3 — Inhomogeneous second-order RVE: setup. RVE with a 3D
void and illustrated fiber structure.
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Figure 6.6.4 shows the stresses of matrix and fibers, displayed on a mid-plane cut of the
domain. The discretization employs 24 quadratic B-spline elements per spatial direction.
As expected, the inhomogeneity induces a pronounced anisotropic stress response governed
by the oriented fiber architecture and the second-gradient contributions. The hyper-stress
magnitude ||J3|| illustrates the localized higher-order effects around the void and across
the fiber-aligned directions.

In contrast to the previous case, higher-order effects intensify due to increased stress local-
ization, enhanced directionality and strong spatial gradients in ‘j3 , solely generated by the
void. The resulting deviations from the homogeneous case illustrate that second-gradient
theories capture not only constitutive size effects but also geometric micro-structuring,
with the void acting as a source of internal length-scale activation. Consequently, the
inhomogeneous RVE develops nontrivial hyper-stress patterns that are absent in the ho-
mogeneous configuration, demonstrating the sensitivity of second-order continua to both
material and geometric microstructure.

Elements 12 x 12 x 12 24 x 24 x 24
Boundary * (I1) (I11) (I1) (I11)

| P 1.13-107%*  1.11-10% 1.11-107% 1.08-10"04
[Pl 2.54-10792  2.45.10792 2.52.10792 2.42.10792
BT 1.02-107%°  7.90-107°  1.00-10%%0 7.70-1070!
B2/ 99.50% 99.15% 99.47% 99.09%

Table 6.6.4 — Second-order homogeneous RVE: higher-order
contributions. Relative absolute maximum error of F', § and 8, norm of
averaged second-order stress contributions PF and P along with the ratio

of P over P.

The effect of the boundary conditions can be quantified more directly. In line with the
previous tests, table 6.6.4 compares the homogenized stress measures and additionally
includes results obtained on a coarser discretization. The previously observed trend is
confirmed. The Dirichlet setting yields larger stresses due to the kinematic rigidity of
the constrained boundary, whereas periodic boundary conditions permit a comparatively
compliant response. This discrepancy is particularly pronounced for the second-order
stresses, since the Dirichlet constraints promote both elevated local stress concentrations
and larger second-order moments along the constrained boundary.

Figure 6.6.5 further isolates the contributions of the fiber phase. Although the fibers are
modeled within a continuum setting, we illustrate the underlying woven-mesh assumption
by selecting line sets in the plane spanned by the out-of-plane normal (cf. eq. (4.18)) and
passing through the RVE center. These material lines, aligned with the two prescribed
fiber orientations, are advected with the deformation of the RVE under periodic boundary
conditions, and the associated stress response is evaluated along their trajectories.
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Figure 6.6.4 — Inhomogeneous second-order RVE: results. Stresses shown
for the RVE with 24 elements in each direction, sliced to show x-elements 13
to 24 and with void-elements excluded from plot. Top to bottom: || P|| and
|B]|. Left to right: Dirichlet and periodic conditions.
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Figure 6.6.5 — Inhomogeneous second-order RVE

Exemplary depiction of the underlying fiber structure. Left to right: || P| and

[RYE

RVE benchmark

Figure 6.6.6 —

cell with a 2D void and schematic fiber structure.

Next, we examine the sensitivity with respect to the selected RVE size. To this end, we
construct a two-dimensional counterpart of the previous geometry, shown in figure 6.6.6,



6 Dimension expansion: Continuous higher-order multi-scale method 133

and refer to it as a unit cell because it contains all microstructural features within the
smallest admissible geometric domain.

In the two-dimensional setting, the matrix and fiber material parameters («, 3, v, a,
b, ¢) are scaled by a factor of 1072, The fiber orientations are set to L' = 1/v2[1; 1]
and L? = 1/v2[1; —1]. For the macroscopic deformation, we retain only the e; and ey
components of the previously introduced tensors (see also eq. (3.68)), yielding

— 0.897 0.500
F,, = and
-0.070 1.001

§2D(17 5 :) =

-0.033  0.015 = 0.015 -0.005
) 82D<2’ :7 :) =
0.015 0.013 -0.005 0.028

] . (6.90)

The objective is to assess the impact of different micro-scale geometry choices discussed in
6.2.2. We therefore compare RVEs obtained by stacking this unit cell to form domains
containing 1, 2, 4 and 8 unit cells per direction. Each unit cell is discretized with 24 x 24
bi-quadratic B-spline elements, and neighboring cells are coupled with C' continuity.
Figure 6.6.7 shows the stress measures for the 2 x 2 unit cell and indicates a repeating
deformation and stress pattern.

Figure 6.6.8 plots the normed first- and second-order stresses versus the number of unit
cells. The rigid Dirichlet condition again increases the first-order stress, although this
influence diminishes as more unit cells are assembled into the RVE and the response
approaches the periodic case. At the same time, the increasing domain size in combination
with anisotropy and inhomogeneity amplifies the stress moments P x X, which leads to
larger second-order stresses.

6.6.2 Multi-scale benchmarks

In the following, we examine several numerical studies that demonstrate the behavior of
the continuous multi-domain formulation and assess the convergence characteristics of the
generalized solution strategy introduced in section 6.5.3.

Analytical micro-scale

As an initial validation and to quantify the influence of different approximation spaces, we
consider a one-dimensional first-gradient benchmark for which the coupled macro-micro
problem admits a closed-form analytical solution. The macro-domain and micro-domain
are given by Qo = (0,1000) mm and €y = (0, 1) mm, respectively. Note that in this and
the following example all geometric measures are given in mm.
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Figure 6.6.7 — Unit cell comparison: results. Stresses shown for the RVE
with 48 eleznents in (Each direction, consisting of 2 x 2 unit cells. Top to
bottom: [|P|| and ||]|. Left to right: Dirichlet and periodic conditions.
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Figure 6.6.8 — Unit cell comparison: homogenization. Stress curves for
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Figure 6.6.9 — Continuous 1D multi-scale test: setup. Top left to right:
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The material response is defined through the strain-energy density

U(FX)=AX)(F2-1), A(X)=20 {cos<237r)~( - g)}l N/ e, (6.91)

where )\(X ) varies periodically along the micro-coordinate, see figure 6.6.9. The spa-
tial variation induces residual stresses, so the reference configuration is not stress-free
(cf. section 3.3.4). With the body load and boundary conditions

375753

B = 1N/mm3, QO(O) =0 and 30(1000) = o

(6.92)

and the micro-fluctuation Dirichlet condition (II), an analytical solution ¢py: €9 — R and
Way: o % Qp — R of the coupled boundary value problems eq. (6.34)-(6.35) is obtained
as

3 f 3003 f

X) = 6.93
p(X) = — 202 x4 DEVS (6.9
i (X, X) = F (X)is' (”X—)—)”@rl (6.94)
W) s = I'(p) \/§ 111 3 3 9 s .
where F = Oxp(a), see figure 6.6.9 for illustration. The weak forms governing ¢ and w
reduce in thls one- dlmensional setting to
1000 | 1000
/{/ [N (O + 03®) Dx )} df(} aX = o [{dphdX, VopeV,  (6.95)
0
0 0
1000
/{/ {M(Oxp + 05 0) 500 dX} dX =0, VéweW?, (6.96)
0
0

which serve as the basis for the subsequent approximation studies.

Nine discretization variants are examined, each differing in the choice or order of the macro
and micro approximation spaces p = [p@, Pi(X)s Pa( X)T' Specifically, combine three orders
p=1,2.4, ie. linear, quadratic and quartic, with three schemes. First, the Dirac-based
micro-ansatz functions introduced in section 6.4.3 is employed p = [p, d, p], second a mixed
scheme p = [p, 0, p] with @ taken piecewise constant in X and third, a continuous scheme
p = [p,p,p|. For corresponding results obtained with Lagrangian shape functions, we refer
to Hesch et al. [57].

In the convergence study, we employ meshes with 2¥ macro-elements and 2* x 2* elements on

Qo x Qo (k=4,...,9) are employed. The relative I? errors errLU(SO)(go) and err@(gom‘))(w)

are reported in ﬁgure 6.6.10.

For the macro field ¢, the linear and piecewise-constant settings {[2,0,2], [4,0,4]} reveal
second-order convergence. Both quadratic non-constant choices {2, 9, 2] [2 ,2 2]} achieve
fourth-order convergence, whereas the quartic non-constant variants {[4,9,4], [4,4,4]}
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Figure 6.6.10 — Continuous 1D multi-scale test: accuracy. Errors as
functions of the mesh-size h. Left: errzfgo)(@), where curves
{[L,6,1], [1,0,1], [1,1,1]}, {[2,6,2], [2,2,2]} and {[2,0,2], [4,0,4]} coincide.
Right: errﬁgomo)(w), where curves {[1,4,1], [1,0,1], [2,0,2], [4,0,4]} and

{[2,0,2], [2,2,2]} coincide.

remain in the pre-asymptotic regime over the considered mesh range. The error behavior
for the fluctuation field w is shown in the right panel of figure 6.6.10. All piecewise
constant approximations achieve convergence with rate 1. The linear approximation
[1,1,1] converges roughly at order 1.8, while the quadratic and Dirac/quadratic variants,
[2,6,2] and [2, 2, 2], attain third-order convergence. The quartic and Dirac/quartic settings
{[4,0,4], [4,4,4]} reach fifth-order convergence before saturating due to numerical limits.

Overall, this benchmark illustrates that macro-scale accuracy is inherited from the micro-
scale representation and that consistent approximation across scales is essential for achiev-
ing the expected convergence behavior in fully nonlinear multi-scale analyses.

Generalized solution scheme: convergence

We next assess the performance of the classical and generalized solution strategies in-
troduced in section 6.5.2 and section 6.5.3 using the two-dimensional Cook’s membrane
benchmark. The reference configuration of the macro-continuum is defined by corner points
P! =(0,0)", P? = (480,440)", P3? = (480,600)", and P* = (0,440)", corresponding to the
lower left, lower right, upper right, and upper left corners, respectively. The computational
domain is therefore given by

1 1
Q= {X = (X1, %) € B[ X, € (0,480), — X < Xp < = X + 440} . (6.97)

The left boundary 992 = {X € R?*| X; = 0, 0 < X, < 440} of the membrane is fixed,
while on the remaining boundary 9Q = 99,\0Q% we prescribe the surface traction

(—250, 5OO)T N/mm2 if X, = 480, 440 < X9 < 600

6.98
(0,0)" N/mm? otherwise, (6.98)

T: 0] — R?, T(X):{
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Figure 6.6.11 — Multi-scale test: Cook’s Membrane. Reference
configuration for the two and three-dimensional multi-scale problems with
indicated surface loads (cf. eq. (6.98) and (6.102)).

as shown in figure 6.6.11, left. Body forces are neglected, B = 0.

The associated micro-domain is taken from the unit cell tests in section 6.6.1, with the
same inclusion-parameter scaling of 1072. The RVE consists of a single unit cell equipped
with periodic boundary conditions. For the micro-fluctuations, we employ the Dirac-Delta
approach (cf. eq. (6.52) and (6.54)). The Cook’s membrane is discretized with 12 x 12 bi-
quadratic B-Spline elements on the macro-scale and the RVE consists of 24 x 24 bi-quadratic
B-Spline elements. Macro-scale integration uses 3 Gauss-points per direction, resulting in
9 quadrature points per element and thus in total ng, = (12 x 12) - 9 = 1296 RVEs. Each
RVE is integrated using the same quadrature rule giving 7y, = (24 x 24) - 9 = 5184 Gauss
points.

The load is applied incrementally using n; load steps. The converged solution of step
k serves as the initial configuration for step (k + 1), improving robustness of the New-
ton iterations. The resulting macro-scale response with fully applied load is shown in
figure 6.6.12.

We compare two strategies. First, the classical staggered FE? procedure of section 6.5.2 is
employed with micro- and macro-termination tolerances £, = 10~" and £, = 1077. Second,
the generalized monolithic strategy of section 6.5.3 is applied with a unified tolerance
£ = 1077, Table 6.6.5 summarizes both approaches, where min(n;) denotes the minimal
required step count in order to reach the prescribed tolerance. Failure is declared if
either the macro- or micro-residual norm exceeds 10 or if convergence is not achieved
within 15 iterations. Computational effort is quantified by the average number of global
newton iterations per step (n;) and the average number of micro-scale iterations (ng) per
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Figure 6.6.12 — 2D multi-scale test: stress. Stress measures for the 2D
cooks membrane after fully applied load. Left to right: || P|| and |||

increment, as well as the total number of micro-scale homogenization solves ng, .

Strategy min(n;) (nit) (ng) g,
Generalized 5 6.6 — 4.3-10104
FE? 8 41 29  4.3.10"0

Table 6.6.5 — Continuous 2D multi-scale test: performance. Strategy
comparison in terms of minimum of required load steps, associated average
macro- and micro-scale newton iterations and total number of micro-scale
homogenization solves.

The classical FE? scheme converges for n; = 8, whereas in the generalized approach
produces a robust solution already for n; = 5. To compare computational cost, we count
Gauss-points evaluations. For each Newton iteration k£ within the generalized solution
scheme, in total

YF = ngy (1 + fig,) = 1296 - (1 4 5184) =~ 6.7-107° (6.99)

evaluations are performed across all multi-scale quadrature points. For the classical
staggered method, assuming an average number of local Newton iterations [, = 2.9, the
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corresponding cost per macro-iteration k becomes

Z];v = ngp(l + ﬁgpik) ~19.5-107% (6.100)

Thus, for a comparable number of global iterations, the generalized monolithic strategy
requires a substantially reduced computational effort, since the classical approach effectively
multiplies the micro-scale work by the local re-equilibration iterations required for every
macro step. In addition, the generalized scheme attains convergence with fewer load
increments in the present example. Table 6.6.6 shows the convergence behavior if both
schemes are run with the same n;. Although the generalized scheme then requires more
global increments, the overall reduction in per-iteration cost together with its improved
robustness remains evident.

FE?
Macro RVE

k Generalized

1 3.11-10793 3.11-10™%3  1.13.10798

2 4.26-1079%  4.26-1079%  4.53.10700
2.26-10702
5.50-10797
2.40-10713

3 2.36-1079  1.01-107°Y  2.12.10790
4.07-10793
4.80-10708

4 1.39-10791 9.85-1079%  2.12.10%090
4.07-10793
4.80-10708

5 1.20-10795 7.97-10799 2.12.10%00

4.07-10793
4.80-10798
6 9.65-107%9
Yev  2.62-10708 8.65-10798 (+230%)

Table 6.6.6 — Continuous 2D multi-scale test: convergence. Newton
convergence in last load step and approximate total number of evaluations
Yev. The chosen RVE is at the 1296 Gauss-point.

3D second-order multi-scale simulation

As a final example, we consider a fully three-dimensional macro problem governed by the
second-gradient formulation. The RVE is the void-inclusion configuration introduced in
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section 6.6.1, with material parameters summarized in table 6.6.2. Here, we impose the
Dirichlet set (IT) for micro-scale fluctuation boundary. The macro-geometry is obtained by
extruding the two-dimensional Cook’s membrane by 40 mm in the out-of-plane direction,

1 1
Qo — {X = (X1, X5, Xs) € R | Xy € (0,480), 1 X1 < X3 < 5 Xy + 440, X, € (0,40)}.

(6.101)

The clamped boundary is again 09 = {X € R*| X, =0, 0 < X, < 440, X3 € (0,40)}
and the remaining boundary 9Qf = 990\ is loaded by T : 9QF — R3,

= —100,200,0)" N/mm2 if X; = 480, 440 < X, < 600, X3 € (0,40

T(X) = {( ) o 2 s € (0,40) (6.102)

(0,0)" N/ mm? otherwise

as illustrated in figure 6.6.11, right.

As required for second-order continua, tri-quadratic B-splines are used on both scales. To
mitigate the computational effort, we employ the multigrid-solution strategy based on
knot insertion described in section 2.3.2. Three macro-scale meshes are considered,

MO =(4x4x1), M'=(8x8x2) and M?=(16x 16 x 4), (6.103)

each obtained by a refinement factor of two. The full multi-scale solution is first computed
on the coarsest level using an incremental scheme with n; = 5 steps. The solution is
then transferred to the finer levels, where only corrector steps (n; = 1) are performed.
The approach is further complemented by two micro meshes M°? = (12 x 12 x 12) and
M = (24 x 24 x 24), enabling increased micro-scale resolution. For the present problem,
we solve

(MO0 5 Lt ) 25 It 25 L) (6.104)

level 1 level 2 level 3 level 4

Figure 6.6.13 shows the stress fields obtained at each level. The second-gradient stress
localizes near the clamped boundary and exhibits the expected boundary-layer behavior
associated with second-gradient elasticity. Finally, table 6.6.7 summarizes the convergence
history across the multigrid levels, demonstrating both the computational savings and the
overall multi-scale convergence achieved with the generalized solution scheme.
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700 - 700 - 700 -
600 — 600 — 600 —
500 — 500 — 500 —
400 - 400 - 400 —
X2 X2 X2
300 — 300 — 300 —
200 — 200 — 200 —
100 — 100 — 100 —
0 0— 0—
0 0 0
100 200 300 400 100 200 300 400 100 200 300 400 _Bo
Xy Xy Xy *3
[ .
ON/mm? 2840 N/ mm?
700 - 700 - 700 -
600 — 600 — 600 —
500 < 500 < 500 —
400 - 400 — 400 —
X2 X2 X2
300 < 300 < 300 —
200 < 200 — 200 —
100 — 100 — 100 —
0 0 0—
0100 200 0100 200 0100 200
300 400 B =1 300 400 B =1 300 400 S =1
X X3 X X3 X X3
[ T
0.001Nmm/mm2 0.189Nmm/mm2

Figure 6.6.13 — 3D higher-order multi-scale: results. Left to right: Level
one, three and four according to table 6.6.7. Rows (top to bottom) || P|| and

[RYE
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Level 2 3 4
Macro res. 4x4x1 8 x 8 x 2 8x 8x 2 16 x 16 x 4
Micro res. 12 x 12 x 12 12x12x12 24x24x24 24 x24 x 24
Step 1/5 5/5 1/1 1/1 1/1
NR-Iterations 7.29-10704 7.45-10794  7.26.107  9.76.107°*  3.70-1079°

6.44-1070 5.42-107%  9.21-.1079  3.50-107°2  4.47.10%03
1.75-10102 3.20-10792  4.89.10700 1.86-1079  4.23.10700
1.98-10°% 1.06-1070  1.27.107%  5.66-10797  2.62-107%
4.93.10797 5.58-10797  6.19-10797 5.82-10797
YRVE 9072 17280 13824 138240

Table 6.6.7 — 3D higher-order multi-scale: performance. Newton
convergence utilizing the multi-grid and generalized solution scheme with
total number of calculated RVE for all steps per level.
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6.A Appendix A

6.A.1 Global shape functions
Introducing a multi-scale index-scheme D(C, B) = C + (B — 1) D4, we can use global

numbering with product index space Ag = {1, ..., Oz}, where O5 = O;9;. Denoting
ﬁD(X,X)::MC(X)/\NfE;(X), we write

V% w X,X) = qu®Vz7~€D(X,X)7 (6.105)

The variation of fluctuations follows analogously as we use the same global shape functions.
Given dg = dg = d-dimensional macro- and micro-domains, the tensor product requires

a dg = 2 d-dimensional parametric domain for R”. Integration is then performed using
standard Gaussian quadrature on the multi-domain g x €.

6.A.2 Linearized stresses

Inserting eq. (6.68) and (6.5) into (6.66) yields

FS = ([, IR+ (0, 56, + B, ) R, ol
(0 BT ¢ B S el
080, = (0, (5 + (B, 8, L, )RR
(P R T 2 [

for the discrete first- and second-order stress, respectively.

6.A.3 RVE benchmark: homogeneous first order - stress evaluation
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-0.05

0.05

4713.4497555412908696 N/ mm?

4713.4497555402540456 N/ mm?

Figure 6.A.1 — First order homogeneous RVE: results. First order stress
distribution (||P||). Left to right: Q¢ with Dirichlet and periodic boundaries.

Top to bottom: 4, 8 and 16 elements per direction.
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7/ Summary and outlook

7.1 Summary of the work

The present thesis has addressed the modeling and numerical simulation of materials and
structures with distinct microstructural features, such as fiber-reinforced composites and
engineered media. The work is motivated by the observation that explicitly resolving the
microstructure in a fully three-dimensional setting is prohibitively expensive for realistic
component sizes, while classical first-gradient Cauchy continua are often unable to represent
bending- and torsion-dominated mechanisms, size effects, and non-local interactions that
are relevant for such materials.

To bridge this gap, two complementary lines of development have been pursued. The
first line is based on higher-order continua and dimension reduction. Starting from three-
dimensional second-order continuum mechanics, continuous embedded fiber models and
discrete embedded beam formulations including systematic reduction have been derived as
effective second-gradient descriptions. The second line is based on dimension expansion in
a continuous higher-order multi-scale framework. Therein, macroscopic fields are enriched
by micro-fluctuation fields defined on representative volume elements (RVEs) from which
in turn governing equations are obtained from an energetic macro-micro coupling.

Both lines are implemented in an isogeometric analysis (IGA) setting. Smooth NURBS-
based approximation spaces are employed to represent geometry and solution fields on
both the macro- and micro-scale, which is essential for a consistent discretization of second-
order deformation gradients and higher-order stresses. The thesis thus combines advanced
continuum modeling, consistent variational formulations and tailored numerical solution
strategies into a coherent framework for the analysis of higher-order and multi-scale
problems.

7.1.1 Higher-order continua and dimension reduction

After notation, introduction and covering the basics on IGA, the first main part of the
thesis focuses on higher-order continua arising from embedded slender structures and their
systematic reduction to effective second-gradient models.

Starting from the fundamentals of generalized continuum mechanics, a large-strain second-
order model is formulated, including the associated balance laws, boundary conditions and
weak form. This model provides the continuum-mechanical foundation for all subsequent
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developments and clarifies the role of second gradients and higher-order tractions in a
three-dimensional setting.

On this basis, a continuous embedded fiber formulation is introduced. Direction fields are
used to represent families of rod-like reinforcements within a three-dimensional matrix.
The energetic contribution of these fibers is expressed in terms of curvature and torsion
measures that are consistently related to the second deformation gradient of motion. In
this way, bending and twisting stiffness of the embedded structures are incorporated at the
continuum level without explicitly meshing each fiber. Numerical examples demonstrate
that the resulting second-gradient model can capture fiber-induced stiffness contributions
and associated size effects that are inaccessible to classical Cauchy continua.

An alternative approach is then developed based on dimension reduction and discrete
embedding. Finite-strain beam formulations including rotational degrees of freedom and
curvature-based measures are embedded into a three-dimensional Cauchy continuum. The
coupling between matrix and beams is enforced through suitable constraint formulations
for coupling deformation and transferring acting forces and moments. A key result
of reformulation and interpretation of arising constraint fields is a systematic static
condensation procedure. By eliminating beam and coupling fields, an equivalent second-
gradient continuum model is obtained that is applicable to solids reinforced by an arbitrary
number of embedded beams with general orientations. The multidimensional coupling
framework thereby comprises complex beam networks while still admitting a consistent
condensation to a second-gradient formulation. The resulting condensed model makes the
higher-order character of the effective medium explicit and provides a direct link between
the parameters of the underlying beam formulation and the second-gradient moduli of the
resulting continuum.

The discrete formulation mirrors this structure and additional reduction of degrees of
freedom can be employed to eliminate explicit beam unknowns. Numerical investigations,
including bending and torsion tests of matrix-beam systems, confirm that the condensed
second-gradient model reproduces the response of the fully resolved beam-matrix system
with good accuracy at significantly reduced computational cost. Moreover, the studies
illustrate how the order of the underlying IGA basis functions and the choice of constraint
enforcement influence accuracy and robustness, while the multi-beam applications indicate
a route toward modeling discrete second-order microstructures for generic fiber-reinforced
polymers.

In summary, this part of the thesis shows that higher-order continua derived from embedded
slender structures provide a powerful and physically interpretable means to capture bending
and torsion effects, non-local interactions and size-dependent behavior in fiber-reinforced
materials, while retaining the computational advantages of continuum models.

7.1.2 Continuous higher-order multi-scale framework

The second main part of the thesis is devoted to a continuous higher-order multi-scale
framework based on dimension expansion. In contrast to the dimension-reduction approach
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above, the micro-scale is here retained explicitly in the form of a micro-kinematical
extension of the macroscopic motion. A Taylor series expansion on the latter then provides
the leading-order contribution and its gradients, while additional fluctuation fields are
introduced on the micro-scale to represent the local heterogeneity.

Based on an energetic averaging assumption and vanishing mean fluctuations, a unified
variational form provides a coupled macro-micro system including appropriate boundary
conditions for the RVE. From this variational principle, the macro-scale equilibrium
equations and the micro-scale fluctuation problem are derived simultaneously. The
macroscopic first and higher order stresses emerge naturally from the energetic averages
over the RVE, underlining the influence of micro-stress heterogeneity and the presence
of second gradients at the macro-scale. Therefore, the formulation yields a higher-order
generalization of classical homogenization concepts, presenting in detail dependencies of
the macroscopic response not only on the average deformation but also on its gradients,
directly related to the geometry and material behavior of the microstructure.

Special ansatz functions may be introduced exclusively for the macro-anchored fluctuation
part, whereas all remaining parts and fields are discretized directly by the isogeometric for-
mulation. When employed, these ansatz functions enable recovery of classical formulations
by replacing the continuous macro-micro coupling with a reduced point-wise association,
which in turn gives rise to a characteristic block structure allowing the optional separation
of macroscopic and microscopic degrees of freedom. The smoothness of the NURBS basis
functions is again exploited to approximate second-order fields and to enforce micro-scale
boundary conditions efficiently.

A central contribution of this part is the analysis and exploitation of this block structure
for efficient nonlinear solution strategies. The generalized scheme proposed here performs
a null-space reduction of the micro-scale degrees of freedom such that the fluctuation fields
are condensed at the RVE level. This induces a clear algorithmic separation in which the
macroscopic problem is solved first and the micro-scale is updated afterward. Importantly,
this reduction does not require the micro-scale equilibrium to be enforced within every
macro-scale iteration. Instead, different schemes, including monolithic and fully nested
FE2-type or partially staggered procedures can all be interpreted as special cases of this
unified framework.

Numerical experiments show that the proposed multi-scale formulation reproduces reference
solutions for benchmark problems with high accuracy. In particular, the RVE studies
confirm the expected behavior under different boundary conditions and highlight the role of
second-order contributions for capturing non-local effects. Moreover, the problem solution
simultaneously on both scales within a unified global scheme leads to a substantial reduction
of overall computational cost compared to classical staggered approaches, while remaining
compatible with additional acceleration techniques such as multigrid algorithms.

Taken together, these findings demonstrate that the continuous higher-order multi-scale
framework developed in this thesis, based on dimension expansion, energetic averaging
and unique IGA treatment provides a versatile and efficient tool for the analysis of
heterogeneous materials.
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7.2 Qutlook

The contributions of this thesis open several directions for further research. On the
modeling side, the present work has focused primarily on elastic responses. Extending
the higher-order continuum formulations and the continuous multi-scale framework to
inelastic behavior, such as plasticity, viscoelasticity and damage, is a natural next step. In
particular, combining second-gradient effects with phase-field or other regularized damage
models appears promising for the simulation of failure in fiber-reinforced composites and
architectured materials.

Extensions of the embedded fiber and beam frameworks towards more complex mi-
crostructures can be made, like spherical point-wise inclusions, formulations for woven
or braided textiles and three-dimensional lattice or truss-like architectures. The static
condensation procedure derived here provides a systematic way to translate such discrete
micro-architectures into effective higher-order continuum descriptions, but additional work
is needed to calibrate and validate these models for realistic industrial configurations.

On the numerical side, adaptive strategies and model reduction techniques merit further
investigation. Error estimators tailored to higher-order continua and multi-scale problems
could guide local refinement on the macro- and micro-scale and reduce computational
effort where the microstructure has a weak influence. Reduced-order or surrogate models
for the RVE problems, possibly combined with machine learning techniques, could further
accelerate the evaluation of the effective response in large-scale simulations.

The integration of the proposed methods into engineering design workflows remains
an open task. This especially includes inverse problems for designing and optimizing
microstructures or topology in general based on macro-scale loading conditions. This
is particularly attractive in the context of additive manufacturing and the design of
mechanical meta-materials.

Finally, a systematic validation of the proposed models against experimental data is
essential to assess their predictive capabilities and to identify their limitations. Although
the numerical investigations in this thesis indicate that the higher-order and multi-scale
formulations behave as expected in a range of benchmark scenarios, their application
to real materials and structures will inevitably reveal additional challenges, such as
parameter identification, variability of microstructures and the interaction of multiple
physical fields.

In conclusion, the thesis has shown that higher-order continuum models derived from
embedded slender structures and continuous higher-order multi-scale formulations based
on dimension expansion form a coherent and effective toolbox for the analysis of mi-
crostructured materials. The combination with IGA provides the necessary numerical
machinery to realize these concepts in practice. The results obtained here provide a solid
basis for future extensions towards more complex material behavior, richer microstructures
and large-scale engineering applications.
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