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Abstract

In this thesis, we investigate non-Markovian dynamics across various physical sce-
narios, categorized into bosonic and finite spin baths, and apply these findings to
the metrological task of quantum thermometry and the fundamental problem of
quantum memory detection.

To begin, we explore non-Markovian dynamics of few-level giant atoms coupled to
surface acoustic waves (SAWs), focusing on two-level and Λ-type three-level systems.
With single-phonon excitation at zero temperature, we derive analytical solutions
showing strong memory effects due to phonon-mediated self-feedback. Extending
to finite temperatures, we study numerically thermal effects on non-Markovian
behavior in two-level atoms. Comparing zero-temperature results with analytical
solutions, we identify the most suitable numerical approach for simulating the
dynamics at finite temperatureand show that non-Markovianity can persist at finite
temperatures.

Next, we apply the solutions for non-Markovian dynamics in two- and three-level
giant atom systems to quantum memory detection. We introduce a criterion for the
quantumness of memory approach based on the classical memory concept, refor-
mulating it as a convex optimization problem. Additionally, we propose a metric to
quantify the difference between the quantum memory required for a process and its
classical memory counterpart. This framework can be extended to high-dimensional
systems beyond qubits or two-level atom systems. By using the proposed method,
we demonstrate that classical memory fails to describe spontaneous emission in
these systems at zero temperature. Finally, we outline an experimental approach for
detecting quantum memory in giant atoms.

Moving forward, we shift the focus on non-Markovian pure dephasing of a single or
few central spins embedded in a finite spin bath, introducing a spin-lattice model to
efficiently simulate the reduced system dynamics. We begin by investigating a single
spin’s behavior in uncorrelated and correlated spin baths, examining non-Markovian
dephasing effects. The model is also applied to two case studies: entangled spins
in a 2D lattice interacting with an evolving environment, and two nuclear spins in
an organic molecule interacting with a thermal spin bath at finite temperatures for
NMR applications.
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Lastly, we employed the spin-lattice model to investigate non-Markovian phase
thermometry, a non-invasive method in which a quantum spin probe interacts with
a system, like a 2D Ising spin lattice, to estimate its temperature by observing the de-
phasing dynamics. As the system under consideration undergoes a phase transition,
we evaluated the thermometric performance in the vicinity of the phase transition,
utilizing the quantum Fisher information (QFI) to quantify the precision.
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Zusammenfassung

In dieser Dissertation untersuchen wir nicht-Markovsche Dynamiken in verschiede-
nen physikalischen Szenarien, die in bosonische und endliche Spin-Bäder kate-
gorisiert sind, und wenden diese Erkenntnisse auf die metrologische Aufgabe der
Quantenthermometrie und das grundlegende Problem der Quantenspeicherdetektion
an.

Zunächst erforschen wir die nicht-Markovsche Dynamik von Few-Level-Riesenatomen,
die an akustische Oberflächenwellen (SAWs) gekoppelt sind, wobei der Schwerpunkt
auf Zwei-Level- und Λ-Typ-Drei-Level-Systemen liegt. Mit Single-Phonon-Anregung
bei Temperatur Null leiten wir analytische Lösungen ab, die starke Gedächtniseffekte
aufgrund von phonon-vermitteltem Selbst-Feedback zeigen. Bei Ausdehnung auf
endliche Temperaturen untersuchen wir numerisch die thermischen Effekte auf
das nicht-Markovsche Verhalten in Zwei-Level-Atomen. Durch den Vergleich der
Ergebnisse bei Temperatur Null mit analytischen Lösungen identifizieren wir den am
besten geeigneten numerischen Ansatz zur Simulation der Dynamik bei endlicher
Temperatur und zeigen, dass die Nicht-Markovianität bei endlichen Temperaturen
bestehen bleiben kann.

Als nächstes wenden wir die Lösungen für die nicht-Markovsche Dynamik in Zwei-
und Drei-Level-Riesenatomsystemen auf die Quantenspeicherdetektion an. Wir
führen ein Kriterium für die Quantenhaftigkeit des Gedächtnisansatzes ein, das auf
dem klassischen Gedächtniskonzept basiert und es als konvexes Optimierungsprob-
lem neu formuliert. Zusätzlich schlagen wir eine Metrik vor, um den Unterschied
zwischen dem für einen Prozess erforderlichen Quantengedächtnis und seinem
klassischen Gegenstück zu quantifizieren. Dieser Rahmen kann auf hochdimension-
ale Systeme jenseits von Qubits oder Zwei-Level-Atom-Systemen erweitert werden.
Mit der vorgeschlagenen Methode zeigen wir, dass das klassische Gedächtnis die
spontane Emission in diesen Systemen bei Temperatur Null nicht beschreiben kann.
Schließlich skizzieren wir einen experimentellen Ansatz zur Detektion von Quan-
tengedächtnis in Riesenatomen.

Im weiteren Verlauf verlagern wir den Fokus auf die nicht-Markovsche reine De-
phasierung eines einzelnen oder weniger zentraler Spins, die in ein endliches Spin-
Bad eingebettet sind, und führen ein Spin-Gitter-Modell ein, um die reduzierte
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Systemdynamik effizient zu simulieren. Wir beginnen mit der Untersuchung des
Verhaltens eines einzelnen Spins in unkorrelierten und korrelierten Spin-Bädern und
untersuchen nicht-Markovsche Dephasierungseffekte. Das Modell wird auch auf
zwei Fallstudien angewendet: verschränkte Spins in einem 2D-Gitter, die mit einer
sich entwickelnden Umgebung interagieren, und zwei Kernspins in einem organis-
chen Molekül, die mit einem thermischen Spin-Bad bei endlichen Temperaturen für
NMR-Anwendungen interagieren.

Schließlich verwendeten wir das Spin-Gitter-Modell, um die nicht-Markovsche
Phasenthermometrie zu untersuchen, eine nicht-invasive Methode, bei der eine
Quantenspinsonde mit einem System, wie einem 2D-Ising-Spin-Gitter, interagiert,
um seine Temperatur durch Beobachtung der Dephasierungsdynamik abzuschätzen.
Da das betrachtete System einen Phasenübergang durchläuft, bewerteten wir die
thermometrische Leistung in der Nähe des Phasenübergangs unter Verwendung der
Quanten-Fisher-Information (QFI), um die Präzision zu quantifizieren.
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Introduction 1
„The true sign of intelligence is not knowledge but

imagination.

— Albert Einstein

The study of open quantum systems, where a quantum system interacts with its
surrounding environment, is central to understanding the complex dynamics that
govern quantum behavior in real-world scenarios. In idealized conditions, quantum
systems are often assumed to evolve in isolation, governed by the Schrödinger
equation. However, in practice, quantum systems are rarely, if ever, perfectly iso-
lated. Environmental interactions induce dissipation and decoherence, which disrupt
quantum coherence—the essential feature that distinguishes quantum systems from
classical ones [187, 237]. These effects impose substantial challenges for implement-
ing and controlling quantum technologies [20, 164], including quantum computing
[128, 197], quantum communication [68, 82], and quantum sensing [56, 64].

Therefore, understanding the dynamics of open quantum systems is crucial for
advancing both our fundamental knowledge of quantum behavior and the practical
application of quantum technologies. By studying how quantum systems interact
with their environments, we can better manage dissipation and decoherence, ul-
timately improving the reliability and efficiency of quantum technologies [14, 29,
216].

Traditionally, the dynamics of open quantum systems have been modeled within the
Markovian approximation, where the environment is assumed to have no memory
[20, 222]. In this framework, once information is lost to the environment, it
does not return to the system. While this approach has been widely used due to
its mathematical simplicity and applicability to many systems, it fails to capture
important features of real-world interactions, where memory effects and temporal
correlations between the system and its environment play a crucial role. These
memory effects lead to non-Markovian dynamics, where the system’s evolution is
influenced not only by the current state of the system but also by its past history [22,
180].
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The investigation of non-Markovian dynamics has gained significant interest in
recent years, driven by the increasing accessibility of proof-of-principle experiments,
primarily operating at radio or microwave resonance frequencies. Relevant platforms
include superconducting circuits, where Josephson loops function as artificial atoms
interacting with microwave or acoustic waveguide radiation [94, 121], quantum
transport systems [219], spin lattice models [165, 167], optomechanical systems
[85, 132, 135, 192], and photonic simulators [12, 41, 137].

In addition, non-Markovian dynamics have attracted widespread attention in various
areas, including the implementation of quantum heat engines within quantum ther-
modynamics [73, 163], the investigation of energy excitation transfer in quantum
biological systems [38], and the study of photosynthetic complexes [37], where
memory effects are fundamental to understanding system behavior. Moreover, non-
Markovianity is increasingly regarded as a valuable resource in quantum information
processing, offering distinct advantages in maintaining quantum coherence [10,
200], enhancing quantum control [6, 60, 135], and improving error correction [175,
215].

Theoretical methods for addressing non-Markovian dynamics encompass perturba-
tion expansions beyond the weak-coupling regime [21, 35, 127], trajectory-based
approaches [62, 116, 201], collision-model techniques [44, 45, 126], and a variety
of numerical methods [133, 199, 205, 206]. Each of these methods has its own
strengths and limitations, making them suitable for different scenarios.

This thesis aims to explore non-Markovian dynamics across various physical systems
by combining existing techniques. These systems include artificial giant atoms
coupled to surface acoustic waves [4, 94], NV centers interacting with nearby charge
spins [1, 57, 89, 112, 113, 181], and Rydberg atoms interacting with neighboring
atoms [8, 13, 24, 86]. Moreover, we examine how these dynamic models can be
applied to enhance temperature estimation accuracy in quantum thermodynamics
[55, 152] and quantum memory detection [7, 81, 154, 162, 208]. To lay the
groundwork for this, Chapter 2 introduces key concepts and mathematical tools
necessary for understanding the results presented in subsequent chapters.

In Chapter 3, we investigate the dynamics of few-level giant atoms, focusing on
two-level and Λ-type three-level systems. We derive the exact solution for the non-
Markovian dynamics of two-level giant atoms at zero temperature, using it as a
benchmark to evaluate standard methods for open quantum system dynamics. By
comparing these methods with the exact solution, we assess their effectiveness in
capturing non-Markovian effects arising from time-delayed self-interaction. Based
on this comparison, we identify the most accurate method and apply it to study the
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finite-temperature dynamics of giant atoms. Additionally, we extend our analysis to
three-level giant atoms, particularly in relation to spontaneous emission.

In Chapter 4, we build on the previous chapter and explore the use of non-Markovian
dynamics in two- and three-level giant atoms for quantum memory detection. No-
tably, we propose a new approach based on the classical memory definition and
reformulate it as a convex optimization problem. Furthermore, we introduce a
metric to quantify the discrepancy between the quantum memory required for a
process and its classical memory counterpart. Finally, we demonstrate the detection
of quantum memory within the non-Markovian dynamics of giant atoms.

Chapter 5 introduces a spin-lattice model that enables the study of non-Markovian
pure dephasing in central spins embedded in finite spin baths. In this model, an
adjacency matrix is used to encode all the accumulated phases from historical
interactions, allowing for efficient simulation of the reduced system dynamics. We
examine two exemplary scenarios: a two-dimensional, partially filled lattice with
hopping and nearest-neighbor interactions and a practical rigid molecular structure
with fixed positions and long-range interactions that depend on the distance.

Finally, in Chapter 6, we use the spin-lattice model from the previous chapter to
study non-Markovian phase thermometry. This is a non-invasive method where a
quantum spin probe interacts with either a small part of the system or the entire
system, such as a two-dimensional Ising spin lattice, to measure the temperature by
observing its dephasing dynamics. The model from the previous chapter provides a
clear framework to describe and analyze this dephasing behavior. Additionally, we
consider the effect of a phase transition in the system, which can help improve the
accuracy of temperature estimation, measured by the Quantum Fisher Information
(QFI).

In summary, this thesis seeks to advance both the foundational and applied aspects
of non-Markovian dynamics of open quantum systems.
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Open quantum system theory 2
In this chapter, we present the fundamental concepts and formalisms in the theory of
open quantum systems that form the basis for the considerations in the subsequent
chapters. We start by outlining the general framework of open quantum systems,
accompanied by a brief discussion of key concepts such as the evolution of the
reduced density matrix, dynamical maps, and the distinctions between Markovian
and non-Markovian dynamics. Building on these foundations, we introduce the
perturbative master equation as a tool for describing non-Markovian dynamics.
Finally, we present the numerical methods essential for investigating non-Markovian
systems that allow for the simulation of complex dynamics in cases where analytical
solutions are unattainable.

2.1 Open systems and non-unitary dynamics
In quantum mechanics, the state of a system is represented by a wave function |ψ⟩,
which encodes all the essential information about the system. The time evolution of
the wave function is determined by the Schrödinger equation

d|ψ(t)⟩
dt

= − i

ℏ
Ĥ|ψ(t)⟩, (2.1)

where Ĥ is the Hamiltonian of the system, which may depend on time due to
external driving fields. When the system is in a statistical mixture of states, or its
exact state is unknown, it is described by a density operator

ρ =
∑

i

pi|ψi⟩⟨ψi|, (2.2)

where pi represents the probability that the system is in the state |ψi⟩. The evolution
of the density operator is governed by the Liouville-von Neumann equation

dρ(t)
dt

= − i

ℏ
[Ĥ, ρ(t)]. (2.3)

Systems described by Eq. (2.3) exhibit unitary dynamics. However, in practice, most
quantum systems interact with their environment, making them open quantum
systems. This interaction causes the system’s evolution to become non-unitary. The
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study of open quantum systems is fundamental for understanding how quantum
systems behave in realistic settings, where processes like decoherence and dissipation
play a crucial role.

To model an open quantum system S, it is often viewed as a part of a larger composite
system that includes both S and its environment B. The environment is typically
chosen to be much larger than the system, such as a reservoir with infinitely many
degrees of freedom. Although covering the full system dynamics may not be feasible
due to the vast size of the environment, it is often possible to extract the essential
system dynamics under certain assumptions, especially in the weak coupling regime.
The total system, comprising the open system and its environment, remains closed
and its unitary dynamics is governed by the microscopic Hamiltonian with a general
form

Ĥ = ĤS + ĤB + ĤI , (2.4)

where ĤS and ĤB are the Hamiltonians of the system and the environment, re-
spectively, and ĤI is the interaction Hamiltonian that couples the system and the
environment. The time evolution of the global system is still unitary and described
by the Liouville-von Neumann equation

dρ(t)
dt

= − i

ℏ
[Ĥ, ρ(t)]. (2.5)

The formal solution to it is given by ρ(t) = Û(t)ρ(0)Û †(t), where the unitary time-
evolution operator Û(t) = exp (−iĤt/ℏ), which evolves the composite system from
its initial state to the state at a given time moment t. Here, we assume the total
Hamiltonian to be time-independent.

To derive the reduced dynamics of the open system S, we trace out the environmental
degrees of freedom from the total density matrix ρ(t), resulting in the reduced density
matrix

ρS(t) = trB{ρ(t)} = trB{Û(t)ρ(0)U †(t)}. (2.6)

By inserting the unitary operator into the right-hand side of the equation and
expanding it, one could find that the resulting solution is not closed, making it
unhelpful for obtaining a final description. Here we mainly analyze the concepts
and the approaches to describe the system dynamics that will be discussed in later
sections in detail.

2.1 Open systems and non-unitary dynamics 5



2.2 Quantum dynamical maps
In open quantum systems, the quantum dynamical map is a fundamental concept
for describing the system’s evolution under environmental interactions. To introduce
this concept, we first consider an initially uncorrelated system-environment state,
given by ρ(0) = ρS(0) ⊗ ρB(0). The time evolution of the reduced density matrix, as
obtained from (2.6), is expressed as

ρS(t) = trB{Û(t)ρS(0) ⊗ ρB(0)Û †(t)}. (2.7)

This naturally leads to the definition of a linear map acting on the system’s state
space S(HS)

E(t) : S(HS) → S(HS), (2.8)

which governs the transformation of the initial system state ρS(0) into the corre-
sponding state ρS(t) at time t

ρS(0) 7→ ρS(t) = E(t) [ρS(0)] . (2.9)

2.2.1 Kraus representation

For a fixed initial environmental state ρB(0), the dynamical map can be expressed in
terms of its Kraus decomposition [124]

E(t) [ρS(t)] =
∑

α

K̂α(t)ρS(t0)K̂†α(t), (2.10)

where the index α = {i, j} and the Kraus operators

K̂{i,j}(t) = √
qi⟨ψi|Û(t)|ψj⟩ (2.11)

satisfy the completeness relation

∑
i

K̂†i (t)K̂i(t) = 11. (2.12)

Here, we have used the spectral decomposition of the initial environmental state,
ρB(0) =

∑
i qi|ψi⟩⟨ψi|. The Kraus operators encapsulate the effects of the envi-

ronment on the open system, incorporating phenomena such as decoherence and
dissipation.

From the decomposition, it is straightforward to verify that the linear dynamical
map (2.10) is Hermitian, trace-preserving, and positive, meaning it maps positive
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operators to positive operators. Consequently, E(t) ensures that physical states
are mapped to physical states. Another key property of the dynamical map E(t) is
that it is not only positive but also completely positive (CPTP) [164]. This property
guarantees that the map remains positive not only for the system it directly acts upon
but also for any larger system that includes the original system as a subsystem.

2.2.2 Choi-Jamiołkowski isomorphism

An alternative approach to characterizing quantum dynamical maps is provided by
the Choi-Jamiołkowski (CJ) isomorphism [115, 144], which establishes a funda-
mental correspondence between CPTP maps and density operators of a composite
system SA. Here, A is an auxiliary system of the same dimension d as S, and the cor-
responding density operator is known as the Choi state. To construct the Choi state,
the map is applied to one part of a maximally entangled state |Ψ+⟩ in the extended
Hilbert space HS ⊗ HA, where the auxiliary space HA has the same dimension as
HS [164, 179]. The maximally entangled state is given by

|Ψ+⟩ = 1√
d

d∑
i=1

|i⟩S ⊗ |i⟩A, (2.13)

where {|i⟩} forms an orthonormal basis for both HS and HA, with d = dim(HS).
The Choi state E(t) associated with the dynamical map E is then defined as

E(t) = (11 ⊗ E)
(
|Ψ+⟩⟨Ψ+|

)
= 1
d

d∑
i,j=1

|i⟩A⟨j| ⊗ ES (|i⟩S⟨j|) . (2.14)

A map E is said to be completely positive if the extended map (11 ⊗ E) preserves
positivity. This ensures that the map remains physically valid even when applied
to a subsystem of a larger entangled system, making complete positivity a stricter
condition than mere positivity. Thus, complete positivity is a stronger condition than
mere positivity, guaranteeing that not only all physical states of S evolve into valid
physical states, but also that any physical state of the extended system SA is mapped
to a legitimate physical state.

2.2.3 CP divisibility

By allowing t to vary over the time interval [0,T], where T can be either finite or
infinite, we obtain a family of dynamical maps parameterized by t

E = {E(t) | 0 ≤ t ≤ T, E(0) = 11}, (2.15)

2.2 Quantum dynamical maps 7



where 11 denotes the identity map. This family fully characterizes the time evolution
of all initial states of the open system within the given time interval, providing a
comprehensive description of its dynamics.

Given inverse map E−1 exists for all time t in the considered time interval, one could
always decompose the map at time t into intermediate steps as follows

E(t) = E(t, s) ◦ E(s, 0), ∀s ∈ [0, t]. (2.16)

This property is referred to as divisibility [179, 180]. If the intermediate map E(t, s)
is positive for all intermediate times s, the family of dynamical maps is said to
be P-divisible, indicating that the evolution preserves positivity. However, if the
map E(t, s) is completely positive for all 0 ≤ s ≤ t, the dynamics is classified as
CP-divisible [23, 179].

2.3 Markovian versus non-Markovian dynamics
A quantum process is classified as Markovian if its evolution is CP-divisible, meaning
that the intermediate dynamical map E(t, s) remains completely positive for all 0 ≤
s ≤ t. This condition ensures a memoryless process, where information transferred to
the environment does not return to the system [180]. From a differential perspective,
Markovian evolution is governed by a time-local master equation of the Lindblad
form [134, 148]

d

dt
ρS(t) = L(t)ρS(t), (2.17)

where the generator L(t) has the Gorini-Kossakowski-Sudarshan-Lindblad (GKSL)
form

L(t) = − i

ℏ

[
ĤS , ρS(t)

]
+
∑

k

γk(t)
(
L̂kρS(t)L̂†k − 1

2{L̂kL̂
†
k, ρS(t)}

)
, (2.18)

with non-negative decay rates γk(t) for all times. This form of dynamics typically
arises in weakly interacting systems coupled to large, unstructured environments at
or near thermal equilibrium, where individual interactions average out, resulting in
a net one-way dissipation of information [20, 23, 180].

Non-Markovian dynamics, in contrast, exhibit memory effects due to the breakdown
of CP-divisibility in the dynamical map [22, 180]. If the intermediate map E(t, s)
is positive (P-divisible) but not completely positive, the evolution is no longer
CP-divisible, indicating the presence of reversibility or feedback in the system’s
dynamics. This breakdown results in information backflow from the environment,
meaning that previous interactions influence the future evolution of the system [22,
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180]. Consequently, the dynamical map can no longer be described as a simple,
memoryless process. Instead, the system’s evolution is typically governed by a
time-dependent master equation, where the decay rates may temporarily become
negative [20, 23].

A thorough understanding of non-Markovian dynamics has significant potential
for advancing quantum technologies [102, 140, 141]. Systems that exhibit non-
Markovian behavior can maintain coherence for extended periods [139, 153], fa-
cilitate error correction [175, 215], and support entanglement preservation [204,
209, 232] etc. In the following, we explore different approaches and techniques for
describing the non-Markovian dynamics of open quantum systems.

2.4 Non-Markovian master equations
A fundamental method for describing such dynamics involves deriving the master
equation governing the evolution of the system’s reduced density matrix, ρS(t). This
section presents some of the most relevant master equations used to model open
quantum system dynamics.

2.4.1 Nakajima-Zwanzig master equation

To rigorously describe the dynamics of open quantum systems, where the system
interacts with an external environment, it is crucial to employ techniques that
describe the reduced system dynamics independently. One of the most effective
methods is the Nakajima-Zwanzig projection operator technique, which provides
a systematic framework for deriving the exact master equation that governs the
evolution of the reduced density matrix [159, 238].

The projection operator technique begins by defining a projection operator P as
follows

Pρ(t) = ρS(t) ⊗ ρB(0), (2.19)

which projects the state onto the relevant subspace, with its complementary projector
Q = 1 − P projecting onto the irrelevant part.

Starting from the global system Hamiltonian (2.4), we analyze the system dynamics
in the interaction picture with respect to the free Hamiltonians. In this picture, the
global state and interaction Hamiltonian take the following forms

ρ̃(t) = ei(ĤS+ĤB)t/ℏρ(t)e−i(ĤS+ĤB)t/ℏ, (2.20)

H̃I(t) = ei(ĤS+ĤB)t/ℏĤIe
−i(ĤS+ĤB)t/ℏ. (2.21)
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and the von-Neumann equation for the whole system is given by

d

dt
ρ̃(t) = − i

ℏ

[
H̃I(t), ρ̃(t)

]
= L(t)ρ̃(t). (2.22)

This formulation simplifies the analysis by isolating the effects of the interaction
from the free evolution of the system and environment.

Applying the defined projector and its complement P + Q = 11 on both sides of
Eq. (2.22), we can obtain the equation of motion for P ρ̃(t) and Qρ̃(t) as follows

d

dt
P ρ̃(t) = PL(t)P ρ̃(t) + PL(t)Qρ̃(t), (2.23)

d

dt
Qρ̃(t) = QL(t)P ρ̃(t) + QL(t)Qρ̃(t). (2.24)

In order to obtain the above two equations, we also used the indentity P + Q = 11
and insert it between Liouville operator and the density matrix. To get a closed
equation for the relevant part of the density matrix, we firstly solve Eq. (2.24)
formally and substitute into Eq. (2.23). The formal solution of Eq. (2.24) reads

Qρ̃(t) = G(t, 0)Qρ̃(0) +
∫ t

0
dsG(t, s)QL(s)P ρ̃(s), (2.25)

where the propagator G(t, s) is defined as

G(t, s) = T← exp
(∫ t

s
ds′QL(s′)

)
. (2.26)

The symbol T← indicates the chronological time ordering. Substituting the expres-
sion for Qρ(t) into the equation of motion of the relevant part of the state Eq. (2.23)
yields the generalized master equation for P ρ̃(t)

d

dt
P ρ̃(t) = PL(t)P ρ̃(t) + PL(t)G(t, 0)Qρ̃(0)

+
∫ t

0
dsPL(t)G(t, s)QL(s)P ρ̃(s). (2.27)

For an uncorrelated initial state ρ(0) = ρS(0)⊗ρB(0), we have Qρ̃(0) = (1−P)ρ̃(0) =
0. Therefore, the equation simplifies to

d

dt
P ρ̃(t) = PL(t)P ρ̃(t) +

∫ t

0
dsKNZ(t, s)P ρ̃(s), (2.28)

with the memory kernel

KNZ(t, s) = PL(t)G(t, s)QL(s). (2.29)
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The generalized master equation derived here is called Nakajima-Zwanzig projection
formalism and is exact, although calculating KNZ(t, s) is often complicated or impos-
sible exactly. Nevertheless, this framework is the basis for systematic approximations.
For instance, a second-order perturbative expansion in the coupling strength leads to
the master equation under the Born approximation [20]. Despite the simplifications
from perturbative methods, the resulting equation remains an integro-differential
form that can be challenging to solve. This can be alleviated by employing the
time-convolutionless projection operator technique, which will be discussed next.

2.4.2 Time-convolutionless master equation

The basic idea of time-convolutionless (TCL) projection operator technique is to
remove the memory kernel from the Eq. (2.28) by introducing the backward propa-
gator of the composite system which is defined as [35, 191]

G̃(t, s) = T→ exp
(

−
∫ t

s
ds′L(s′)

)
, (2.30)

and T→ indicates the antichronological time ordering. The following involves using
the backward propagator to replace the state ρ̃(s) on the right-hand side of the
formal solution for Qρ̃(t) in Eq. (2.25)

Qρ̃(t) = G(t, 0)Qρ̃(0) +
∫ t

0
dsG(t, s)QL(s)PG̃(t, s) (P + Q) ρ̃(t). (2.31)

Since the integration in Eq. (2.28) arises from solving the irrelevant part Qρ̃(t),
introducing the backward propagator at this stage provides a systematic approach
to eliminating the memory kernel. Then we can regroup Eq. (2.31) and obtain

Qρ̃(t) =
∫ t

0 dsG(t, s)QL(s)PG̃(t, s)
1 −

∫ t
t0
dsG(t, s)QL(s)PG̃(t, s)

P ρ̃(t) = Σ(t)
1 − Σ(t)P ρ̃(t), (2.32)

with Σ(t) =
∫ t

t0
dsG(t, s)QL(s)PG̃(t, s). As we can see, the solution explicitly de-

pends on time t which can be substituted into Eq. (2.23) to obtain the exact TCL
master equation

d

dt
P ρ̃(t) = PL(t)P ρ̃(t) + PL(t) Σ(t)

1 − Σ(t)P ρ̃(t) = KTCL(t)P ρ̃(t). (2.33)

The equation is local in time now. The generator KTCL(t) is defined as

KTCL(t) = PL(t)
[
1 − Σ(t)

]−1 =
∞∑

n=0
PL(t)Σn(t), (2.34)

2.4 Non-Markovian master equations 11



which exists if and only if 1 − Σ(t) is invertible. This form is the starting point for a
perturbative expansion of KTCL(t) in powers of the coupling strength [21].

2.4.3 Quantum Redfield master equation

The Redfield master equation is widely used to describe open quantum systems in
the weak coupling regime, particularly with bosonic baths modeled by harmonic
oscillators [20, 177, 222]. To derive the Redfield master equation for the reduced
state, we start with the Nakajima-Zwanzig projection formalism (2.28). Additionally,
we apply the assumption

[
ĤB, ρB(0)

]
= 0, which leads to the result that

PL(t)P ρ̃(t) = 0. (2.35)

With these considerations and in the lowest order of the coupling strength, we obtain
the following expression (in the interaction picture).

d

dt
ρ̃S(t) = − 1

ℏ2

∫ t

0
dstrB{

[
H̃I(t),

[
H̃I(s), ρ̃S(s) ⊗ ρB(0)

]]
}, (2.36)

which is known as the master equation in Born approximation. The initial product
state ρ(0) = ρS(0) ⊗ ρB(0) has been assumed.

For the microscopic model, the bosonic environment is generally modeled as linear
harmonic oscillators with bath Hamiltonian ĤB =

∑
λ ℏωλa

†
λaλ. The interaction

between system and environment is also considered as linear coupling with the
interaction Hamiltonian H̃I(t) = ℏL̃(t) ⊗ B̃(t) in the interaction picture, where
the typical bath operator is defined as B̃(t) =

∑
λ

(
g∗λa
†
λe

iωλt + gλaλe
−iωλt

)
with

the environmental modes indexed by λ. The coupling constants gλ account for the
individual coupling strength between the system and the discrete mode characterized
by frequency ωλ. Note that the coupling operator L̃(t) is generally considered to
be Hermition. Under these conditions, the equation governing the evolution of the
system’s density operator becomes

d

dt
ρ̃S(t) = −

∫ t

0
dt′{C(t− t′)

[
L̃(t), L̃(t′)ρ̃S(t′)

]
+ h.c.}, (2.37)

with the bath correlation function (BCF) C(s) = trB{B̃(t)B̃(t + s)ρ̃B(0)}. In the
case of a thermal environment, the initial bath state is taken to be the Gibbs state,
ρ̃B(0) ∼ e−βĤB with the inverse bath temperature β = ℏ/kBT. Then the BCF has

C(s) = trB{B̃(t)B̃(t+ s)ρ̃B(0)} =
∑

λ

|gλ|2
[
2n̄(βωλ) cosωλs+ e−iωλs], (2.38)
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where n̄ (βωλ) = 1/
(
eβωλ − 1

)
denotes the Bose-Einstein distribution.

In the case of a continuous environment, the discrete set of environmental modes
transitions to an infinite collection, leading to a dense distribution of frequencies ωλ.
In this limit, the sum over λ is approximated by an integral

∑
λ |gλ|2 →

∫∞
0 dωJ(ω),

which gives rise to the definition of the spectral density (SD). Here, the coupling
strengths gλ are represented as a continuous function

J(ω) :=
∑

λ

|gλ|2δ(ω − ωλ). (2.39)

Consequently, for a continuous environment, the BCF takes the form

C(s) =
∫ ∞

0
dωJ(ω)

[
2n̄(βω) cosωs+ e−iωs]. (2.40)

When the BCF decays faster than the timescale of the system’s dynamics in the
interaction picture, we can approximate ρ(t′) ≈ ρ(t) inside the integral of Eq. (2.37).
Replacing t−t′ by τ and transforming back to Schrödinger picture, yield the following
evolution equation

d

dt
ρS(t) = − i

ℏ

[
ĤS , ρS(t)

]
−
∫ t

0
dτ{C(τ)

[
L̂, L̃(−τ)ρS(t)

]
+ h.c.}, (2.41)

where L̃(−τ) still remains in the interaction picture. To eliminate the time-dependent
coupling operator, it is useful to decompose the coupling operator L̂ in the following
manner:

L̂ =
∑
ω

L̂ω, (2.42)

where ω run over all the possible transition frequencies of the system and L̂ω is
written in terms of eigenstate projectors of ĤS |E⟩ = E|E⟩

L̂ω =
∑

E,E′:E−E′=ω

|E⟩⟨E|L̂|E′⟩⟨E′|. (2.43)

Consequently, for an operator L̂ in the interaction picture we can write

L̃(t) =
∑
ω

eiĤSt/ℏL̂ωe
−iĤSt/ℏ =

∑
ω

L̂ωe
−iωt. (2.44)

With this, Eq. (2.41) can be reexpressed as simpler form

d

dt
ρS(t) = − i

ℏ

[
ĤS , ρS(t)

]
+
∑
ω

χ(ω, t)
{ [
L̂ωρS(t), L̂

]
+ h.c.

}
. (2.45)
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with the time-dependent coefficients χ(ω, t) =
∫ t

0 dτC(τ)eiωτ . The derived Redfield
master equation does not inherently conform to the GKSL form, which means that
the positivity of the reduced density matrix is not assured in general. This can
result in unphysical states over time, such as negative probabilities. Nonetheless,
when the system-bath coupling is sufficiently weak and the BCF decays rapidly,
the approximations underlying the Redfield equation can be justified, making its
solutions valid within an acceptable margin of error. To ensure the reduced density
matrix always remains positive, additional approximations, such as the rotating
wave approximation or secular approximation, can be applied to bring the master
equation into GKSL form, the so called quantum optical master equation, thereby
preserving physicality at all times.

2.4.4 Quantum optical master equation

To derive the GKSL form, we take the Eq. (2.37) as starting point. Since the coupling
operator is Hermitian L̂† = L̂, we rewrite the L̃(t) = L̃†(t) =

∑
ω L̂
†
ωe

iωt and
L̃(t′) =

∑
ω′ L̂ωe

−iω′t′
. As before, for a sufficiently fast decaying BCF, the ρ̃S(t′) can

be approximated by ρ̃S(t). We also again replace the t − t′ by τ and the equation
has following form

d

dt
ρ̃S(t) =

∑
ω,ω′

{∫ t

0
dτC(τ)eiω′τei(ω−ω′)t

[
L̂ω′ ρ̃S(t), L̂†ω

]
+ h.c.

}

≈
∑
ω,ω′

ei(ω−ω′)tχ(ω′, t)
[
L̂ω′ ρ̃S(t), L̂†ω

]
+ h.c.. (2.46)

If the magnitude of χ(ω′, t) is comparable to the system-environment coupling
strength, which is generally much smaller than the transition frequency ω − ω′,
certain simplifications can be made. In quantum optics, for instance, the interaction
strength between an atom and light is much weaker than the optical mode frequency.
This causes the secular terms with ω ̸= ω′ to oscillate rapidly and average out to zero.
As a result, only the terms with ω = ω′ contribute meaningfully. This simplification
leads to the quantum optical master equation. Additionally, we can replace the
time-dependent coefficients χ(ω, t) with their asymptotic values χ′(ω) by considering
the limit as t → ∞, making them independent of time. Transforming back to the
Schrödinger picture yields the GKSL form

d

dt
ρS(t) = −i[ĤS/ℏ + χ′I(ω)L̂†ωL̂ω, ρS(t)]

+
∑
ω

{
χ′R(ω)

[
L̂ωρS(t), L̂†ω

]
+ h.c.

}
. (2.47)
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The terms χ′I(ω) and χ′R(ω) represent the imaginary and real parts, respectively.
The operators L̂ω denote the Lindblad operators. The asymptotic coefficients are
constant and positive, resulting in Markovian dynamics.

2.5 Numerical methods
When the coupling strength between a system and its environment extends be-
yond the weak coupling regime or when the dynamics involve significant feedback
mechanisms, traditional perturbative approaches become inadequate. Simulating
non-Markovian open quantum dynamics is inherently challenging due to the pro-
nounced memory effects, where the system’s evolution depends on its interaction
history with the environment.

To address these complexities, a range of advanced numerical methods have been
developed. These include the Hierarchical Equations of Motion (HEOM) [205,
207], Time-Evolving Matrix Product Operator (TEMPO) algorithms [133, 199],
and non-Markovian quantum state diffusion techniques [62, 63], among others.
Each of these methods provides distinct strengths and applicability based on the
system-environment characteristics. In this part, we mainly introduce the HEOM
method.

Again, consider the microscopic model of an arbitrary system with single bosonic
environment, the total system Hamiltonian reads

Ĥ = ĤS(t) +
∑

λ

ℏωλa
†
λaλ + ℏL̂⊗ B̂ (2.48)

with the system operator L̂ and the bath operator B̂ =
∑

λ

(
g∗λa
†
λ + gλaλ

)
. They are

linearly coupled to each other. The exact dynamics of the system in the interaction
picture with respect to ĤS(t) + ĤB can be derived in terms of the time-ordered
influence functional as [129, 142, 205, 207]

ρ̃S(t) = T exp
{

−
∫ t

0
dt2

∫ t2

0
dt1L̃(t2)×

[
CR(t2 − t1)L̃×(t1)

]
+ iCI(t2 − t1)L̃◦(t1)

}
ρ̃S(0). (2.49)

As one can see, the effect from the bath on the system is included the BCF C(s),
which is defined as Eq. (2.38) with the assumptions i.e., the initial product system-
environment state and the environment is initially thermal equilibrium state. Note
that the notation O×(t) and O◦(t) in the equation represent that they act to the
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right part as superoperators and are defined as O×(t)A =
[
O(t), A

]
and O◦(t)A ={

O(t), A
}

with the commutation and anti-commutation form, respectively.

The Eq. (2.49) is exact but still difficult to directly solve since it includes the time-
ordered exponential function with integrals inside. In order to get the exact solution,
one first decomposes the real and imaginary parts of BCF into the sum of exponential
functions as

CR(t) =
NR∑
k=1

cR
k e
−γR

k t,

CI(t) =
NI∑

k=1
cI

ke
−γI

kt, (2.50)

where cj
k and γj

k can be real or complex. Then one inserts them into Eq. (2.49) to
have

ρ̃S(t) = exp
{∫ t

0
dt2

∫ t2

0
dt1Φ×(t2)

∑
j=R,I

j∑
j=1

e−γj
k

(t2−t1)Ωj
k(t1)

}
ρ̃S(0), (2.51)

where we introduce the new superoperators defined as

Φ(t) = −iL̃(t)×,

ΩR
k = −icR

k L̃
×(t),

ΩI
k = cI

kL̃
◦(t). (2.52)

The purpose of these new superoperators is to simplify expressions as much as
possible and to avoid errors caused by imaginary and negative signs during deriva-
tions. Then one takes the first derivative of Eq. (2.51) and transforming back to
Schrödinger picture, we obtain

d

dt
ρS(t) = −iĤS(t)×ρS(t) + Ût ˙̃ρS(t)Û †t

= −iĤS(t)×ρS(t) + Φ(t)
∑

j=R,I

Nj∑
k=1

ÛtT
{∫ t

0
dτΩj

k(τ)e−γj
k

(t−τ)

× exp
[ ∫ t

0
dt2

∫ t2

0
dt1Φ(t2)

∑
j=R,I

Nj∑
k=1

Ωj
k(t1)e−γj

k
(t2−t1)

]}
ρ̃S(0)U †t ,

(2.53)

where Ût = exp
(
−iĤSt/ℏ

)
. Now we can consider the Eq. (2.53) as the starting

point and introduce the auxiliary density operators (ADOs). For instance, we can
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introduce the first order ADOs in the right-hand side of the equation, which leads
to

d

dt
ρS(t) = −iĤS(t)×ρS(t) + Φ(t)

∑
j=R,I

Nj∑
k=1

ρ
1jk

S (t). (2.54)

Repeatedly taking the time derivative of introduced ADOs, one ultimately finds the
following set of coupled differential equations

d

dt
ρn

S(t) =

−iĤ×S −
∑

j=R,I

Nj∑
k=1

njkγ
j
k

 ρn
S(t) − i

NR∑
k=1

cR
k nRkL̂

×ρ
n−

Rk
S

+
NI∑

k=1
cI

knIkL̂
◦ρ

n−
Ik

S (t) − i
∑

j=R,I

Nj∑
k=1

L̂×ρ
n+

jk

S (t), (2.55)

The multi-index n is given by n = (nR1, nR2, ..., nRNR , nI1, nI2, ..., nINI), where each
component njk is an integer within the range [0, Nc], Nc representing the cutoff
order for convergence. The state corresponding to (0, 0, . . . 0) describes the system
density matrix. Operators with non-zero indices, referred to as ADOs, have no direct

physical interpretation. The notation ρ
n±

jk

S (t) indicates an ADO with a specific index
either increased or decreased by one.

Using Eq. (2.55), the hierarchy can be truncated at certain level, allowing us to solve
the resulting finite set of coupled differential equations through efficient numerical
methods such as the Runge-Kutta method. Alternatively, the HEOM module in
QuTiP provides a convenient way to simulate the dynamics, offering built-in tools
for constructing and solving the hierarchy equations efficiently [129].

2.6 Conclusion
In this chapter, we introduced the essential concepts and formalism of open quantum
system theory, focusing on the non-unitary evolution that arises from a system’s
interaction with its environment. We discussed quantum dynamical maps, which
describe the time evolution of an open system, and serve as a foundation for defining
CP divisibility. This concept is key in distinguishing between Markovian and non-
Markovian dynamics, with the latter characterized by memory effects resulting from
environmental backaction.

Given that this thesis centers on non-Markovian dynamics, we explored various meth-
ods to describe them. We systematically derived analytical techniques, starting with
the Nakajima-Zwanzig projection method and followed by the time-convolutionless
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master equation. These methods allow for approximations that lead to the quan-
tum Redfield master equation, which is typically effective in describing dynamics
in the weak-coupling regime. In addition, we introduced the numerical HEOM
method, a powerful non-perturbative method capable of accurately capturing non-
Markovian effects. These discussions set the stage for the upcoming chapters, where
we examine both the theory and real-world applications of non-Markovian quantum
dynamics.
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Non-Markovian artificial giant
atom dynamics

3
In this chapter, we explore the dynamics of few-level giant atoms, artificial atoms
that interact with a acoustic waveguide at multiple points, focusing on two-level
and Λ-type giant atom systems. We begin by deriving the exact solution for the
non-Markovian dynamics of two-level giant atoms at zero temperature, providing a
critical benchmark for evaluating the accuracy of standard methods commonly used
in open quantum system studies. These methods, including the quantum Redfield
master equation and the hierarchy equation of motion method, are widely applied
to analyze open quantum dynamics across diverse regimes. By comparing their
predictions with the exact zero-temperature solution, we assess their capability to
capture non-Markovian effects arising from time-delayed self-interaction, rather than
from a structured environment or strong coupling. Building on this comparison, we
identify the effective approach from these methods and use it to investigate the finite-
temperature dynamics of giant atoms. Additionally, we extend our study to three-
level giant atom systems, offering deeper insights into their behavior, particularly
with respect to the spontaneous emission process. This chapter is based on the
Project [A].

3.1 Motivation
Superconducting qubits coupled to meandering transmission lines or surface acoustic
waves (SAWs) enable the realization of giant artificial atoms. Unlike conventional
atoms, which interact with a waveguide at a single localized point, giant atoms arise
when the spatial extent of the qubit exceeds the wavelength of the acoustic waves,
allowing them to couple to the waveguide at multiple distinct locations [4, 67, 119,
147, 211]. This spatially distributed coupling leads to several intriguing effects.
For instance, it results in frequency-dependent decay rates and Lamb shifts [77],
the formation of bound states in the continuum [91, 92, 234], and nonreciprocal
single-photon scattering [235]. Moreover, giant atoms can be engineered to support
decoherence-free interactions [66, 123] and facilitate entanglement generation [185,
229–231]. An essential consequence of this extended structure is the emergence of
time-delayed self-interactions mediated by propagating phonons, leading to non-
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Markovian dynamics. Experimental evidence of this behavior has been observed
through non-exponential relaxation in these systems [4].

Despite the growing interest in giant atoms, accurately describing their dynamics
remains a significant theoretical challenge. While exact solutions for the dynamics
can be obtained under specific conditions, such as the rotating wave approximation
and the single-excitation regime at zero temperature [90], these solutions are limited
in their applicability. They cannot address more general cases involving thermal
environments, multiple excitations, or the strong-coupling regime. Consequently,
one of the primary objectives of this chapter is to find an efficient method capable of
tackling these broader scenarios. Furthermore, we also aim to investigate the impact
of memory effects on the spontaneous emission of higher-level giant atoms, such as
Λ-type three-level giant atoms.

This chapter begins by introducing the giant atom platform in Section 3.1, offering a
brief overview of its distinctive features and the physical model used to investigate
its non-Markovian dynamics. Section 3.2 presents an exact solution for the dynamics
of a two-level giant atom at zero temperature, derived under the single-excitation
assumption. This solution serves as a benchmark for assessing the accuracy of various
standard methods used to analyze open quantum system dynamics, including the
quantum Redfield master equation and the HEOM method. Through a systematic
comparison, we highlight the limitations of the Redfield approach in capturing
non-Markovian effects and demonstrate the accuracy and robustness of the HEOM
method. Section 3.3 expands the HEOM framework to explore the dynamics of giant
atoms at finite temperatures, providing valuable insights into the intricate interplay
between thermal effects and non-Markovian behavior. Lastly, Section 3.4 shifts the
focus to the spontaneous emission dynamics of higher-level giant atoms, such as Λ-
type three-level systems. This investigation delves deeper into the behavior of multi-
level giant atoms, emphasizing the influence of their structure and environmental
interactions on crucial processes like spontaneous emission. By examining these
aspects, we aim to enhance our understanding of the complex dynamics exhibited
by giant atoms in various settings.

3.2 The physical setup
In the experimental setup, the artificial atom is realized as a superconducting
transmon qubit, which consists of a superconducting quantum interference device
(SQUID) shunted by a large geometric capacitance. This configuration produces
an anharmonic energy spectrum characteristic of atomic systems, with tunability
achieved through the application of a magnetic flux [15, 122]. When coupled
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Fig. 3.1.: A giant atom couples to 1D surface acoustic waves via two contacts.

to surface acoustic waves (SAWs), the artificial atom is classified as a giant atom
because its physical size spans several SAW wavelengths [4, 94]. This results in
spatially distributed interactions, as opposed to the localized point-like coupling
typically observed in photonic systems. SAWs are efficiently generated on piezo-
electric substrates using interdigital transducers (IDTs), which convert electrical
signals into acoustic waves, and propagate freely over long distances, before and
after interacting with an atom in their path. With a propagation speed significantly
slower than that of electromagnetic waves (e.g., approximately 2900 m/s on a
GaAs substrate), SAWs allow for precise control in quantum experiments [95]. The
coupling between the artificial giant atom and SAWs is mediated by piezoelectric
interaction.

To study the dynamics of giant atom coupling to SAWs theoretically, one can model
the setup as a few-level system couple to 1D transmission line or waveguide with
left- and right- propagating waves via two contacts separated by a distance ∆x, as
illustrated in Fig. 3.1. We will first consider the case of the two-level giant atom
consisting of states |g⟩, |e⟩, which was realized experimentally [4]. The total system
Hamiltonian of atom and waveguide reads as

Ĥ = Ĥ0 + ℏ
∑

j=1,2

∫ ∞
0

dω

√
γ(ω)
π

cos
(
ωτ

2

) [
â†jω|g⟩⟨e| + âjω|e⟩⟨g|

]
, (3.1)

where the free Hamiltonian is given by

Ĥ0 = ℏω0|e⟩⟨e| +
∑

j=1,2

∫ ∞
0

dω ℏωâ†jωâjω. (3.2)

The ω0 is the transition frequency of the atom, γ(ω) is considered to be the frequency-
dependent coupling strength per contact and τ = ∆x/v is the delay time for memory
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effects to occur, determined by the sound velocity v in the waveguide. The phonon
mode operators at frequencies ω are denoted by âω, obeying [âω, â

†
ω′ ] = δ(ω − ω′).

3.3 Dynamics at zero temperature
SAWs typically have resonant frequencies in the gigahertz range, and achieving
a zero-temperature environment can be realized by cooling the system down to
temperatures on the order of tens of millikelvin [4, 94]. In this section, we investigate
the dynamics of two-level giant atoms in an environment at zero temperature using
different approaches and compare the outcomes. When the giant atom is resonantly
coupled to the SAWs, it is possible to derive an exact solution under the assumption
that only a single phonon is excited in the field.

3.3.1 Exact solution: probability amplitude method

To derive exact solution describing the dynamics of the giant atom system, we work
in the interaction picture with respect to the free Hamiltonian Ĥ0. The interaction
Hamiltonian in this picture is given by

ĤI(t) = ℏ
∑

j=1,2

∫ ∞
0

dω

√
γ(ω)
π

cos
(
ωτ

2

) [
â†jωe

−i(ω0−ω)t|g⟩⟨e| + âjωe
i(ω0−ω)t|e⟩⟨g|

]
.(3.3)

Given that the SAW modes are initially in the vacuum state and interact resonantly
with the atom, there can be at most a single phonon excitation present at any time t.
The global pure state of thus be described by the ansatz

|Ψ(t)⟩ =
∑

j=1,2

∫
dω αjω(t)a†jω|g, 0⟩ + e(t)|e, 0⟩ + g(0)|g, 0⟩, (3.4)

with the initial condition αω(0) = 0. The amplitude of the |g, 0⟩ component
remains constant in time, as ĤI(t)|g, 0⟩ = 0. Using the Schrödinger equation
iℏ∂t|Ψ(t)⟩ = ĤI(t)|Ψ(t)⟩, we obtain the coupled equations of motion for the proba-
bility amplitudes

ė(t) = −i
∑

j=1,2

∫ ∞
0

dω

√
γ(ω)
π

cos
(
ωτ

2

)
αjω(t)ei(ω0−ω)t, (3.5)

α̇jω(t) = −i

√
γ(ω)
π

cos
(
ωτ

2

)
e(t)e−i(ω0−ω)t. (3.6)
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By formally solving αω(t) and substituting the result into Eq. (3.5), we obtain an
integro-differential equation for the amplitude e(t)

ė(t) = −
∫ t

0
dt′C(t− t′)e(t′)eiω0(t−t′), (3.7)

where C(s) is the BCF of the SAW field at zero temperature, given by

C(s) = 1
π

∫ ∞
0

dω2γ(ω) cos2
(
ωτ

2

)
e−iωs, (3.8)

This result is valid for a SAW field with a generic spectral density, as no restrictive
assumptions have been made. The solution of e(t) can be found through a Laplace
transform or Fourier transform (need assume the boundary condition) and has the
form e(t) = G(t)e(0), where the function G(t) satisfies the equation

Ġ(t) = −
∫ t

0
dt′C(t− t′)G(t′)eiω0(t−t′), (3.9)

with initial condition G(0) = 1.

By means of the solution, the reduced density matrix of the giant atom can be
obtained by tracing over the field

ρS(t) = trf {|Ψ(t)⟩⟨Ψ(t)|} = E(t) [ρs(0)] =

ρee(t) ρeg(t)

ρge(t) ρgg(t)

 , (3.10)

with matrix elements have the following dynamics

ρee(t) = |G(t)|2ρee(0), (3.11)

ρeg(t) = G(t)ρeg(0), (3.12)

ρge(t) = G∗(t)ρge(0), (3.13)

ρgg(t) = ρgg(0) + (1 − |G(t)|2)ρee(0). (3.14)

These equations describe how the populations and coherences of the giant atom
evolve over time, governed by the function G(t). It is important to note that although
these equations have been derived assuming a pure product state, they are valid
for any initial state of the giant atom, whether pure or mixed. This generality
arises from the fact that any mixed state can be represented as a convex linear
combination of pure states, and the function G(t) is independent of the initial
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condition. Consequently, Eqs. (3.11)-(3.14) represent the exact dynamical map E(t),
which transforms the initial state ρS(0) into the state at time t

E(t) : ρS(0) 7→ ρS(t) = E(t) [ρS(0)] . (3.15)

Exact master equation in time-convolutionless form

The exact solution obtained in the previous section allows us to construct the exact
generator KTCL(t) of the time-convolutionless master equation (2.33)

d

dt
ρS(t) = KTCL(t)ρS(t), (3.16)

which governs the dynamics of the reduced density matrix. The generator KTCL(t)
can be obtained from the dynamical map E(t) using the following relation

KTCL(t) = Ė(t)E−1(t), (3.17)

provided the inverse map E−1(t) exists. Utilizing the expressions for the matrix
elements given in Eqs. (3.11)-(3.14), one can show that the generator KTCL(t)
takes the form

KTCL(t)ρS(t) = −ih(t) [σ̂+σ̂−, ρS(t)] + γ−(t)D [σ̂−] , (3.18)

where h(t) = −Im
[

Ġ(t)
G(t)

]
is the Lamb shift, which renormalizes the system energy,

and D [σ̂−] = 2σ̂−ρS(t)σ̂+ − {σ̂+σ̂−, ρS(t)} is the dissipator describing the spon-
taneous emission of the giant atom with a time-dependent decay rate γ−(t) =
−Re

[
Ġ(t)
G(t)

]
. If the decay rate γ−(t) becomes negative at any point in time, it indi-

cates that the system is exhibiting non-Markovian dynamics. Negative values of
γ−(t) correspond to processes such as reabsorption of previously emitted phonons
and recoherence of the giant atom. Transforming the master equation back to the
Schrödinger picture, we obtain

d

dt
ρS(t) = −i (ω0 + h(t)) [σ̂+σ̂−, ρS(t)] + γ−(t)D [σ̂−] . (3.19)

In the subsequent analysis, we consider an Ohmic spectral density for the SAW
environment, given by γ(ω) = ηωe−ω/ωc , where η is the coupling strength and ωc is
the cutoff frequency.

Figure 3.2(a) showcases the time-dependent decay rate as a function of time for
various values of the time delay. In the Markovian limit ( the time delay ητ = 0),
the decay rate initially depends on time but quickly settles to a constant value after
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Fig. 3.2.: (a) Time-dependent decay rate and (b) Lamb shift as function of time. We
consider an Ohmic spectral density of SWAs environment, γ(ω) = ηωe−ω/ωc with
the coupling strength η and cutoff frequency ωc. The parameters are selected as
η/ω0 = 2.74 × 10−3 and ωc/ω0 = 1.2 for consistency with following plots 3.3.

a brief transient period, resulting in a simple exponential decay of the giant atom’s
population. However, when ητ takes on non-zero values, such as 0.25 and 0.60, the
decay rate exhibits a prolonged time-dependent behavior and displays pronounced
oscillations. As the time delay increases, the non-Markovian effects become more
significant. This is particularly evident in the case of ητ = 0.60, where the decay rate
assumes negative values at certain times, a hallmark of non-Markovian dynamics
[20]. A negative decay rate indicates a temporary reversal of the information flow,
from the SAW environment back to the giant atom, enabling a partial recovery of
the atom’s population. The non-Markovian behavior essentially arises from the fact
that phonons emitted by the giant atom into the acoustic field at one coupling point
propagate at the speed of sound and can be reabsorbed at another coupling point,
introducing memory effects into the system’s dynamics.

Figure 3.2(b) illustrates the temporal evolution of the Lamb shift, which represents
the renormalization of the giant atom’s energy levels due to its interaction with the
SAW environment. In the Markovian case (ητ = 0), the Lamb shift initially varies
with time but quickly converges to a constant value after a short transient period.
However, as ητ increases, the Lamb shift becomes increasingly time-dependent and
exhibits more pronounced oscillations. The time-varying nature of the Lamb shift
is a direct consequence of the non-Markovian character of the dynamics, reflecting
the SAW environment’s time-dependent influence on the giant atom’s energy levels
through memory effects.

Based on the observations discussed above, we conclude that the giant atom sys-
tem exhibits significant non-Markovian dynamics arising from a time-delayed self-
interaction or feedback mechanism, rather than from a structured bath or strong
coupling. Remarkably, these non-Markovian effects persist even in the weak-coupling
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regime. To further investigate the dynamics of this system and assess the appli-
cability of standard open quantum system techniques, we will employ two widely
recognized approaches: the quantum Redfield master equation [20, 222] and the
HEOM method [205, 207]. They are standard tools for studying open quantum
systems in the weak-coupling regime and strong-couling regime, respectively. These
approaches will be compared with the exact non-Markovian master equation (3.19)
to evaluate their effectiveness in capturing the memory effects present in the giant
atom system. By conducting this comparison, we aim to assess the applicability of
these standard techniques in accurately describing the non-Markovian behavior of
the giant atom.

3.3.2 Comparison with standard methods

We begin by applying the quantum Redfield master equation to model the dynamics
of the giant atom. Following this, we discuss the HEOM method. While the theoreti-
cal foundations of both methods were presented in Chapter 2, this section focuses
on their implementation in the context of the giant atom.

Redfield master equation

To derive the Redfield equation, we start from the interaction Hamiltonian (3.3)
without applying the rotating wave approximation, H̃I(t) = ℏσ̃x(t) ⊗ B̃(t), where
the bath operator is given by

B̃(t) =
∑

j=1,2

∫ ∞
0

dω

√
γ(ω)
π

cos
(
ωτ

2

)(
â†jωe

iωt + âjωe
−iωt

)
, (3.20)

and consider the SAWs field initionalized in thermal state. The Redfield master
equation, which describes the dynamics of the giant atom and is derived from
Eq. (2.37), is expressed as

d

dt
ρS(t) = −iω0

[
σ̂+σ̂−, ρS(t)

]
−
∫ t

0
ds{C(s)

[
σ̂x, σ̃x(−s)ρS(t)

]
+ h.c.}. (3.21)

The corresponding BCF for the initial thermal state is explicitly formulated as

C(s) = ⟨B̃(t)B̃(t+ s)⟩

=
∑

j=1,2

∫ ∞
0

dω
γ(ω)
π

cos2
(
ωτ

2

)[
2n̄j(βω) cosωs+ e−iωs]

= 1
π

∫ ∞
−∞

dωJ(β, ω)e−iωs, (3.22)

26 Chapter 3 Non-Markovian artificial giant atom dynamics



where the effective SD is defined as

J(β, ω) := 2γ(ω)
1 − e−βω

cos2
(
ωτ

2

)
, with γ(ω) = −γ(−ω) for ω < 0. (3.23)

The BCF simplifies to its zero-temperature form as the inverse temperature β ap-
proaches infinity β → ∞, in accordance with Eq. (3.8). In this limit, thermal
contributions vanish, leaving only the zero-temperature components of the BCF. For
an Ohmic spectral density, the BCF takes the following analytical form

C(s) = η

2πβ2

{
2Ψ(1)

[1 + isωc

βωc

]
+ 2ζ(2)

[
−−β + is+ 1/ωc

β

]

+ ζ(2)
[
−−iτ − β + is+ 1/ωc

β

]
+ ζ(2)

[
− iτ − β + is+ 1/ωc

β

]

+ ζ(2)
[1 − iτωc + isωc

βωc

]
+ ζ(2)

[1 + iτωc + isωc

βωc

]}
. (3.24)

Here, the Ψ(1)(x) denotes the first-order Polygamma function, while ζ(2)(x) repre-
sents the second-order Zeta function.

The integral in Eq. (3.21) can be simplified further by replacing the σ̃x(−s) =
σ̂−e

iω0s + σ̂+e
−iω0s, which leads to the explicit form of Redfield master equation

d

dt
ρS(t) = −iω0[σ̂+σ̂−, ρ(t)] +

{
Γ+(t)[σ̂+ρ(t), σ̂x] + h.c.

}
+

{
Γ−(t)[σ̂−ρ(t), σ̂x] + h.c.

}
, (3.25)

with the time-dependent coefficients (tdc)

Γ±(t) =
∫ t

0
dsC(s)e∓iω0s. (3.26)

For a sufficiently fast decaying BCF the asymptotic values Γ−(t → ∞) may be used
instead of the actual time dependent coefficients. This leads to the Redfield master
equation with asymptotic coefficients (RF (asympt.))

To describe the dynamics of the giant atom under the Hamiltonian in Eq. (3.3), the
RWA can be applied to Eq. (3.25). This leads to the evolution equation given by

d

dt
ρS(t) = −i[ω0σ̂+σ̂− + Im{Γ+(t)}σ̂−σ̂+ + Im{Γ−(t)}σ̂+σ̂−, ρS(t)]

+ Re{Γ+(t)}D[σ̂+] + Re{Γ−(t)}D[σ̂−], (3.27)

In the form, it is evident that the real and imaginary parts of Γ±(t) determine the
dissipative and coherent contributions, respectively.
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Fig. 3.3.: Spontaneous decay of an initially excited two-level giant atom in (a) the Marko-
vian regime with zero time delay (ητ = 0) and (b) the non-Markovian regime
with a time delay (ητ = 0.6), calculated using various methods. The parameters
are set as η/ω0 = 2.74 × 10−3, ωc/ω0 = 1.2.

At zero temperature, the coefficient Γ+(t) decays rapidly to zero, effectively van-
ishing. As a result, the system’s dynamics are primarily governed by the remaining
terms, and the evolution equation simplifies to

d

dt
ρS(t) = −i (ω0 + Im{Γ−(t)}) [σ̂+σ̂−, ρS(t)] + Re{Γ−(t)}D[σ̂−]. (3.28)

This equation is used to compare with the exact solution (3.19) of the dynamics of
giant atoms.

Figure 3.3 depicts the decay of the excited state population of a giant atom at zero
temperature, calculated using various methods. The dynamics obtained from the
Redfield master equation (3.28) with time-dependent and asymptotic coefficients are
represented by the blue and light blue lines, respectively, while the exact dynamics
derived from Eq. (3.19) are shown as a black solid line. In the Markovian limit (ητ =
0), both versions of the Redfield master equation exhibit good agreement with the
exact dynamics. However, when there is a non-zero time delay, the exact dynamics
display strong non-Markovian behavior, characterized by revivals that reflect the
memory effects of the SAWs environment. The Redfield master equation, whether
employing asymptotic or time-dependent coefficients, is unable to capture the non-
Markovian revivals observed in the exact dynamics, underscoring its limitations
in accurately describing the memory effects arising from the SAW environment in
giant-atom systems. Although the time-dependent coefficient variant aligns more
closely with the exact dynamics at early times, its failure to describe non-Markovian
behavior can be attributed to the assumption that the bath correlation time is
negligible compared to the system’s characteristic timescale. This assumption breaks
down due to the interference of propagating acoustic modes at the contacts, which
generates an oscillatory structure in the effective spectral density, as illustrated in
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Fig. 3.4(a). Consequently, the bath correlation function persists during propagation
time and exhibits a pronounced peak at τ , as shown in Fig. 3.4(b).

HEOM simulation

To employ the HEOM formalism to simulate giant atom dynamics, the BCF defined
in Eq. (3.22) must be accurately represented using a minimal number of exponential
terms, as described in Eq. (2.50). The accuracy of this decomposition and the
number of terms significantly influence the performance and computational cost of
HEOM simulations. Various numerical techniques have been developed to achieve
this decomposition, broadly categorized into frequency-domain and time-domain
approaches. In the frequency domain, methods such as Matsubara frequency de-
composition (MSD) [61, 111, 205] and Padé spectral decomposition (PSD) [107,
108] are commonly applied to simple spectral densities. However, these methods
often require numerous terms for convergence, particularly at low temperatures,
where the Fano spectrum decomposition (FSD) [50, 233] is often more effective.
Time-domain methods, including least squares fitting [5, 101, 213], and Prony’s
method [36, 186], excel in localized fitting and are well suited for short-to-medium
time behavior. However, they may encounter difficulties when applied to highly
structured BCFs.

As illustrated in Fig. 3.4(b), the BCF in our case exhibits two sharp peaks at distinct
time points, with a flat region between them. This structure poses significant
challenges for the aforementioned decomposition methods, particularly as larger
time delays accentuate the distinctness of the peaks, making accurate representation
more difficult.

In this work, we employ the estimation of signal parameters via rotational invariance
techniques (ESPRIT) [182, 203] to efficiently model the BCF (3.22) as a sum of expo-
nential functions. The ESPRIT method leverages the rotational invariance property
of a Vandermonde matrix, which is constructed using time-domain samples of the
BCF. The process begins with sampling the BCF on a discrete-time grid, followed by
the formation of a Hankel matrix from these samples. Singular value decomposition
(SVD) is then applied to estimate the number of exponential components, ensuring
that the relative error between the fitted BCF and the original BCF satisfies the
condition ||Cfit(t) − C(t)||2/||C(t)||2 < εr. Reducing the threshold εr improves the
accuracy of the fit but requires a greater number of exponential functions to achieve
this precision. Subsequently, the decay rates (frequencies) are determined by solving
an eigenvalue problem, while the corresponding amplitudes are obtained via a
least-squares fitting approach. By reconstructing the BCF as a sum of exponential
functions, ESPRIT proves to be a robust and effective tool for time-domain analysis.
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Fig. 3.4.: (a) Effective bath spectral density of the SAWs field at zero temperature; (b) The
corresponding bath correlation function as function of time at zero temperature.
The parameters are the same as in Fig. 3.3. The dashed lines represent fits based
on the ESPRITE method, with a relative error threshold of εr = 10−3.

This is demonstrated in Figure 3.4(b), where the real and imaginary components of
the original and ESPRIT-fitted BCF show excellent agreement. The plot emphasizes
the non-zero regions, focusing on the short-time decay and the oscillatory behavior
near t/τ ≈ 1, excluding the intermediate flat region for visual clarity. For this
fitting, we set the relative error threshold at εr = 10−3, balancing accuracy and
computational efficiency.

Table 3.1 also presents the number of exponential terms, NI and NR , required to
fit the imaginary and real part of the BCF at different time delay ητ , maintaining
a relative error of 10−3. Both NI and NR increase approximately linearly with ητ ,
reflecting the growing complexity of the bath dynamics. This complexity arises
from enhanced memory effects and richer interference patterns at longer time
delays. Consequently, as the system retains memory over extended timescales, a
more detailed representation of the bath correlation function becomes essential
for accurately capturing its behavior. In the HEOM framework, the number of
exponential terms directly determines the number of auxiliary density operators
(ADOs). The size of the hierarchy scales combinatorially with both the number of
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Tab. 3.1.: Number of exponential terms in the ESPRIT fit to the BCF for various time delays,
given a relative error threshold εr = 10−3.

exponential terms and the truncation level, leading to significantly higher memory
and computational requirements as the number of exponential terms increases.

Using the fitted exponential functions, we implement the HEOM in QuTiP to simulate
the dynamics of the giant atom. The decay of the excited-state probability is shown
in Fig. 3.3 at zero temperature and compared with the exact solution, represented by
the red dashed line. Our results demonstrate that the HEOM closely reproduces the
exact solution in the weak coupling regime in both Markovian and non-Markvoian
cases. To ensure computational efficiency while accommodating the large number
of exponential terms, we set the hierarchy depth or level to 2, which is sufficient for
small coupling strength.

It is important to note that as the cutoff frequency of the Ohmic spectral density
increases, the peaks of the BCF become sharper. This leads to more exponential terms
in the ESPRIT fit, which cansignificantly increasing the computational demands.
Therefore, we set the cutoff frequency slightly above the resonance frequency to
include the modes that interact resonantly with the atom. This consideration is
justified because giant atoms and most optical systems predominantly couple to the
environment through resonant interactions [4, 90, 190]. However, in solid-state
environments, the assumption of setting the cutoff frequency just above the resonant
frequency is no longer applicable. Solid systems often exhibit a broader spectral
density, with notable coupling to both resonant and non-resonant modes [130]. As
a result, the cutoff frequency must be selected carefully to encompass the relevant
non-resonant modes that can affect the system’s behavior.

Finally, we examine how the coupling strength affects the performance of HEOM.
Fig. 3.5 shows the time evolution of the excited-state probability for different values
of η/ω0, comparing results from HEOM (solid lines) with the exact solution (dashed
lines). In the computation, the coupling strength η is held fixed and the system
transition frequency ω0 is varied. This allows us to explore the effects of entering the
effective strong coupling regime (larger η/ω0). Panels (a) and (b) correspond to the
non-Markovian and Markovian regimes, respectively. In both cases, HEOM matches
the exact solution well for small η/ω0, where the coupling is weak. However, as
η/ω0 increases (entering the effective strong coupling regime), deviations become
evident. These discrepancies are likely due to the inclusion of counter-rotating terms
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Fig. 3.5.: The spontaneous decay of a two-level giant atom in (a) Markovian regime with
zero time delay (ητ = 0) and (b) the non-Markovian regime with a time delay
(ητ = 0.6) with respect to different relative coupling strengths. The parameters
are set as η/ωc = 2.3 × 10−3.

in HEOM, which are neglected in the exact solution under the RWA. The contribution
of these terms becomes increasingly significant in the strong coupling regime.

To conclude the analysis of zero-temperature dynamics, we find that HEOM performs
well in capturing the non-Markovian behavior of a giant atom at zero temperature.
Building on this foundation, we now extend our study to finite temperatures, where
thermal effects come into play. In this regime, the single-excitation assumption for
the SAW field, as discussed in Section 3.3.1, is no longer valid, necessitating the use
of HEOM to simulate the dynamics accurately.

3.4 Dynamics at finite temperature
To implement the HEOM approach at finite temperatures, it is essential to represent
the thermal BCF with exponential functions. Fig. 3.6 shows the real part of the BCF,
CR(t), as a function of time for various inverse temperatures. The imaginary part of
the BCF, being temperature-independent, is not shown here for simplicity; please
refer to Fig. 3.4(b). In the short-time regime, CR(t) exhibits an exponential-like
decay, with the amplitude and decay rate significantly affected by temperature. At
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Fig. 3.6.: (a) The real part of thermal BCF for the SAWs field as function of time at various
temperatures, along with their corresponding ESPRIT fittings. The parameters
are chosen as η/ω0 = 2.74 × 10−3, ωc/ω0 = 1.2, ητ = 0.6 and εr = 10−3 for the
fitting. (b) The number of exponential functions used in the ESPRIT fitting for
the real and imaginary parts of the thermal BCF at different temperatures.

higher temperatures (lower βω0), the initial amplitude is larger, and the decay is
faster, driven by stronger thermal effects. Conversely, at lower temperatures, the
initial amplitude decreases, and the decay slows, reflecting reduced thermal noise.
Near t/τ ≈ 1, oscillatory behavior dominates. As the temperature increases, the
peaks of the BCF become more pronounced and decay more quickly, despite the fact
that their amplitudes grow larger. This behavior suggests that the memory effects in
the thermal bath diminish as the temperature rises.

The dashed lines show the ESPRIT fitting results, which reliably replicate CR(t)
across all temperature regimes, underscoring the accuracy and robustness of this
fitting method. Additionally, as the temperature increases, the number of expo-
nential terms required to fit the BCF decreases. This is due to the fact that higher
temperatures simplify the structure of the BCF, reducing the need for additional
components to capture its behavior.

Using the HEOM approach, we then simulate the dynamics of the giant atom,
focusing on the spontaneous decay at various temperatures. The results, depicted
in Fig. 3.7, show the excited-state probability Pe as a function of time for different
inverse temperatures, with the time delay fixed at ητ = 0.6. The non-Markovian
behavior, indicated by the revival peaks, is caused by the interference between
the atom’s relaxation and the delayed feedback from the acoustic field. As the
temperature increases (lower βω0), the initial decay becomes faster, and the revival
peaks also weaken and disappear more quickly. This is due to stronger interactions
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Fig. 3.7.: The spontaneous decay of a two-level giant atom at various temperatures. The
parameters are set as η/ω0 = 2.74 × 10−3, ωc/ω0 = 1.2.

with thermal phonons at higher temperatures, which cause faster loss of coherence
and energy. Despite the faster decay at higher temperatures, the system still shows
non-Markovian features. The revival peaks become smaller and shorter but are still
present even at elevated temperatures. However, at very high temperatures, the
system approaches the Markovian regime, and the revival peaks fade completely.

3.5 Spontaneous emission in three-level giant
atoms

Have examined the dynamics of two-level giant atoms, we now turn our attention
to the more complex case of three-level giant atoms. The additional level structure
introduces new interaction channels and dynamical features, motivating us to
specifically investigate spontaneous emission in these systems. In this section, we
derive the dynamics of a three-level Λ-type giant atom coupled to two 1D vacuum
acoustic waveguides via two separated contacts each, as shown in Fig. 3.8. The
Λ configuration comprises the states |e⟩, |s⟩, and |g⟩, with associated energies
ωe > ωs > ωg ≡ 0. We now assume that first waveguide addresses only the
ωe-transition between the ground state |g⟩ and the excited state |e⟩ at the single-
contact coupling rate γ1(ω), while the second waveguide addresses only the (ωe −
ωs)-transition between the metastable state |s⟩ and |e⟩ at the rate γ2(ω). Direct
transitions between ground and metastable state shall be forbidden, and the delay
time τ between the contacts is considered to be different for both waveguides. (In
practice, both transitions could be coupled to the same waveguide, and they would
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still see spectrally non-overlapping, approximately independent vacua as long as the
transition frequencies are clearly distinct.) The total Hamiltonian is given by

Ĥ = Ĥ0 + ℏ
∑

j=1,2

∫ ∞
0

dω

√
γ1(ω)
π

cos
(
ωτ1
2

) [
â†jω|s⟩⟨e| + âjω|e⟩⟨s|

]

+ ℏ
∑

j=1,2

∫ ∞
0

dω

√
γ2(ω)
π

cos
(
ωτ2
2

) [
b̂†jω|g⟩⟨e| + b̂jω|e⟩⟨g|

]
, (3.29)

with the free Hamiltonian

Ĥ0 = ℏωe|e⟩⟨e| + ℏωs|s⟩⟨s| +
∑

j=1,2

∫ ∞
0

dω ℏω
(
â†jωâjω + b̂†jω b̂jω

)
. (3.30)

Once again, there can be at most one single photon excitation in each of the two
baths at any time, which allows us to make the following ansatz for a general pure
state of atom and field,

|Ψ(t)⟩ = e(t)|01, 02, e⟩ + s(t)|01, 02, s⟩ + g(t)|01, 02, g⟩

+
∑

j=1,2

∫ ∞
0

dω
(
αjω(t)â†jω|01, 02, s⟩ + βjω(t)b̂†jω|01, 02, g⟩

)
. (3.31)

Here, |0j⟩ denotes the vacuum state of the j-th waveguide. The solution can be
obtained in the same manner as in the previous Section 3.3.1, which results in
g(t) = g(0), s(t) = e−iωsts(0), and e(t) = G(t)e(0), with the decay factor satisfying
the following equation

Ġ(t) = −
∫ t

0
dt′G(t′)

[
C1(t− t′)ei(ωe−ωs)(t−t′) + C2(t− t′)eiωe(t−t′)

]
, (3.32)

where the C1(s) and C2(s) are the BCF of two acoustic baths at zero temperature,
respectively,

Ci=1,2(s) = 1
π

∫ ∞
0

dω2γi(ω) cos2
(
ωτi

2

)
e−iωs. (3.33)

We consider the scenario where each waveguide exhibits an Ohmic spectral density
with distinct coupling strengths, denoted by η1 and η2, and same cutoff frequency ωc.
Our aim is to investigate how the relative coupling strengths of the two waveguide
mode continua and the time delays between the contacts affect the spontaneous
emission dynamics of the giant atom. These factors influence the interference
between emission pathways, ultimately determining the emission characteristics.
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Fig. 3.8.: A Λ-type three-level giant atom coupled to two one-dimensional waveguides. The
transition between excited state and ground state, |e⟩ ↔ |g⟩, and the transition
between excited state and metastable state, |e⟩ ↔ |s⟩, are coupled to two distinct
waveguide modes via two separate contact points, respectively.

Figure 3.9(a) presents the excited-state probability Pe of the Λ-type giant atom
as a function of time and the time delay ratio τ2/τ1. The color scale represents
the magnitude of Pe, with brighter regions indicating higher probabilities. The
horizontal dashed lines highlight specific values of τ2/τ1, used to extract data for
the corresponding lower plot (b). The atom is assumed to be initially in a fully
excited state. The time delays introduce memory effects, reflected in the revivals of
Pe over time. These revivals arise from delayed feedback loops in the waveguides,
where part of the atom’s emission is reflected and re-interacts with the atom after
a finite delay. Periodic patterns of bright and dark bands emerge as the time delay
ratio τ2/τ1 varies, corresponding to constructive and destructive interference of the
feedback signals from two waveguides. The ratio τ2/τ1 governs the phase difference
between these signals: constructive interference enhances the Pe rivivals, while
destructive interference diminishes them. Notably, when τ2/τ1 = 1, the delays create
a resonant condition for optimal constructive interference, which results in the most
pronounced revivals of Pe.

Figure 3.9(c) depicts the excited-state probability Pe as a function of time and the
coupling strength ratio η2/η1. The horizontal dashed lines correspond to specific
values of η2/η2, used to generate the lower plot (d). The plot demonstrates the
double role of the coupling strength ratio in governing the atom’s dynamics. As
the coupling strength ratio η2/η1 increases, the initial decay of Pe becomes more
rapid. This behavior arises from the stronger interaction between the atom and the
waveguides, which facilitates enhanced energy dissipation into the environment.
However, larger coupling also intensifies the interference effects of the feedback
signals from the waveguides. This leads to more pronounced oscillations and revivals
in Pe. The increased coupling amplifies the impact of delayed feedback on the atom’s
state, thereby strengthening memory effects.
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Fig. 3.9.: Excited-state probability Pe of the Λ-type giant atom as function of time and (a)
the time delay ratio τ2/τ1; (c) the coupling strength ratio η2/η1 of two waveguides.
The lower panels (b) and (d) correspond to the horizontal dashed lines in (a) and
(c), respectively. The parameters are set as η2 = η1 in (a, b) and τ2 = τ1 in (c,
b), respectively. The remaining parameters are chosen asωe/ωs = 2, ωc/ωs = 6.4,
η1/ωs = 0.016, and η1τ1 = 0.6.

In summary, by tuning the coupling strengths and time delays, it becomes possible
to modulate the interference dynamics and, consequently, control the spontaneous
emission of the three-level giant atom.

3.6 Conclusion
In this chapter, we began by investigating the non-Markovian dynamics of a two-
level giant atom coupled to a SAWs field at zero temperature. By assuming a single
excitation in the field and employing the RWA, we derived an exact solution that
describes the dynamics of the giant atom. This solution served as a benchmark
for evaluating the performance of two widely used methods: the Redfield master
equation and the HEOM method. Our analysis revealed that the Redfield approach
fails to accurately capture the non-Markovian effects stemming from time-delayed
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self-interactions. In contrast, the HEOM method yielded relatively accurate results
when the BCF is finely decomposed into exponential functions.

Additionally, we presented results in the strong coupling regime, where we observe
that the HEOM starts to deviate from the exact solution under the RWA. This
discrepancy may arise due to the counter-rotating terms in the HEOM simulation,
as the current version of the QuTiP package used for HEOM implementation does
not support dynamics under the RWA. Future work may involve the implementation
of a non-Hermitian HEOM that incorporates the RWA in the system Hamiltonian
[202].

We also extended the HEOM framework to explore the system’s dynamics at finite
temperatures, showing that non-Markovian effects persist even in the presence
of thermal influence. This result offered new perspectives on the role of thermal
effects in non-Markovian quantum systems. Finally, we investigated the impact of
non-Markovian effects on the spontaneous emission of a three-level giant atom. Our
findings demonstrate that by adjusting time delays and coupling strengths with the
environment, spontaneous emission can be controlled or tuned. Additionally, it is
worth investigating the influence of thermal effects on emission.

Looking ahead, future research could focus on studying memory effects in cooper-
ative phenomena in giant atoms, such as superradiance and subradiance. These
effects, driven by the collective interaction of multiple atoms with a shared envi-
ronment [59, 120], may manifest in new ways due to the non-Markovian nature of
giant atoms. Another potential direction is using giant atoms coupled to thermal
baths in thermodynamic cycle designs. The non-Markovian dynamics of giant atoms
could help improve the efficiency of thermal machines beyond the limits of standard
Markovian systems. Moreover, giant atoms could be a useful platform for detecting
quantum memory, which will be discussed in the next chapter.
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Quantum memory detection
using giant atom dynamics

4
In this chapter, we present a method for detecting quantum memory in non-
Markovian dynamics, a property that precludes any simulation of the dynamics
by a classical measurement-feedback process. In general, the time evolution of an
open system can be described by a one-parameter family of CPTP maps {En(t)},
which map the system’s state from an initial time t0 to a later time tn. For any pair
of consecutive time steps, one can define the amount of classical memory required
to describe the transformation of the second time step based on the information
attained in the first step. Our approach casts this definition as a convex optimization
problem, where the set of two-step quantum dynamical maps attained by classical
memory forms a convex set. Consequently, quantum maps outside this set are inter-
preted as requiring quantum memory. By introducing a distance measure between
the quantum map and the convex set, we can quantify the degree of deviation from
classical memory. Thus, this method not only differentiates between quantum and
classical memory but also provides a way to quantify the extent of this distinction.
We will demonstrate this approach using the dynamics of artificial giant atoms. As
discussed in the previous chapter, these systems serve as an ideal physical platform
for applying the proposed method to detect quantum memory in non-Markovian
dynamics. This chapter is based on a collaborative project with Ties-A Ohst [B]. The
method was primarily developed by Ties, while I focused on the dynamical process
and other aspects.

4.1 Motivation
Non-Markovianity in quantum dynamics has become a pivotal focus in the study of
open quantum systems [23, 30, 179, 214] and quantum information processing [145,
169, 220]. Unlike Markovian processes, where the system’s evolution depends solely
on its present state with no memory of the past, non-Markovian dynamics involve
information backflow from the environment to the system [22, 180]. This backflow
reflects the presence of memory effects, stemming from correlations between the
system and its environment or the structured behavior of the environment itself.
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An essential aspect of studying such memory effects is distinguishing whether they
can be described classically or require intrinsically quantum degrees of freedom
[208, 223, 224]. These two scenarios give rise to fundamentally different noise
models and correction strategies. For instance, a scenario with classical memory can
be seen as a process in which the system is continuously monitored and a classical
feedback mechanism is applied to correct its evolution based on the measurement
signal. However, this approach is ineffective for quantum temporal correlations
mediated by the environment, where the interplay of coherence and entanglement
demands fundamentally different techniques [223, 224]. Consequently, it is crucial
to develop efficient methods to distinguish between quantum and classical memory.
Such discrimination is not only vital for understanding the underlying physics but
also for tailoring error mitigation strategies in quantum technologies, where the
nature of memory plays a key role in determining performance and reliability [2,
175, 226].

Existing methods for characterizing quantum memory in dynamical processes are
largely grounded in the process tensor framework [81, 154, 162, 208]. Within this
framework, the classical nature of environmental memory can be associated with
the separability of the process tensor [81]. While the process tensor framework
is highly general and capable of describing a wide range of dynamics, including
those beyond the traditional scope of open quantum systems, its application to the
analysis of quantum memory presents significant experimental challenges. A thor-
ough evaluation of quantum memory requires access to full multi-time correlations,
which encode detailed information about the system’s evolution across several time
points. Achieving this demands precise experimental control and a large number of
measurements, making the approach challenging to implement in practice.

An alternative approach focuses solely on the system’s dynamics, requiring only the
preparation of initial states and the performance of state tomography at two distinct
time points [7]. While this method is experimentally viable for qubits, its reliance
on computing the entanglement of assistance [193, 225] for Choi states renders it
impractical for systems of higher dimensions.

In this chapter, we present our method, which builds upon the classical memory
definition proposed in Ref. [7]. This approach not only measures the deviation
of quantum memory from classical memory but also extends its applicability to
higher-dimensional systems, going beyond two-level systems such as qubits or atoms.
Finally, we employ this method to detect quantum memory in the non-Markovian
dynamics of both two-level and three-level giant atoms.
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4.2 Characterisation of quantum memory
Consider a one-parameter family of completely positive trace-preserving (CPTP)
maps, {E(tn)}, describing the evolution of a quantum system from its initial state
at t0 = 0 to a later time tn. We focus on the evolution maps E(t1) and E(t2) two
distinct times, t1 < t2. The memory is classified as classical if the channel E(t1) can
be interpreted as a non-destructive measurement, where the measurement outcome
i ∈ {1, 2, . . . , n} influences the realization of the subsequent channel E(t2). Formally,
this means that E(t1) can be decomposed into n subchannels Ii(t1), referred to as
instruments [52], such that E(t1) =

∑n
i=1 Ii(t1). Each subchannel Ii(t1) corresponds

to a specific classical outcome i and a post-measurement state Ii(t1). The classical
outcome i then feeds back into the system dynamics by inducing a specific channel
Ki(t2, t1). As a result, the overall dynamics at time t2 can be expressed as

E(t2) =
n∑

i=1
Ki(t2, t1)Ii(t1). (4.1)

This relationship, described by Eq. (4.1), characterizes classical memory dynamics
[7]. A natural example is pure dephasing dynamics. Notably, Markovian dynamics
represent a special case of this framework, where with n = 1. If this condition is not
satisfied, the process is said to require genuinely quantum memory.

We demonstrate that the condition in Eq. (4.1) can be formulated as a convex opti-
mization problem as follows. For a given channel E(t1) at time t1, we define its classi-
cal future F [E(t1)] as the set of all channels G obtained via G =

∑n
i=1 Ki(t2, t1)Ii(t1),

where {Ii(t1)}n
i=1 is any instrument decomposition of E(t1) and Ki(t2, t1) are valid

channels. According to Eq. (4.1), the dynamics {E(t)} can be implemented with
classical memory if and only if, for all two time points t1 < t2, the channel
E(t2) ∈ F [E(t1)].

The classical future is proven to be a convex and compact set in Appendix A.1.2.
With these properties, we begin by addressing the question of whether imple-
menting dynamics with classical memory requires an infinite number of measure-
ments—specifically, whether n → ∞ in Eq. (4.1). In fact, we find that in any
dynamics of a system of dimension d, the number of measurements is bounded by
d4(d4 + 1); see details in Appendix. A.1.2.

4.2.1 Quantization of deviation from classical memory

The convexity of the classical future allows one to quantify the presence of quantum
memory within a dynamical process by the various robustness measures derived
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Fig. 4.1.: Sketch of the quantum memory robustness of a channel E(t2) that lies outside of
the classical future F(E(t1)) of a channel E(t1).

for convex programs [40, 198, 210, 218] . In particular, we consider the following
contrained optimisation task, which constitutes a convex program:

s∗ = max
s,R

s

s.t. sE(t2) + (1 − s)R ∈ F [E(t1)]

R is CPTP (4.2)

The channel E(t2) is in the classical future F [E(t1)] if and only if s∗ ≥ 1. Intuitively, if
s∗ is small, there is no channel in the vicinity of E(t2) which lies in the classical future
of E(t1), see Figure 4.1. For convenience, we introduce the value r∗ = 1/s∗−1, which
is referred to as the robustness of quantum memory with respect to the dynamics at
two time points (E(t1), E(t2)).

4.2.2 Witnesses of quantum memory

The direct application of the convex program (4.2) for detecting quantum memory
necessitates performing full process tomography on E(t1) and E(t2). However,
leveraging the convex structure of the classical future enables quantum memory
detection with only partial information about E(t1) and E(t2) using quantum memory
witnesses. A quantum memory witness is typically defined by two sets of state
preparations, ρ1

k and ρ2
k′ , along with corresponding sets of observables, O1

l and O2
l′ ,

such that ∑
kl

tr
{
O1

l E(t1)
[
ρ1

k

]}
+
∑
k′l′

tr
{
O2

l′E(t2)
[
ρ2

k′

]}
≥ 0 (4.3)

for all pairs of channels (E(t1), E(t2)) such that E(t2) ∈ F [E(t1)]. A negative sum of
expectation values on the left hand side of (4.3) henceforth implies the detection of
quantum memory also when the set of prepared states and measured observerables
are not enough to reconstruct E(t1) and E(t2) in full; see Appendix A.1.4.
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4.2.3 Choi representation and SDP relaxation

So far, the optimisation (4.2) and the construction of witnesses remain formal, and
are difficult to implement in practice. Fortunately, one can also formulate a relaxation
for (4.2) in terms of a semidefinite program (SDP), a concept that is often employed
in quantum information theory [31, 212] familiar to quantum information theory.
To this end, we employ the so-called Choi representation [42], where a quantum
channel R over a system of dimension d is represented by the bipartite quantum
stateRAB(t1) = 1/d2∑

i,j |i⟩⟨j|⊗R(|i⟩⟨j|) which obeys trB[RAB(t1)] = 11A/d. In this
representation, the channel E(t2) is in the classical future of E(t1), if its associated
Choi matrix EAB(t2) can be written as EAB(t2) = DD′⟨ϕ+|XADD′B|ϕ+⟩DD′

, where

XADD′B =
∑

i

IAD
i (t1) ⊗KD′B

i (t2, t1), (4.4)

IAD
i (t1) and KD′B

i (t2, t1) are the Choi matrices of Ki(t2, t1) and Ii(t1) in (4.1),
respectively, and |ϕ+⟩DD′ is the maximally entanglement state over auxiliary system
DD′; see Appendix A.1.3 for the details.

Remarkably, Eq. (4.4) resembles the definition of separable states, with the addi-
tional constraints on the tensor factors

trB[KD′B
i (t2, t1)] = 11D′

d
(4.5)

required by Choi’s representation [180]. This allows us to apply the various tech-
niques for entanglement theory to that of quantum memory [39, 236]. In particular,
the constraints for XADD′B can be relaxed to those that are positive and has positive
partial transposition (PPT), and

trB[XADD′B] = E(t1)AD ⊗ 11D′

d
(4.6)

This gives rise to the PPT-relaxation FPPT[E(t1)] for the classical future F [E(t1)]; see
Appendix A.1.3 for the details. In the examples considered below, the PPT relaxation
is close to be optimal. Moreover, the PPT relaxation FPPT[E(t1)] also enables the
explicit construction of PPT witnesses of quantum memory; see Appendix A.1.3.

4.3 Quantum memory in giant atom dynamics
In this section, we apply our method (4.2) to the dynamics of two-level and three-
level giant atoms. These systems, distinguished by their spatially extended nature,
offer an ideal platform for exploring memory effects. Building on the analysis
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presented in the previous chapter, we aim to demonstrate how our method effectively
identifies and characterizes the quantum memory effects in giant atom dynamics.

4.3.1 Two-level giant atom dynamics
Consider a two-level giant atom coupled to a one-dimensional acoustic waveg-
uide through multiple interaction points. The system Hamiltonian is defined in
Eq. (3.1), while the dynamics of the giant atom at zero temperature are described
by Eqs. (3.11)-(3.14). Based on these equations, we determine the action of the
one-parameter CPTP maps, which governs the evolution of the system from its initial
state to its state at any time t, on the individual operator basis elements as follows

E(t)[|e⟩⟨e|] = |G(t)|2|e⟩⟨e| +
(
1 − |G(t)|2

)
|g⟩⟨g|, (4.7)

E(t)[|e⟩⟨g|] = G(t)|e⟩⟨g|, (4.8)

E(t)[|g⟩⟨e|] = G∗(t)|g⟩⟨e|, (4.9)

E(t)[|g⟩⟨g|] = |g⟩⟨g|. (4.10)

The decay function G(t) satisfies Eq. (3.9). Here, instead of assuming an Ohmic
spectral density, a flat spectral density is considered, i.e., γ(ω) = γ, resulting in an
analytical expression for the decay function

G(t) =
∞∑

n=0
Θ(t− nτ) [−γ(t− nτ)]n

n ! e−i(ω0−iγ)(t−nτ). (4.11)

The Heaviside step function is given by Θ(x) = 1 for x > 0, and equals zero
otherwise. This equation shows that the memory effect is encapsulated in the
sum over past emission events occurring at times t− nτ . These contributions are
reabsorbed by the atom and interfere, leading to non-Markovian dynamics in which
the atom’s current state depends on its history.

The Choi state E(t) associated with each map is obtained by applying the map
E(t) to one half of a maximally entangled state, |ϕ+⟩ = 1√

2 (|gg⟩ + |ee⟩), where the
auxiliary system has the same dimension as the atom. The specific expression for
the resulting Choi state is

E(t) = [E(t) ⊗ 11]|ψ+⟩⟨ψ+| = 1
2



|G(t)|2 0 0 G∗(t)

0 1 − |G(t)|2 0 0

0 0 0 0

G(t) 0 0 1


. (4.12)
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This state enables us to analyze the properties of the dynamical map.

For the quantum process under consideration, the dynamics between two time
points t1 and t2 is can be described using a classical memory if and only if the
condition: |G(t2)| ≤ |G(t1)| is satisfied, as proven in Appendix A.2.1. Furthermore,
if (E(t1), E(t2)) is classical, it is even Markovian (CP-divisible) in the sense that there
exists a channel K(t2, t1) such that

E(t2) = K(t2, t1)E(t1). (4.13)

It is important to note that when |G(t2)| ≤ |G(t1)|, the quantum dynamical maps
E(G) exhibit a composition property: E(G)E(G′) = E(GG′). This property reveals
that the mapping G 7→ E(G) is a semigroup homomorphism, specifically, a homomor-
phism from the multiplicative semigroup of complex numbers within the unit disk
to the semigroup of qubit quantum channels under the operation of composition.

Therefore, the condition |G(t2)| ≤ |G(t1)| directly implies that the two-point dy-
namics, represented by the pair of quantum dynamical maps (E(t1), E(t2)), displays
Markovian behavior. In this scenario, the connecting quantum channel between
the two time points is given by K = E (G(t2)/G(t1)), which depends solely on the
ratio of the function G(t) evaluated at the two time points t1 and t2. As a result,
if the dynamics governed by the function G(t) shows monotonic decay, it is not
only equivalent to a process with classical memory, but it even corresponds to a
Markovian process (an extreme case of classical memory). On the other hand,
non-monotonic decay of the dynamics necessitates a quantum memory.

Alternatively, it can be observed that |G(t)| quantifies the concurrence of the Choi
matrix in equation (4.12), serving as an entanglement measure of the Choi ma-
trix [180]. The requirement of quantum memory for non-monotonic decay is in
agreement with the finding in Ref. [7], which states that a zero-temperature non-
Markovian amplitude damping channel cannot be simulated using only classical
memory.

Using the SDP method (4.2), we evaluate the quantum memory robustness at two
time points, t1 and t2 = t1 + ∆t, as illustrated in Fig. 4.2. The SDP implementation
was carried out by the coauthor. In the figure, white regions represent Markovian
two-step dynamics, whereas colored regions indicate non-Markovian dynamics that
necessitate quantum memory. The robustness of quantum memory reaches its
maximum when t1 matches the time delay required for acoustic wave modes to
propagate between two contact points, and t2 aligns with the first peak of information
backflow from the environment to the atom. Moreover, for a fixed t1, the robustness
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Fig. 4.2.: Quantum memory robustness of the two-level giant atom versus time γt1 and
γ∆t with fixed parameters ω0τ = 40π, γτ = 12.

exhibits periodic decay as t2 increases, reflecting oscillations in the quantum memory
requirements over time.

From the analytical expressions (4.11), we also find that when ω0τ = 2πk (k ∈ N),
all terms in G(t) share the same phase factor e−iω0t, leading to sharp peaks in |G(t)|.
This alignment further implies that the system’s robustness becomes periodic in
ω0, with a period of 2π/τ . The periodicity arises because shifting ω0 by k2π/τ
transforms G(t) into e−ik2πt/τG(t). For the Choi state E(t), this corresponds to a
local unitary transformation, [11 ⊗ U(t)]E(t), which leaves the quantum memory
robustness unchanged.

To detect quantum memory in practice, we can construct a witness based on prepara-
tions of Pauli matrix eigenstates and Pauli measurements at times t1 and t2. For the
first time point it suffices to measure the correlations of σ̂x and σ̂y preparations and
measurements as well as performing runs with σ̂z preparations σ̂z measurements.
At the second time point one only needs to perform coinciding preparations and
measurement for σ̂x and σ̂y; see Appendix A.1.4 for details.

4.3.2 Three-level giant atom dynamics

We now extend our method to the dynamics of a three-level giant atom in a Λ-type
configuration, consisting of an excited state |e⟩, a metastable state |s⟩, and a ground
state |g⟩, as depicted in Fig. 3.8. When this system is coupled to two one-dimensional
waveguides via multiple contact points, its Hamiltonian is described by Eq. (3.29).
At zero temperature, the atom undergoes non-exponential spontaneous decay, with
the decay function determined by Eq. (3.32), previously analyzed in Section 3.5
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for environments with an Ohmic spectral density. For simplicity, we assume that
both waveguides have flat spectral densities, i.e., γ1(ω) = γ1 and γ2(ω) = γ2, as well
as identical time delays τ1 = τ2 = τ . Under these conditions, the decay function
governing the population and coherence dynamics can be expressed as follows

G(t) =
∞∑

n=0
Θ(t− nτ) [−γ̄2(t− nτ)]n

n ! e−i(ωe−iγ̄1)(t−nτ),

given the collective damping parameters γ̄1 = γ1 + γ2, and γ̄2 = γ1e
−iωsτ + γ2.

Compared to the two-level giant atom, the three-level giant atom exhibits more intri-
cate non-Markovian dynamics due to the interference effects arising from multiple
emission pathways.

For this type of spontaneous emission process in a three-level system, we can
construct the family of quantum channels E(t) that govern the time evolution of the
atom’s reduced state

E(t)[|e⟩⟨e|] = |G(t)|2|e⟩⟨e| +
(
1 − |G(t)|2 − S(t)

)
|s⟩⟨s| + S(t)|g⟩⟨g|, (4.14)

E(t)[|e⟩⟨s|] = G(t)eiωst|e⟩⟨s|, (4.15)

E(t)[|e⟩⟨g|] = G(t)|e⟩⟨g|, (4.16)

E(t)[|s⟩⟨s|] = |s⟩⟨s|, (4.17)

E(t)[|s⟩⟨e|] = G∗(t)e−iωst|s⟩⟨e|, (4.18)

E(t)[|s⟩⟨g|] = e−iωst|s⟩⟨g|, (4.19)

E(t)[|g⟩⟨g|] = |g⟩⟨g|, (4.20)

E(t)[|g⟩⟨e|] = G∗(t)|g⟩⟨e|, (4.21)

E(t)[|g⟩⟨s|] = eiωst|g⟩⟨s|. (4.22)
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The associated Choi states can be written as

E(t) = 1
3



1 0 0 0 eiωst 0 0 0 G∗(t)

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

e−iωst 0 0 0 1 0 0 0 G∗(t)e−iωst

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 S(t) 0 0

0 0 0 0 0 0 0 Υ(t) 0

G(t) 0 0 0 G(t)eiωst 0 0 0 |G(t)|2



,

where Υ(t) = 1 − |G(t)|2 − S(t) and the function S(t) is given by

S(t) =
∑

j=1,2

∫ ∞
0

dω |βjω(t)|2

= 2γ2

[∫ t

0
dt′
∣∣G(t′)

∣∣2 +
∫ t

τ
dt′ Re{G(t′)G∗(t′ − τ)}

]
, (4.23)

which represents the probability of the single phonon in the second radiation field.

From the map (4.14)-(4.22), we derive the following criteria for Markovianity. The
two-point dynamics of the process at times t1 ≤ t2 is Markovian (CP-divisible) if and
only if the following inequalities hold:

S(t2) ≥ S(t1) (4.24)

S(t1) + |G(t1)|2 ≥ S(t2) + |G(t2)|2. (4.25)

If either inequality is violated, the dynamics is not only non-Markovian, but also
require quantum memory; see Appendix A.2.2 for the proof. Consequently, the
spontaneous emission of the three-level giant atom, like that of the two-level giant
atom, cannot be simulated using classical memory.

Figure 4.3 displays the quantum memory robustness at the two time points t1
and t1 + ∆t for an exemplary three-level parameter setting, computed using the
SDP method. This plot can also be reproduced using the condition (4.24), further
confirming that the non-Markovian spontaneous process in a three-level giant atom
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Fig. 4.3.: Quantum memory robustness of the three-level giant atom dynamics with fixed
parameters ωsτ = 20π, ωeτ = 40π, γ1τ = 4, γ2τ = 8.

can only be achieved with quantum memory. A similar pattern to the two-level case
emerges, but with a larger region where the dynamics are non-Markovian, requiring
greater quantum memory for implementation. This is due to the constructive
interference between the two emission channels in the three-level giant atom,
which enhances the memory effects. Additionally, the quantum memory properties
of the time evolution E(t) remain invariant under transformations of the form
ωs 7→ ωs + 2πks/τ and ωe 7→ ωe + 2πke/τ , where ks and ke are integers.

4.4 Conclusion
In this chapter, we presented a novel method for detecting quantum memory in
quantum dynamics. This approach is based on defining non-Markovian dynamics
implemented by classical memory, where the corresponding quantum dynamical
maps are described by Choi states. We examined the separability of these Choi states,
showing that channels implemented with classical memory form a set where the Choi
states are separable. On the other hand, channels outside this set require quantum
memory for their implementation, with the degree of this deviation quantified by
the proposed notion of quantum memory robustness.

We applied our method to the dynamics of two-level and three-level giant atoms, as
discussed in the previous chapter. Our analysis confirmed that quantum memory
is always present whenever the dynamics of these systems at zero temperature are
non-Markovian. In both cases, the quantum memory robustness of the two-step
dynamics shows periodic decay, indicating oscillations in the quantum memory
requirements over time. In particular, the three-level giant atom exhibits stronger
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memory effects due to the interference of past interactions with the two waveguides,
leading to higher quantum memory robustness.

This method can also be extended to study higher-dimensional system dynamics,
though at the cost of increased computational complexity. Future research could
apply this approach to systems with finite spin baths or finite temperatures, enabling
the study of temperature effects on quantum memory. Based on the findings from
Chapter 3, where non-Markovian behavior persisted in the dynamics of the giant
atom even at relatively high temperatures, the proposed method could be used to
determine whether these processes are still sustained by quantum memory. Addition-
ally, developing quantum memory criteria for continuous systems instead of discrete
ones would be a promising direction for further investigation.
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Non-Markovian dynamics in
finite spin baths

5
In this chapter, we present a spin-lattice model with Ising-type phase interactions,
developed for quantum computing platforms such as Rydberg atom arrays , trapped
polar molecules, and nuclear magnetic resonance (NMR) systems. This model
facilitates the study of spin dephasing in a finite spin bath and provides exact
solutions for the dynamics of the central spin system. With it, we first explore
the dynamics of a single spin in both uncorrelated and correlated spin baths, and
investigate how these environments influence the spin’s behavior, particularly in
terms of non-Markovian dephasing. Then we move on to study the behavior of two
spins and how their entanglement is affected by the spin bath. We focus on two case
studies: Entangled spins in a 2D lattice interacting with an evolving environment,
and two nuclear spins in an organic molecule interacting with a thermal spin bath at
finite temperatures. This chapter is based on the Project [C].

5.1 Motivation
Spin-based qubits, implemented on various platforms such as superconducting cir-
cuits [94, 121], semiconductor quantum dots [26], nitrogen-vacancy (NV) centers
[112, 181], and trapped ions [16, 79], are promising candidates for scalable quan-
tum computing due to their long coherence times and high degree of controllability.
However, the interaction between these qubits and their environment, which consists
of degrees of freedom such as phonons, nuclear spins, or electromagnetic fluctua-
tions, leads to decoherence processes, including dephasing and energy relaxation.
These decoherence mechanisms have a detrimental effect on the fidelity of quantum
gates and consequently the performance of quantum algorithms [188].

Given the impact of decoherence on the practical realization of quantum technologies,
it is crucial to investigate the decoherence dynamics of spin qubits from both
fundamental and applied perspectives. By studying and modeling the effects of
environmental noise, effective strategies can be developed to mitigate errors, such as
dynamical decoupling [150], quantum error correction [175, 215], and engineered
reservoir techniques [9].
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Among the various decoherence processes, pure dephasing stands out as a dominant
source of decoherence in several promising platforms for quantum information
processing, including NV centers in diamond [1, 57, 89] and Rydberg atom arrays
[8, 13, 24, 86]. Pure dephasing is also of great importance in nuclear magnetic
resonance (NMR) experiments, as it directly influences the coherence of spin states
and, consequently, the free induction decay signal [70]. In these systems, pure
dephasing often exhibits non-Markovian behavior, which arises from the structured
nature of the environment [65, 97] and their finite-size effects [69]. To gain a
deeper understanding of these systems and design targeted strategies for enhancing
their performance, it is essential to develop efficient models capable of simulating
non-Markovian dynamics.

In this chapter, we introduce a spin lattice model to investigate spin dephasing in
a finite spin bath and provide exact solutions for the dynamics of the central spins.
We start by exploring the dynamics of a single spin interacting with uncorrelated
and correlated spin baths to understand how the bath’s nature influences dephasing.
Next, we shift our focus to the behavior of two spins and their entanglement in the
presence of a spin bath through two case studies. The first involves a 2D spin lattice
with entangled spins interacting with an evolving environment. We examine non-
Markovian dephasing, random reset operations, and three-body interactions. The
second case study looks at two nuclear spins in an organic molecule interacting with
a thermal spin bath at finite temperatures. It highlights the role of bath correlations
in enhancing or reducing dephasing depending on temperature.

5.2 The spin-lattice model
To model spin dephasing in a finite-size environment, we consider a spin configura-
tion, such as the periodic lattice model introduced in Refs. [27, 99] and illustrated in
Fig. 5.1, where N = NA +NB spins occupy some or all of the available sites. Among
these spins, a subset of NA spins (here, NA = 2) constitutes the system of interest,
while the remaining NB ≫ 1 spins form the environment. The environmental spins
may either remain stationary or be allowed to hop between lattice sites. The motion
of the spins is described by time-dependent discrete position vectors rn(t), where
n = 1, . . . , N . The Hamiltonian of the entire system, comprising local spin energies
and Ising-like interactions energies, can be expressed as

Ĥ(t) = ℏ
N∑

i=1
ω(ri(t))σi

z + ℏ
∑
i<j

g(ri(t), rj(t))σ̂i
z ⊗ σ̂j

z

+ ℏ
∑

i<j<k

h(ri(t), rj(t), rk(t))σ̂i
z ⊗ σ̂j

z ⊗ σ̂k
z , (5.1)
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Fig. 5.1.: Sketch of a dynamical spin lattice model for non-Markovian dephasing, with
NA quantum spins (green, NA = 2) surrounded by NB environmental spins
(blue) on a periodic lattice. The configuration can be static or dynamic, with
phase exchange via Ising-type interactions. Intrasystem and system-environment
couplings are represented by gAA and gAB, respectively. A three-body phase
interaction of strength h is also considered between neighboring spins.

where ω(ri(t)) represents the local spin frequency, g(ri(t), rj(t)) denotes the two-
body Ising coupling strength that depends on the positions of the spins, and
h(ri(t), rj(t), rk(t)) represents the three-body interaction strength, which also gener-
ally depends on the positions of the spins. Here, we primarily focus on homogeneous
lattices, in which the local spin frequency ω(ri(t)) are identical for all spins. As a
result, these terms can be neglected by considering the system in a co-rotating frame.
Next, we represent the Hamiltonian using the computational basis states, i.e., |0n⟩
and |1n⟩ for the n-th spin. By regrouping the terms and shifting the energy reference
point, we obtain a simplified form of the Hamiltonian

Ĥ(t) = ℏ
∑

i

ω̃i(t)|ii⟩⟨1i| + ℏ
∑
i<j

g̃ij(t)|1i1j⟩⟨1i1j |

+ ℏ
∑

i<j<k

hijk(t)|1i1j1k⟩⟨1i1j1k|, (5.2)

with hijk(t) = h(ri(t), rj(t), rk(t)) and the renormalized one- and two-spin terms

g̃ij(t) = g(ri(t), rj(t)) − 1
2
∑

k ̸=i,j

h(ri(t), rj(t), rk(t)),

ω̃i(t) = ω(ri(t)) − 1
2
∑
i ̸=j

[
g(ri(t), rj(t)) − 1

2
∑

k ̸=i,j

h(ri(t), rj(t), rk(t))
]
. (5.3)
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Observe that the hijk and the g̃ij are symmetric under index permutation. As all
terms in the Hamiltonian commute with one another, the associated unitary time
evolution can be written as

Û(t) =
∏

i

e−i
∫ t

0 dt′ω̃i(t′)|1i⟩⟨1i|
∏
i<j

e−i
∫ t

0 dt′g̃ij(t′)|1i1j⟩⟨1i1j |

×
∏

i<j<k

e−i
∫ t

0 dt′hijk(t′)|1i1j1k⟩⟨1i1j1k|, (5.4)

where the one-, two-, and three-body phases accumulate based on the spin’s hopping
trajectory between sites. For static positions, all accumulated phases depend linearly
on t. The first term represents local phase rotations that do not influence dephasing
or entanglement among the system’s spins. These rotations can be incorporated by
moving to the rotating frame,

Ût =
∏
i<j

e−i
∫ t

0 dt′g̃ij(t′)|1i1j⟩⟨1i1j |
∏

i<j<k

e−i
∫ t

0 dt′hijk(t′)|1i1j1k⟩⟨1i1j1k| =: U (2)
t U

(3)
t , (5.5)

where Û (2)
t and Û (3)

t encompass the terms involving two- and three-body interactions,
respectively. For clarity, we define binary arrays a = (a1, . . . , aNA

) ∈ {0, 1}×NA ,
b ∈ {0, 1}×NB , and their concatenated form ab to represent the spin configurations
of the energy eigenstates for both the system and the environment.

|ab⟩ = |a⟩|b⟩ = |a1, . . . , aNA
, b1, . . . , bNB

⟩ ∈ C2(NA,NB), (5.6)

where the inner products a · a and b · b give the numbers of A and B spins in the
state |1⟩, respectively.

As the joint system, encompassing both the primary system and its environment,
evolves, the phases induced by interactions between spin pairs can be represented
by the adjacency matrix Γ(t) of a weighted graph. In this graph, vertices correspond
to individual spins, and edges connecting spins represent the interaction. Each edge
carries a weight representing the accumulated phase, Γij(t) =

∫ t
0 dt

′g̃ij(t′) = Γji(t)
for i ̸= j, with Γii = 0. The elements of the adjacency matrix capture the history of
interactions between spins i and j [98, 103]. In this context, a state |ab⟩ accrues the
corresponding phase from these pairwise interactions

Û
(2)
t |ab⟩ = e−

i
2 ab·Γ(t)ab|ab⟩ = e

− i
2 a·ΓAA(t)a+2a·ΓAB(t)b+b·ΓBB(t)b|ab⟩. (5.7)

Expressions like Γv and w · v denote the standard real-valued matrix-vector multipli-
cation and scalar product, respectively. The coefficient 1/2 ensures that each interac-
tion pair is accounted for precisely once. Furthermore, the global interaction matrix
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can be partitioned into submatrices: ΓAA(t) with dimensions NA ×NA, ΓAB(t) with
dimensions NA ×NB , and ΓBB(t) with dimensions NB ×NB . These submatrices rep-
resent the phases associated with internal system interactions, system-environment
interactions, and interactions within the environment, respectively.

Including arbitrary interactions among three spins introduces significant complexity
to the graphical model, requiring the use of hyperedges connecting three nodes
and managing a substantially larger matrix to track the history of spin triplets’
interactions. Given that physical three-body interactions are generally weak and
short-ranged, we restrict our focus to spin triplets where at least two of the three pairs
are direct neighbors, assigning a uniform coupling strength h to such interactions. If
all three spins are mutual nearest neighbors, the coupling strength is increased to 2h
for simplicity. To represent these interactions, we define a second time-dependent
matrix Λ(t), where each binary entry Λij(t) ∈ {0, 1} indicates whether spins i and j
are connected as neighbors at a given time t. For a system with NA = 2 adjacent
spins, two distinct categories of neighbor triplets are relevant: (i) both system
spins and a single spin from the environment, and (ii) one system spin along with
two spins from the environment. The resulting three-body phases are captured
using the submatrices ΛAB(t) and ΛBB(t), which describe system-environment and
environment-environment neighbor relationships, respectively, at each moment in
time

Û
(3)
t |ab⟩ = e

−ih
∫ t

0 dt′
{

a1a2(1,1)·ΛAB(t′)b+a·ΛBB(t′)
[
b◦ΛBB(t′)b

]}
|ab⟩. (5.8)

here the ◦ operator represents the Hadamard product, which refers to the element-
wise multiplication of two arrays or matrices of the same dimensions. The initial
term in the exponent corresponds to interaction type (i), which only has a non-zero
contribution when a = (a1, a2) = (1, 1). This can also be generalized for larger
systems where NA > 2. When focusing on the dynamics of an individual system
spin while still considering three-body interactions, the contribution from type (i)
will be zero.

We assume that the NA system spins are fully controllable and can be initialized in a
pure reference state ρA = |ΨA⟩⟨ΨA|, whereas the environment is in a predetermined
state, typically an uncontrolled one such as a thermal state ρB. When tracing over
the NB environment spins, the evolution of the reduced system state only depends
on the diagonal elements p(b) = ⟨b|ρB|b⟩, so the off-diagonal coherences of ρB do
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not need to be considered. Therefore, the global initial state can be taken as this
form

ρAB(0) =
∑

a,a′,b

⟨a|ρA|a′⟩p(b)|a⟩⟨a′| ⊗ |b⟩⟨b|. (5.9)

The system evolves according to the general Hamiltonian (5.2) over a time interval t.
At the end of this evolution, we can obtain the reduced state of the two-spin system
as

ρA(t) = trB

[
ÛtρAB(0)Û †t

]
=

∑
a,a′

⟨a|ρA(t)|a′⟩Dt(a, a′)e
i
2

(
a′·ΓAA(t)a′−a·ΓAA(t)a

)
|a⟩⟨a′|, (5.10)

with the decoherence factor

Dt(a, a′) =
∑

b

p(b)ei(a′−a)·ΓAB(t)b
e

ih
∫ t

0 dt′(a′
1a′

2−a1a2)(1,1)·ΛAB(t′)b

× e
ih
∫ t

0 (a′−a)·ΛAB(t′)
[
b◦ΛBB(t′)b

]
. (5.11)

The decoherence factor Dt(a, a′) plays a crucial role in system evolution and is
determined by several factors, including the properties of the environment, the
coupling strength between the system and environment, and the interaction history.

5.3 Non-Markovian pure dephasing of single spin
In the previous section, we presented a spin lattice model and derived a general
solution for the decoherence of system spins within finite spin baths. While we
obtained the reduced two-spin state at time t in Eq. (5.10), which will later be
used to analyze the entanglement dynamics of two spins in a shared bath, the
framework can be easily extended to larger system sizes. Before delving into the
two-spin entanglement study, it is worthwhile to first examine the dynamics of
a single spin. In this section, we focus on a single system spin, which interacts
with the environment spins exclusively through pairwise phase interactions. This
simplified interaction model allows us to derive a more straightforward expression
for the decoherence dynamics, offering a clearer understanding of the underlying
mechanisms.

An arbitrary initial state of a single spin will undergo pure dephasing with the
simplified decoherence factor

Dt =
∑

b

p(b)e−iΓAB(t)b, (5.12)
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Fig. 5.2.: Curie-Weiss spin bath: Every spin interacts uniformly with all others, represented
by a complete graph. In this graph, vertices correspond to spins, and edges
between vertices i and j denote the coupling term −(J/NB)σ̂i

z ⊗ σ̂j
z in the total

interaction energy, where J is the coupling rate and NB is the total number of
bath spins.

where the adjacency matrix ΓAB(t) is a matrix of size 1 ×NB. In the following, we
consider two simple bath examples of spin baths for which the decoherence of the
system spin can be given analytically and its non-Markovian nature can be identified
straightforwardly.

Finite bath of static spins at infinite temperature

In the simplest case, we assume the environment is in the maximally mixed state,
i.e., p(b) = 1/2NB . Consequently, the decoherence factor takes the form

Dt = 1
2NB

∑
b

e−iΓAB(t)b

=
NB∏
n=1

1
2
(
1 + e−iΓAB,n(t)

)

= e−
i
2
∑NB

k=1 ΓAB,n(t)
NB∏
k=1

cos
(ΓAB,n(t)

2

)
. (5.13)

The equation reveals that the decoherence factor exhibits an oscillatory behavior
when NB has a finite value, indicating that coherence information lost from the
system to the environment can partially return. Consequently, the single-spin
dynamics displays clear signatures of non-Markovianity.

Infinite fully connected bath of thermal spins

As another bath example, we choose the Curie-Weiss model [76] in which each spin
couples uniformly to all the other spins through an Ising-type pairwise interaction,
representing a fully connected graph as illustrated in Fig. 5.2. This simple model
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admits an analytical treatment in the thermodynamical limit and has been used to
illustrate the phase transition [76]. The bath Hamiltonian reads

Ĥcw
B = − J

2NB

NB∑
i,j=1

σ̂i
z ⊗ σ̂j

z − h
NB∑
i=1

σ̂i
z

= − J

2NB

NB∑
i=1

σ̂i
z

2

− h
NB∑
i=1

σ̂i
z. (5.14)

The coupling energy between two spins is given by J/NB, where we divide by NB

to account for the number of spins in the system, ensuring a proper scaling of the
interaction strength. The prefactor 1/2 is included to prevent double counting of
spin pairs. The h represents the individual spin energy in the external magnetic field.
Suppose the bath is in the thermal equilibrium and the probability distribution of
each spin configuration reads

p(b) = e−βE(b)/ZB, (5.15)

where E(b) is the energy of spin configuration Ĥcw
B |b⟩ = E(b)|b⟩ and the β denotes

the inverse temperature. In the thermodynamical limit, we show that the bath
will experience a phase transition as temperature varies at zero magnetic field in
Appendix. B.1. With σ̂i

z|b⟩ = (1 − 2bi)|b⟩ = mi|b⟩, where mi = 1 − 2bi ∈ {−1, 1}
represents the magnetization of i-th spin, the partition function ZB is given by

ZB = tr
[
e−βĤcw

B
]

=
1∑

m1=−1
. . .

1∑
mNB

=−1
e(J/2NB)β

(∑NB
i=1 mi

)2
+hβ

∑NB
i=1 mi

=
NB∑

M=−NB

(
NB

NB+M
2

)
e(J/2NB)βM2+hβM , (5.16)

where M =
∑NB

i=1mi is the total magnetization. To derive the partition function, we
start by approximating the binomial coefficient with the Stirling formula, which is
valid for NB → ∞ and typically holds well for NB on the order of hundreds. Next,
the discrete summation over M is approximated as an integral over the continuous
magnetization density m = M/NB ∈ [−1, 1] per spin. Thus the Eq. (5.16) then
becomes

ZB ≈
∫ −1

−1
e−NBf(m)dm, (5.17)
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with the free energy approximately given by

f(m) ≈ 1 +m

2 ln 1 +m

2 + 1 −m

2 ln 1 −m

2 − βJm2

2 − βhm. (5.18)

For large NB, the integral (5.17) is dominated by the region around the minimum
of f(m), referred to as the saddle point, which is determined by the condition
f ′(m0) = 0. This results in a self-consistent equation

tanh (Jβm0 + hβ) = m0. (5.19)

Further, we can perform the saddle-point approximation and obtain

ZB = e−NBf(m0)
√

2π
NBf ′′(m0) , (5.20)

with the second derivative of system’s free energy f ′′(m0) = 1/
(
1 −m2

0
)
−Jβ, which

vanishes at the critical point (Jβc = 1).

The decoherence factor (5.12) for a single spin in this environment is given by

Dt = 1
ZB

1∑
m1=−1

. . .
1∑

mNB
=−1

e(J/2NB)β
(∑NB

i=1 mi

)2
+hβ

∑NB
i=1 mi−igt

∑NB
i=1 mi . (5.21)

For simplicity, we assumed that the system spin couples equally to all bath spins
with a coupling strength g. As a result, the system-environment adjacency matrix is
given by ΓAB(t) = gt (1, 1, . . . , 1). Applying the same procedure and approximations
used in the partition function derivation, the equation simplifies to

Dt = e−ig̃tm0−(g̃t)2/
[
2NBf ′′(m0)

]
, (5.22)

with g̃ = gNB.

Figure 5.3 shows the time-dependent decoherence factor at various temperatures,
comparing cases with and without a magnetic field in the bath. In both cases, the
coherence decay deviates from exponential decay seen in Markovian environments,
signaling non-Markovian behavior. At higher temperatures, we observe that the
mean magnetization vanishes (m0 = 0) from Fig. B.1, and the second derivative
of system’s free energy is f ′′(m0) = 1 − Jβ. As a result, the decoherence takes the
simple form Dt = e−(g̃t)2/[2NB(1−Jβ)] , which shows a Gaussian decay. In contrast, at
lower temperatures, the system displays oscillatory behavior, a clearer indication of
non-Markovian dynamics.
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Fig. 5.3.: The decoherence factor (5.22) as a function of time at various temperatures for
two scenarios: (a) in the absence of a magnetic field (h = 0) and (b) in the
presence of a magnetic field. Different colors correspond to different temperature
values.

One particularly interesting observation is that the initial decay of coherence in-
creases as the temperature decreases. This can be explained by the fact that at lower
temperatures, the environmental spins become more correlated due to interactions
between neighboring spins. As the temperature decreases, thermal fluctuations
decrease, causing the spins to align and minimize the system’s energy, which leads
to stronger collective interactions between the system and the bath. The increased
coherence of the bath spins enhances the system-environment interactions, resulting
in faster decoherence in the early stages.

Furthermore, in the absence of a magnetic field (h = 0), the bath undergoes a phase
transition at the critical point Jβc = 1, as shown in Fig. B.1. Near this critical point,
the system coherence undergoes a rapid decay, with the decay rate approaching
infinity. This can be observed directly from Eq. (5.22), where f ′′(m0) vanishes at
this point. This transition signifies a sharp change in the bath’s dynamics, where the
bath spins become highly correlated.
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5.4 Entanglement dynamics of two spins

In this section, we examine the dephasing dynamics of two entangled spins, which
correspond to the behavior of two qubits in quantum information processing. Two-
qubit phase gates play a fundamental role in quantum algorithms, serving as essential
components for universal quantum computation. In particular, these gates are crucial
for generating entanglement, a key resource for achieving quantum advantage [84,
88].

However, their performance is often compromised by decoherence, particularly
dephasing, which can arise due to interactions with surrounding qubits [43, 188].
To investigate this effect, we consider a system of two qubits with a fixed Ising-like
coupling strength. Under such interactions, these qubits form a phase gate, leading
to entanglement that evolves over time. We specifically analyze how dephasing
impacts the entangling power of this phase gate, focusing on two prominent physical
platforms for quantum simulation: 2D Rydberg atom arrays [8, 13, 24, 86] and
molecular systems [3, 58, 110, 165, 221, 228]. Both 2D Rydberg atom arrays and
molecular systems can be effectively described using spin lattice models due to their
intrinsic spin-like interactions and spin representations [184].

5.4.1 2D lattice structure bath–Rydberg atoms

For our first case study of the two-spin system, we consider a model where both
the system and its surrounding spins form a two-dimensional Rydberg atom array
[8, 13, 24, 87]. In this setting, each atom acts as a qubit or spin and interacts
with its nearest neighbors via dipole-dipole coupling. The surrounding spins can
either stay fixed or move randomly, resulting in dephasing processes that range from
nearly Markovian to non-Markovian behavior. This enables us to study the effects of
both Markovian and non-Markovian dephasing on the fidelity and entangling power
of a phase gate between two system spins. We also examine how random reset
operations—where spins are randomly reset to a specific state—can help preserve
entanglement, as well as the potential role of three-body interactions in reducing
dephasing.

The entire system is modeled as a two-dimensional lattice with a Hamiltonian
(5.3). The system consists of two distinct, strongly interacting atoms that exchange
phase information via nearest-neighbor Rydberg blockade interactions with strength
gAB > 0, coupled to an environment of NB atoms distributed across the lattice. In
the worst-case scenario, the environment is at infinite temperature, with a uniform
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excitation probability p(b) = 2−NB , which can also be described by the pure state
ρB = (|+⟩⟨+|)⊗NB , as described in Refs. [27, 99].

In our example, we start from a bath configuration in which each lattice site of a
10 × 10 lattice hosts a single B-atom in the |+⟩ state. Environmental fluctuations are
simulated by allowing atoms to hop randomly to neighboring sites at a probability
rate ηB > 0. For simplicity, multiple atoms are allowed to occupy the same site, and
we assume periodic boundary conditions, i.e., a toroidal lattice topology. Atoms
on a site and its eight adjacent sites are treated as nearest neighbors, interacting
at a fixed rate gBB. Two scenarios are compared: (i) a highly non-Markovian
regime where the two system atoms are placed on top of B atoms at neighboring
sites in the center of the lattice and remain fixed, and (ii) an almost Markovian
regime where the positions (and consequently the neighboring environment) of the
system spins change randomly at each simulation step. In an infinite lattice, the
random movement in scenario (ii) prevents the system from encountering the same
environmental spins more than once, resulting in a memoryless evolution describable
by a Markovian sequence of completely positive (CP) maps. In contrast, in scenario
(i), the stationary system interacts persistently with the same environment, leading to
evolution that cannot be expressed as a chain of CP maps—a defining feature of non-
Markovianity [23, 180]. However, in a finite lattice, the relocating system in scenario
(ii) will eventually revisit previous environmental spins, causing non-Markovian
behavior to emerge over extended periods.

Since the coupling strength between the two system spins (NA = 2) is assumed to
be constant at gAA, the NA ×NA submatrix ΓAA(t) is expressed as follows

ΓAA(t) =

 0 gAAt

gAAt 0

 . (5.23)

In the absence of three-body interactions, the reduced two-spin system state evolves
as

ρA(t) =
∑
a,a′

⟨a|ρA|a′⟩Dt(a, a′)eigAAt(a′
1a′

2−a1a2)|a⟩⟨a′|. (5.24)

For an infinite-temperature lattice environment, the decoherence factor (5.11) sim-
plifies considerably, reducing to

Dt(a, a′) =
NB∏
n=1

e
i
2 (a′−a)·ΓAB(t)·b(n)

cos
[1

2
(
a′ − a

)
· ΓAB(t) · b(n)

]
, (5.25)
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Fig. 5.4.: Entanglement negativity between system spins as a function of normalized time
gAB/π and system-environment coupling gAB/gAA. become entangled through
their phase interaction, with gAA∆t = 0.05, while experiencing (a) nearly Marko-
vian and (b) non-Markovian dephasing induced by an infinite-temperature spin
environment. The hopping rate of environmental spins is ηB = 1/5. In (a),
undergo random jumps between lattice sites at each time step ∆t. Entanglement
negativity is computed for ensemble-averaged states over 2 × 105 trajectories.

with the neighbour adjacency matrix between system and environment spins is given
by ΓAB(t) = gAB

∫ t
0 ΛAB(t)dt′. The b(n) denote the NB basis vectors, where the n-th

atom is in the state |1n⟩ and all other atoms are in the |0⟩ state. The decoherence
factor (5.25) can be efficiently calculated for large environments, where NB ≫ 1,
and will form the foundation for our subsequent evaluation of an entangling phase
gate under the influence of environmental dephasing. Our simulations are carried
out with discrete time steps ∆t and random hopping events of the environment
spins occurring at every 1/ηB-th step.

Entangling power of a two-qubit phase gate

Consider the two system spins are initially prepared in the product state |ψA⟩ =
|+⟩|+⟩, which stay in close proximity with a constant interaction rate of gAA. When
isolated, the Rydberg interaction generates entanglement periodically, leading to a
maximally entangled Bell state at odd multiples of gAAt = (2n+1)π. This interaction
effectively performs a perfect controlled phase (c-phase) gate, which is essential
for enabling universal quantum computation with qubit arrays [184]. However,
the presence of additional surrounding spins induces dephasing, which rapidly
reduces the gate fidelity. A useful measure of this effect is the evolution of system
entanglement over time, which can be quantified using the negativity [173, 217].

N (t) = ∥ρTA∥ − 1
2 , (5.26)

which ranges from zero to its maximum value 0.5.
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In Fig. 5.4, we illustrate the effects of (a) nearly Markovian and (b) non-Markovian
dephasing on the c-phase gate negativity as a function of time t and the relative
coupling strength gAB/gAA. The system state ρ was averaged over 2 × 105 simulated
trajectories on a representative 10 × 10 lattice with NB = 100 spins, where each spin
hops to a random neighboring site every 5 time steps. Panels (a) and (b) correspond
to the nearly Markovian regime, where the system spins relocate randomly at each
step, and the non-Markovian regime, where the system spins remain fixed at specific
lattice positions (both spins placed on the third site from the left and second from
the top).

In an ideal scenario, the negativity would exhibit periodic oscillations, as observed
in the lower regions of the plots. However, it is evident that the non-Markovian case
presented in (b) leads to a more rapid deterioration of entanglement compared to
the Markovian case. Negativity values greater than 0.1 are only observed for weak
coupling strengths, where gAB ≲ 0.5gAA. Furthermore, in the non-Markovian case,
the periodic revival of entanglement is almost absent, emphasizing the detrimental
impact of non-Markovian effects on the maintenance of entanglement.

Additionally, as the environment coupling increases, the time at which maximum
entanglement occurs shifts to earlier values, which is a result of an effective Lamb
shift in the system’s energies given by the complex phase of Eq. 5.25. These findings
suggest that, for a given two-spin coupling, phase coherence and entanglement
are more robust in a dynamic Markovian environment compared to a static non-
Markovian one.

One might question whether the observed behavior and differences can be captured
by strictly Markovian, CP-divisible dephasing processes with adjusted effective
coupling rates [46]. To investigate this, we introduce a discrete-time Markovian
chain model for the dephasing of the two system spins, where they interact with the
same local environment in the interaction picture. At each time step ∆t, the state of
the system updates to ρA,j = ρA(t = j∆t) following the rule

ρA,j = trB

[
V̂ABÛA

(
ρA,j−1 ⊗

(11
2

)⊗nB
)
Û †AV̂

†
AB

]
, (5.27)

where the system evolution is described by the unitary ÛA = eigAA∆t|1112⟩⟨1112| and
the system-environment coupling by

V̂AB =
nB∏

n=1
e−igAB∆t(|11⟩⟨11|+|12⟩⟨12|)⊗|1n⟩⟨1n|. (5.28)
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Fig. 5.5.: Entanglement negativity as a function of time at gAB∆t = 0.05 and gAB/gAA =
0.5. We compare the almost Markovian (red cicles) and the non-Markovian case
(green dots) from Fig. 5.4 against the strictly Markovian collision model based
Eq. 5.29 with nB = 8 (solid line).

The update rule (5.27) describes the discrete-time evolution of the system within
the context of collision models [45], where each step involves both system spins
interacting with an independent set of nB maximally mixed environment spins. In
the computational basis |a⟩, this Markovian update rule can be rewritten in terms of
a Hermitian coefficient matrix

⟨a|ρA,j |a′⟩ = DM (a, a′)⟨a|ρA,j−1|a′⟩. (5.29)

The diagonal elements of this matrix are all CM (a, a) = 1, while the off-diagonal
elements are given by

DM (00, 01) = DM (00, 10) = ei 1
2 nBgAB∆t cosnB

(
gAB∆t

2

)
, (5.30)

DM (00, 11) = ei(gAA+nBgAB)∆t cosnB (gAB∆t),

DM (01, 10) = 1,

DM (01, 11) = DM (10, 11) = eigAA∆tDM (00, 01),

and the respective Hermitian conjugates. A straightforward calculation starting from
the initial product state then yields the entanglement negativity in each time step.

In Fig.5.5, we compare the negativity decay results from Fig.5.4 at fixed gAB =
0.5gAA and gAA∆t = 0.05 to the Markovian collision model (5.29) with nB = 8
(solid line), which represents the average expected number of neighboring environ-
ment spins in a fully populated lattice. The results from the almost Markovian regime
(red circles) show good agreement with the Markovian model for approximately the
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first 15 random hopping steps. After this point, however, deviations increase due to
the finite lattice size. The Markovian model (5.29) continually subjects the system
to an independent set of nB environment spins at each step, while in the actual
simulation, the system spins eventually encounter the same neighboring particles
again, violating the Markov assumption. In line with this, the negativity from the
static non-Markovian simulation (green dots) decays more rapidly, deviating much
sooner from the simple collision model.

Reset-based entanglement preservation

In the above, we examined the entangling power of the c-phase gate between two
spins subjected to dephasing from surrounding spins. Our findings revealed that
a dynamically varying, nearly Markovian local environment is less harmful than
a static non-Markovian one. However, in both cases, the entanglement (and gate
fidelity) decays exponentially on short timescales gABt ≲ 1, which are governed
by the system-environment coupling. To address this, we propose a straightfor-
ward repeated intervention method to generate and maintain a non-vanishing
average level of entanglement for use at long times. A similar, but less pronounced
entanglement-preserving effect was noticed previously [100] for random single-spin
reset interventions, starting from a maximally entangled state.

Consider an operation that resets the two system spins to their initial or any other
pure product state |ψ1ψ2⟩, which is a CPTP map with Kraus representation

Φr(ρA) = |ψ1ψ2⟩⟨ψ1ψ2| =
1∑

a1,a2=0
|ψ1ψ2⟩⟨a1a2|ρA|a1a2⟩⟨ψ1ψ2|. (5.31)

By performing this local operation at regular or random intervals, with an probability
per time step κ∆t comparable to the environment coupling strength, one can
partially counteract dephasing and drive the system toward an ensemble-averaged
steady state with a finite amount of entanglement for times κt > 1. For this approach,
the reset states should be chosen along the equator of each spin’s Bloch sphere.

To demonstrate the effect, we performed simulations using a Poisson process to
introduce reset interventions at varying rates of κ∆t within our lattice dephasing
model. In each trajectory, the waiting times between reset events are drawn from
an exponential distribution, and the system evolves according to our decoherence
model (5.25) between events. We observed that the highest amount of entanglement
is preserved when resetting to the initial state |ψ1ψ2⟩ = | + +⟩.

Figure 5.6 presents the results averaged over 2 × 105 simulated trajectories for
each parameter set. Panel (a) illustrates the rapid equilibration to a steady-state
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Fig. 5.6.: Entanglement negativity versus time in the presence of dephasing and random
simulation reset operations on the two system spins. The solid and dashed lines
represent the almost Markovian and the non-Markovian case, respectively; the
colors represent different combinations of intrasystem coupling and reset rate.
(b) Steady-state negativity versus reset rate κ and intrasystem coupling gAA, as
evaluated at t = 15∆t. The dots show the maximum negativity with respect to
κ/gAA = 7. We fix gAB∆t = 0.1 and average over 2 × 105 trajectories.

entanglement negativity as a function of time for various intra-system coupling
rates gAA/gAB and reset rates κ/gAB. Both the almost Markovian environment
(solid line) and the static non-Markovian environment (dashed line) yield nearly
identical results. In panel (b), the steady-state negativity is shown as a function
of these two rates, demonstrating that the maximum entanglement is achieved
when resetting at a rate of κ ∼ 7gAA. Generally, when the system-environment
coupling is weak (gAA ≫ gAB), a significant portion of the entanglement can be
preserved on average. A similar, albeit less pronounced, entanglement-preserving
effect was previously observed for random single-spin reset interventions starting
from a maximally entangled state [100]. The reset protocol considered here requires
synchronized single-qubit control at a rate comparable to the c-phase gate timescale,
which is feasible on current spin array platforms for quantum information processing
[16, 156, 184].

Three-body interaction curbing dephasing

In Rydberg atom systems, there can also be three-body phase interactions on top
of the pairwise [78, 79]. These interactions, which can be either repulsive or
attractive, are typically weaker than two-body interactions and emerge as higher-
order corrections to the dominant pairwise couplings. In this context, we examine
the influence of three-spin interactions on entanglement decay under dephasing,
demonstrating that even weak three-body couplings of opposite sign to the two-body
terms can significantly mitigate dephasing effects. This improvement enhances both
the achievable entanglement and the fidelity of a controlled-phase (c-phase) gate
between two system spins.
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Fig. 5.7.: Entanglement negativity as function of time with and without three-body coupling
effect. We choose the same parameters setting as in Fig. 5.5 (dashed line), with
an additional three-body coupling of strength h = −0.015gAB (solid). The
comparison is made for (a) the almost Markovian case and (b) the non-Markovian
case, with results averaged over 105 trajectories.

By introducing three-body interactions with a fixed rate h < 0 between nearest
neighbors in the lattice model, the decoherence factor for the worst-case scenario,
where the environment spins are maximally mixed, is given by

Dt(a, a′) =
NB∏
n=1

e
i
2 (a−a′)·

[
ΓAB(t)·b(n)+hΛAB(t)·

(
b(n)◦ΛBB(t)·b(n)

)]
(5.32)

cos
(

1
2(a− a′) ·

[
ΓAB(t) · b(n) + hΛAB(t) ·

(
b(n) ◦ ΛBB(t) · b(n)

)])
.

Figure 5.7 compares the c-phase entanglement negativity with and without three-
body coupling, based on an average over 1 × 105 simulated trajectories within our
lattice model. Panels (a) and (b) represent the almost Markovian and static non-
Markovian regimes, respectively. In these simulations, the two-body environment
coupling is fixed at gAB = 0.5gAA, consistent with the setup in Fig. 5.5, where
the gray curves replicate the simulated results from that figure. Introducing a
weak three-body coupling with strength h = −0.015gAB leads to a notable increase
in the achievable entanglement, as seen in the blue curves. This enhancement
is particularly significant in the non-Markovian case (b), where there is also a
shift toward longer gate times for achieving maximum entanglement. Therefore,
considering such three-spin interactions could improve the stability of local gate
operations on qubit array platforms, boosting the potential for quantum computing.
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5.4.2 Organic molecule as a finite correlated spin bath

Molecules with individually addressable and controllable nuclear spins offer a
promising foundation for scalable quantum technologies [3, 136, 233]. However,
the coherence times of quantum operations are constrained by dephasing effects,
which result from magnetic dipole-dipole interactions with nearby spins in the
surrounding environment. For example, the decoherence of a single central spin in a
triphenylphosphine (PPh3) molecule and the propagation of multispin correlations
have been studied theoretically and validated experimentally [165]. These studies
were conducted in a high-temperature regime where the bath spins were effectively
modeled as uncorrelated maximally mixed states.

We extend the analysis to a system with two central spins within a different molecule,
which are used to implement a controlled-phase (c-phase) gate. In this setup, we
investigate the dephasing effects caused by interactions with the surrounding spin
bath and assess the role of bath correlations at finite temperature. The dynamics
of the two central spins are analyzed in the presence of a thermal spin bath. We
will show that bath correlations significantly enhance the decoherence effect at low
temperatures, where these correlations become non-negligible.

The exemplary molecule under consideration is 1,2-Bis(dimethylphosphino)ethane
(dpme), with the chemical formula C6H16P2, as depicted in Fig. 5.8. The two nuclear
spins of the phosphorus atoms (yellow) constitute the system of interest, while the
N = 16 surrounding hydrogen spins (light gray) form the thermal bath. To utilize our
framework for examining dephasing at finite temperature, we consider a scenario in
which the spin bath is assumed to be in thermal equilibrium at ultralow temperatures,
extending down to the nanokelvin range. This stands in contrast to conventional
NMR experiments, which are usually carried out at room temperature. By exploring
this ultralow temperature regime, we can gain a more precise understanding of how
temperature influences dephasing processes in a more controlled setting. We model
the interactions in the system using a simple Ising-type dipole-dipole interaction,
which is valid when the molecule is placed in a strong magnetic field along the
z-direction [71].

The Hamiltonian of the global system is given by (5.1) without the three-body
interaction term, where the quantization axis ez for the spin states is aligned with
the external homogeneous magnetic field of strength Bz. The bare resonance
frequencies of the hydrogen spins are uniform and expressed as ωH = gHµNBz/ℏ,
where gH = 5.585 is the hydrogen atom g-factor, and µN is the nuclear magneton.
Since we work in the co-rotating frame of the system spin, its bare resonance
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Fig. 5.8.: Structure of the 1,2-Bis(dimethylphosphino)ethane (dpme) molecule C6H16P2
possesses C2 molecular symmetry, with the two phosphorus atoms (yellow) occu-
pying symmetry-equivalent positions.. The nuclear spins of the two phosphorus
atoms (yellow) act as the quantum system subject to non-Markovian dephasing
from the 16 surrounding hydrogen spins (light grey) via magnetic dipole interac-
tions. We average over random orientations of the molecule with respect to the
external magnetic field axis.

frequencies can be neglected. The magnetic dipole-dipole interaction between any
two spins, as represented in Eq. (5.2), takes the following form [131]

g̃kn = gkn = µ0µ
2
Ngkgn

4πℏ|rk − rn|3
[
1 − 3(zk − zn)2

|rk − rn|2
]
. (5.33)

Here, µ0 is the magnetic constant, and gH = 5.585 and gP = 2.261 are the g-factors
for the hydrogen and phosphorus spins, respectively. As usual, we set g̃kk = 0. The
interaction between two spins depends on the angle between their distance vector
and the magnetic field. To account for this, we average over random orientations of
the molecule relative to the external magnetic field. In NMR experiments, powdered
samples are typically employed at low temperatures, so we model an ensemble of
molecules with randomly distributed orientations. The two phosphorus spins are
prepared in the maximally entangled state |ΦA⟩ = 1√

2 (|00⟩ + |11⟩) and now undergo
dephasing due to interactions with the hydrogen spin bath.

The hydrogen spins are assumed to be in thermal equilibrium at an inverse tempera-
ture β = ℏ/kBT and the corresponding thermal state reads

ρB =
∑

b

p(b)|b⟩⟨b| = 1
ZB(β)

∑
b

e
−β

(
ω̃B ·b+ 1

2 b·g̃B ·b
)

|b⟩⟨b| (5.34)

with the partition function

ZB(β) = tr
(
e−βHB

)
=
∑

b

e
−β

(
ω̃B ·b+ 1

2 b·g̃B ·b
)

(5.35)
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where g̃B is the 16 × 16 matrix of homonuclear H-H coupling frequencies (5.33)
with zeros on the diagonal. The renormalized hydrogen eigenfrequencies in ω̃B are
given by

ω̃k = ωH − 1
2

2∑
nA=1

g(rk, rnA) − 1
2

16∑
n=1
n ̸=k

g(rk, rn). (5.36)

The renormalized frequency array already incorporates the heteronuclear coupling
with the two P spins and the homonuclear coupling from the other H spins. The ori-
entation independent prefactors in (5.33) determine the magnitude of the coupling
frequencies, which, in this case, range from 2π× 27.5 Hz to 2π× 3.52 kHz. The bare
H-spin resonance frequency ωH is approximately 2π × 42.5 kHz/mT. Consequently,
bath correlations become significant only at relatively weak magnetic fields, Bz ≲ 0.1
mT. In contrast, at high magnetic fields, the local spin energies dominate, allowing
us to approximate the thermal state as a product of local Gibbs states.

p(b) ≈
NB∏
n=1

e−βω̃nbn

1 + e−βω̃n
≈ e−βωHb·b

(1 + e−βωH )NB
, (5.37)

regardless of the molecular orientation. This approximation will no longer be valid
for the correlated thermal state. In either case, the thermal populations p(b) and the
decoherence factor followed for the two P spins will depend on the orientation of
the molecule.

To represent an ensemble of randomly distributed static orientations in thermal
equilibrium, the decoherence factor is determined by averaging uniformly over
a sphere characterized by two key Euler angles: the inclination angle θ ∈ [0, π]
relative to the z-axis of the field and the azimuthal angle γ ∈ [0, 2π] around the
molecule’s principal axis. The third Euler angle, corresponding to a rotation around
the molecule’s own symmetry axis, is irrelevant to the averaging. This leads to

Dt(a, a′) =
∫∫ sin θ

4π dθdγ
∑

b

p(b|θ, γ)eit(a−a′)·g̃AB(θ,γ)·b
. (5.38)

It is important to note that for a correlated thermal state, the summation over all
2NB binary vectors b cannot be simplified into a product of NB terms, resulting in
an exponential increase in computational cost as the bath size grows. Based on the
decoherence factor, we will examine how the entanglement between two P spins
decays, following the same procedure as outlined in the previous section.

In Figure 5.9, the entanglement negativity between two P spins is presented as a
function of time. Panels (a) and (b) illustrate results for a single fixed molecular
orientation under different magnetic fields, Bz = 0.05 mT and Bz = 1 mT, respec-
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Fig. 5.9.: The decay of entanglement negativity over time for two nuclear P-spins, initially
in a Bell-entangled state, subjected to dephasing by the surrounding H-spins of
the dpme molecule under a magnetic field of (a, c) Bz = 0.05 mT and (b, d) 1 mT.
The molecule is oriented (a, b) at a fixed configuration with θ = π/2 and γ = 0,
and (c, d) averaged over 5000 random orientations relative to the magnetic field
axis. The dephasing dynamics are compared for an interacting (solid line) and a
non-interacting (dashed line) thermal environment across different temperatures.

tively. In contrast, panels (c) and (d) show the corresponding averaged values over
5000 random orientations of the damped molecule relative to the fixed magnetic
axis. Each panel compares the negativity for a thermal state with (solid line) and
without (dashed line) correlation. The uncorrelated case is obtained by setting
g̃AB = 0. Different curve colors correspond to different temperatures. As anticipated,
in the strong-field scenario, the correlated and uncorrelated baths produce nearly
identical results. This occurs because the local spin energies dominate, and the
spin-spin couplings are weak enough to be negligible. In contrast, under the weak
field shown in panel (a), a significant difference emerges. The correlated bath
induces much faster decay at lower temperatures. This phenomenon arises from
dipole couplings within the bath, which generate thermally accessible low-energy
excitation modes that interact with the system to acquire phase information. Due to
the limited number of thermally excited modes, noticeable revivals are observed at
approximately 2 and 4ms of evolution time.
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Building on the above observation, we further investigate the relationship between
the initial decay of entanglement and thermal excitations in the bath under a weak
magnetic field. The initial entanglement decay is defined as the difference between
the entanglement negativity at a small time interval τ and its initial value for the
Bell state, which has a maximum of N (0) = 1/2. To calculate the negativity at τ ,
the states of the two system spins at this time must be determined. The initial Bell
state |ΨA⟩ evolves as

ρA(τ) = 1
2

[
|00⟩⟨11| + |11⟩⟨00| +Dτ (00, 11)|00⟩⟨11| +Dτ (11, 00)|11⟩⟨00|

]
,

(5.39)

with the coefficients Dτ (a, a′) obtained from Eq. (5.38). The negativity (5.26) of
this state assumes the simple form

N (τ) =
√
Dτ (00, 11)Dτ (11, 00)

2 = |Dτ (00, 11)|
2 . (5.40)

Expanding the coefficient Dτ to second order in τ results in a quadratic initial decay
of negativity,

R := N (0) − N (τ)

≈ 1
2 − 1

2

√
1 − τ2Var

[
(1, 1) · g̃AB · b

]
,

≈ τ2

4 Var
[
(1, 1) · g̃AB · b

]
. (5.41)

For the uncorrelated bath based on the orientation-independent probabilities (5.37),
the initial decay of negativity factorizes and simplifies to

R ≈ τ2

4
1

1 + eβωH

[
NB∑
n=1

〈(
(1, 1) · g̃AB · b(n)

)2
〉

θ,γ

− 1
1 + eβωH

〈
NB∑
n=1

(1, 1) · g̃AB · b(n)
〉2

θ,γ

]
, (5.42)

where ⟨·⟩θ,γ denotes the orientation average.

Figure 5.10(a) illustrates the initial entanglement decay R at τ = 10 µs as a function
of temperature for both the correlated (solid line) and uncorrelated H-spin bath
(dashed line), averaged uniformly over molecular orientations. The results reveal
that at lower temperatures, the correlated bath induces greater decoherence and
faster entanglement decay, while at higher temperatures, the uncorrelated bath
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Fig. 5.10.: (a) Initial rate of entanglement negativity decay R at τ = 10 µs as a function of
temperature, comparing the correlated (solid line) and uncorrelated (dashed
line) spin baths in the Gibbs state. (b) Number of bath spin states occupied by
99% of the Gibbs distribution. The results were obtained for a weak magnetic
field ofBz = 0.05 mT, averaged over 5×103 random orientations of the molecule.

becomes dominant. This crossover behavior is attributed to the number of thermally
accessible spin states since the variance of the P-H coupling in (5.41) increases with
the population of different H-spin configurations. Panel (b) displays the 99 quantile
of thermally occupied spin levels, representing the number of spin configurations
b, ordered by ascending energy, that collectively account for 99% of the Gibbs
distribution at each orientation within the uniform average. The crossover region
aligns with the behavior observed in the entanglement decay in (a). The uncorrelated
bath shows a stepwise increase due to the high degeneracy of its spin states.

5.5 Conclusion
In this chapter, we introduced a lattice model to describe the pure dephasing dynam-
ics of central spins. Using this model, we first analyzed a single spin interacting with
two types of spin baths: uncorrelated and correlated. Our analysis revealed that in
both cases, the single spin can exhibit non-Markovian dynamics. Notably, for the
correlated thermal bath, we demonstrated that the initial coherence decays more
rapidly at lower temperatures.

The model was also employed to study the dephasing effects on the entangling
power of a two-spin across different physical platforms. In the Rydberg atom system,
we implemented both nearly Markovian and non-Markovian dephasing. It was
observed that non-Markovian dephasing accelerates the decay of entanglement.
By leveraging a random reset mechanism, we found that entanglement could be
maintained in a stationary state. Additionally, introducing a weak three-body
phase interaction proved effective in mitigating dephasing. In the case of organic
molecules subjected to a magnetic field, we explored the effects of bath correlations
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and thermal fluctuations on two-spin entanglement decay. Our findings showed
that thermal effects enhance the initial entanglement decay in both correlated and
uncorrelated baths as the temperature increases. At stronger magnetic fields, the
correlated and uncorrelated baths result in similar entanglement decay behavior
across different temperatures. However, as the magnetic field weakens and coupling
effects dominate, the correlated bath leads to significantly faster initial decay at low
temperatures.

Future research involves leveraging the insights gained from understanding non-
Markovian dephasing dynamics to develop more effective and efficient decoupling
schemes that preserve coherence and entanglement in quantum systems [143].
Moreover, local spin measurements can be utilized as phase probes to investigate
many-body correlations or estimate temperature in finite interacting baths.
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Non-Markovian phase
thermometry

6
In this chapter, we investigate how critical phenomena in quantum many-body
systems can be used to enhance the precision of temperature estimation. We focus
on phase thermometry, a non-invasive technique where a quantum spin probe
interacts with a small region of a system, such as a two-dimensional Ising spin lattice,
and measures temperature by monitoring its dephasing dynamics. The unique
property of systems near phase transitions is their heightened sensitivity to changes
in temperature, which can significantly improve the accuracy of thermometric
measurements. To quantify this sensitivity, we use the quantum Fisher information
(QFI), a key metric that reveals how precisely temperature can be estimated. We
find that QFI peaks near the critical temperature of the system, highlighting the
enhanced precision achievable at phase transitions. Through theoretical modeling
and simulations, we explore how factors like the probe’s interaction range and
the size of the measured region affect the results. We also compare these findings
with analytical methods, including the mean-field theory, and high-temperature
expansions, identifying their limitations in accurately describing critical behavior.
This chapter is based on the Project [D].

6.1 Motivation
Quantum thermometry is a rapidly advancing discipline within quantum metrology
that aims to achieve high-precision temperature measurements using quantum
systems [54, 152]. The field is driven by the demand for accurate thermal sensing in
experiments and technologies that rely on quantum effects, such as quantum sensors
[55], quantum computing [128, 164], and ultracold atomic gases [80, 109, 157,
158, 161, 189, 227].

A standard approach in quantum thermometry involves employing a quantum
probe—acting as a thermometer—coupled to a system at temperature T . By per-
forming measurements on the probe, either by preparing multiple independent
copies in parallel or by using a single continuously interacting probe sequentially,
temperature estimates can be extracted from the statistical properties of the mea-
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surement outcomes. One commonly used strategy is to analyze the probe after it
has reached thermal equilibrium with the system [47, 96, 151]. While this method
has been successfully implemented in several recent experiments [105, 138, 149,
160, 166, 178, 194], it encounters difficulties at extremely low temperatures, where
equilibration times become prohibitively long and precise tuning of the probe’s
energy levels is required [28, 47, 53, 106, 118, 170, 174].

To overcome these challenges, an alternative approach utilizes the nonequilibrium
dynamics of the probe for temperature estimation [17, 32, 74, 96, 104, 114, 146].
A particularly notable example is the pure dephasing regime, where the probe’s en-
ergy remains unchanged, thereby inhibiting conventional thermalization. However,
despite the absence of energy exchange, coherences between the probe’s energy
eigenstates can still develop over time, forming correlations with the surrounding
environment that encode temperature information [25, 117, 176, 183].

In this chapter, we utilize this approach to estimate the temperature of systems
that can be effectively represented by a two-dimensional (2D) Ising lattice of spins,
such as ferromagnetic systems [76], spin-polarized Fermi gases [33, 34], systems of
nitrogen-vacancy centers [1, 57, 89, 112, 113, 181], and Rydberg atom arrays [8,
13, 24, 86]. These systems are assumed to be in thermal equilibrium with a reservoir
at temperature T . When coupled to a probe spin, they can induce non-Markovian
pure dephasing on the probe. Furthermore, we take advantage of the fact that the
system undergoes a phase transition with respect to temperature [76], which helps
improve the precision of the temperature estimation.

6.2 Phase thermometry
In quantum thermometry, the primary task is to estimate the temperature T of a
system that is in thermal equilibrium with a reservoir. This system, often referred to
as the sample, is typically modeled as a subsystem of a larger thermal bath [55, 152].
A quantum probe—ranging from a two-level system (such as a qubit or atom) to a
harmonic oscillator or even a more complex many-body system—interacts with the
sample and acquires temperature-dependent information through its steady-state
properties or dynamical evolution. The manner in which this information is encoded
depends on the probe’s structure and the interaction regime. By measuring the
probe’s state, one can infer the temperature of the sample. Among various probe
choices, two-level systems are the most fundamental and extensively studied in
quantum thermometry [47, 104, 114]. In this work, we focus on thermometry using
a two-level quantum probe.
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T
ρ(T)

Fig. 6.1.: Qubit phase thermometry scheme: A two-level system couples to a sample system
in thermal equilibrium with a reservoir at temperature T . The temperature
information is encoded in the probe state and can be estimated by measuring the
probe state.

Consider a general setup where a two-level quantum probe interacting with a
thermalized sample system at temperature T , as illustrated in Fig. 6.1. Assuming
that the probe-sample interaction commutes with the probe Hamiltonian, the total
Hamiltonian takes the form

Ĥ = Ĥs + Ĥp + ĤI = Ĥs + 1
2ℏωpσ̂z + ℏσ̂z ⊗ B̂,

where ωp is the transition frequency of the probe system, and B̂ is the sample system
operator through which the probe interacts with the sample. As the combined system
evolves, the probe undergoes pure dephasing while its energy population remains
conserved over time. Starting from a generic initial probe state uncorrelated with
the Gibbs state ρs(T ) of the sample,

ρp =

 p c

c∗ 1 − p

 , c = q
√
p(1 − p)e−iϕ, (6.1)

where p, q ∈ [0, 1] to ensure positivity. The reduced probe state evolves as

ρp(t, T ) = trs

{
e−iĤt/ℏ[ρp ⊗ ρs(T )

]
eiĤt/ℏ

}

=

 p ce−iωptDt(T )

c∗eiωptD∗t (T ) 1 − p

 (6.2)
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with the decoherence function

Dt(T ) = trs
[
e−iB̂tρs(T )

]
. (6.3)

For a sample system consisting of spins, the bath coupling operator has B̂ =
∑

i giσ̂
i
z.

The decoherence function, which was described in Chapter 5, takes the form of
Eq. (5.12).

The sample temperature enters as a parameter in the probe state by virtue of the
decoherence function Dt(T ). Hence, by understanding the precise dependence of
Dt(T ) on T , the sample’s temperature can be inferred through statistical analysis of
measurements on a large ensemble of identically prepared probes. To estimate the
temperature, we utilize quantum estimation theory [152, 171].

A measurement can be represented by a positive operator-valued measure (POVM)
{
∏

x} that satisfies the relationship
∫
dx
∏

x = 11. Each outcome is labeled by x,
occurring with a probability described by p(x|t, T ) = tr

[
ρp(t, T )

∏
x

]
. The experi-

mental procedure involves M distinct measurements on identically prepared probes,
yielding a dataset x = {x1, x2, . . . , xM } collected at chosen times t = {t1, t2, . . . .tM }.
From this data, we can estimate the temperature using a function T̃ (x|t). The estima-
tor is considered unbiased when its expectation value equals the actual temperature
T , expressed mathematically as E[T̃ (x|t)] = T [19, 75]. However, any such temper-
ature estimate carries an unavoidable uncertainty due to the random character of
quantum measurement and the finite date size M . The statistical uncertainty can
be quantified by the dimensionless mean-square error, expressed as E[(T̃ − T )2]/T 2,
and the error obeys the quantum Cramér-Rao bound [19, 49]

E[
(
T̃ − T ]

)2

T 2 ≥ 1
MT 2FT (t) ≥ 1

MT 2FQ
T (t)

. (6.4)

The first inequality depends specifically on the quantum measurement we choose
and is expressed using the Fisher information (FI), which we calculate from the
temperature-dependent likelihood function

FT (t) =
∫
dx p(x|t, T )

[
∂ ln p(x|t, T )

∂T

]2
. (6.5)

This FI tells us how sensitively the likelihood function responds to tiny temperature
changes at a given interrogation time t. When we maximize this FI across all possible
POVMs, that is, FQ

T (t) = max{∏
x
}FT (t), we obtain the second inequality, yielding

what’s known as the QFI. This QFI represents the fundamental limit of measurement
precision that can be achieved.
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Alternatively, the QFI can be obtained explicitly by using the symmetric logarithmic
derivative (SLD) operator L̂T (t), which is defined as the self-adjoint solution of the
following Lyapunov equation [171]

∂ρp(t, T )
∂T

= 1
2
[
ρp(t, T )L̂T (t) + L̂T (t)ρp(t, T )

]
. (6.6)

This solution varies based on the probe state. To achieve the maximum precision
specified by the QFI bound at a given temperature, one should use the optimal
projective measurement defined by the eigenbasis of L̂T (t). The QFI takes the
form

FQ
T (t) = tr

[
ρp(t, T )L̂2

T (t)
]

= 2
∑
nm

|⟨ψm|∂Tρp(t, T )|ψn⟩|2

ρn + ρm
. (6.7)

The second equation is derived when we express the probe state in terms of its
eigenstate decomposition as ρp(t, T ) =

∑
n ρn|ψn⟩⟨ψn|, which leads to

L̂T (t) = 2
∑
nm

⟨ψm|∂Tρp(t, T )|ψn⟩
ρn + ρm

|ψm⟩⟨ψn|. (6.8)

For a two-level phase probe, the QFI associated to the probe state (6.1) is given as

FQ
T (t) = 4q2p(1 − p) |∂TDt(T )|2 − q2 (Im[Dt(T )∂TDt(T )∗])2

1 − q2|Dt(T )|2 . (6.9)

The expression increases monotonically with q2, as evidenced by the inequality
Im[D∂TD

∗])2 ≤ |D|2|∂TDt(T )|2. This mathematical relationship shows that to
achieve maximum QFI, we need the initial probe state to be pure (where q = 1). We
must also maximize the term p(1 − p), which reaches its peak value when p = 1/2,
regardless of what value ϕ takes. These conditions tell us that the optimal probe
state for phase thermometry can be any quantum state lying on the equator of the
Bloch sphere, resulting in QFI

FQ
T (t) = |∂TDt(T )|2 − (Im[Dt(T )∂TDt(T )∗])2

1 − |Dt(T )|2 . (6.10)

We start from the σ̂x-eigenstate ρp = |+⟩⟨+| with p, c = 1/2. The projective mea-
surement that saturates the QFI bound at some (t, T ) corresponds to the eigenbasis
of the SLD operator (6.6), given by the state

|ψT (t)⟩ = 1√
2

eiθ

1

 , θ = ωpt+ arg [∂TDt(T ) + iDt(T )Im(Dt(T )∂TDt(T )∗)] ,

(6.11)
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and its orthogonal complement. For the results presented in the following, we
evaluate the maximum of the QFI (6.10) with respect to t, Fopt

T = maxt FQ
T , showing

the highest attainable phase thermometry precision in our setting. For convenience,
we express the temperature in terms of the inverse temperature rescaled in units of
inverse energy, β = 1/kBT . This reparameterization preserves the relative Cramér-
Rao bound in Eq. (6.4), such that T 2FT = β2Fβ and T 2FQ

T = β2FQ
β .

6.3 Thermometric performance in physical models
We consider a finite two-dimensional (2D) Ising lattice spin system with nearest-
neighbor interactions as the thermal sample, aiming to estimate its temperature. The
2D Ising model is a widely adopted framework for representing systems with discrete
binary states, including magnetic spins in ferromagnetic systems [76], spin-polarized
Fermi gases [33, 34], systems of nitrogen-vacancy centers [1, 57, 89, 112, 113, 181],
and Rydberg atom arrays [8, 13, 24, 86]. The Hamiltonian of this model is given
by

Ĥs = −J
∑
⟨ij⟩

σ̂i
z ⊗ σ̂j

z − h
N∑

i=1
σ̂i

z, (6.12)

where J and h represent the nearest-neighbor interaction energy and the single-
site energy due to an external field, respectively. The notation ⟨ij⟩ denotes all
possible pairs of nearest neighbors, and N is the total number of spins in the
system. The spin operator σ̂i

z describes the Z-component of a spin-1/2 at the i-th
lattice site, with eigenvalues mi = ±1. The 2D lattice is assumed to have periodic
boundary conditions. The system is in thermal equilibrium at temperature T , and
its state is described by the Gibbs state ρs = e−βĤs/Z, with the partition function
Z = tr(e−βĤs).

This type of system is known to exhibit a critical phenomenon, undergoing a phase
transition from a paramagnetic phase at high temperatures to a ferromagnetic
phase at low temperatures in the absence of an external field [76]. Near the
phase transition point, the system’s sensitivity to temperature variations increases
significantly, enabling more precise temperature sensing. A central theme of this
chapter is the exploration of phase transitions as a tool to enhance the precision of
temperature estimation.

To evaluate the maximum sensitivity of a phase probe to the temperature of an
Ising lattice sample with N spins in thermal equilibrium, we begin by examining the
Curie-Weiss model, which provides a mean-field approximation of the Ising model.
We then proceed to assess the exact results for the Ising lattice and compare these
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with the sensitivity predicted by the mean-field approximation and high-temperature
expansion. Additionally, we compare the phase thermometric precision of both
models to that of equilibrium thermometry, where the temperature is inferred by
allowing the probe to reach thermal equilibrium with the sample and measuring its
mean energy [47, 48, 53, 96, 104, 114, 146, 151, 152, 155, 195]. In our analysis,
we consider a fraction of the thermalized sample system as the probe for equilibrium
thermometry.

6.3.1 Curie-Weiss model

The Curie-Weiss model is grounded in the idea that, in a ferromagnetic lattice, all
spins align in response to a collective magnetization or an external magnetic field
[76]. Unlike models with nearest-neighbor or more general site-specific interactions,
each spin σ̂i

z in the lattice interacts only with the collective spin of the entire lattice,∑
j σ̂

j
z, as depicted in Fig. 5.2 of Section 5.3. The system Hamiltonian is given by

Ĥcw
s = − J

2N

N∑
i,j=1

σ̂i
z ⊗ σ̂j

z − h
N∑

i=1
σ̂i

z. (6.13)

For a single spin probe uniformly interacting with such system, the dephasing has
been analyzed in Section 5.3 of Chapter 5 with the decoherence function

Dt(β) = e−ig̃tm0−(g̃t)2/[2Nf ′′(m0)], (6.14)

where g̃ = Ng, with g representing the coupling strength between the probe and
sample spins, and temperature-dependent m0 being the mean magnetization per
site, determined by the self-consistent equation (5.19). For h = 0, the mean
magnetizationm0 undergoes a temperature-dependent phase transition at the critical
point Jβc = 1. It vanishes in the paramagnetic phase above the critical temperature
(Jβ < 1) and approaches 1 in the ferromagnetic phase at low temperatures (Jβ > 1),
as illustrated in Fig. B.1. The quantity f ′′(m0) = 1/

(
1 −m2

0
)
−Jβ denotes the second

derivative of the system’s free energy and vanishes at the critical point (Jβc = 1).
The free energy is expressed in Eq. (5.18), with additional details provided in
Section 5.3. To study temperature sensitivity, we introduce the coherence decay
timescale g̃τ(β) =

√
Nf ′′(m0), which highlights that coherence decays more rapidly

as the lattice size N increases.

In Fig.5.3, we have already illustrated that the probe exhibits non-Markovian dy-
namics. Specifically, for temperatures above the critical point, where the sample
system is in the paramagnetic phase (Jβ < 1), the probe exhibits Gaussian decay.
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Fig. 6.2.: Coherence decay time as a function of inverse temperature, as predicted by the
Curie-Weiss model in the thermodynamic limit. The parameters are set toN = 400
and h = 0.

Conversely, in the ferromagnetic phase, the decay features damped oscillations with
a Gaussian envelope. The decay time is shortest at the critical point (indicated by the
gray line in Fig.5.3(a)) and increases as the system moves further from the critical
temperature in either direction, as also shown in Fig. 6.2. In the zero-temperature
limit, there is no decay as m0 → 1, resulting in τ(β) → ∞. In the paramagnetic
phase, m0 remains zero, and at high temperatures, τ(0) ≈ 1/g

√
N . For the follow-

ing analyzation near the critical point in the ferromagnetic phase, we can expand
the tanh function in Eq. (5.19) in Section 5.3 of Chapter 5 for small m0 > 0 and
introduce the dimensionless scale variable ϵ = 1 − β/βc < 0, yielding m0 ≈

√
−3ϵ.

Phase thermometric performance at criticality

At the phase transition point, the fluctuations in the sample system lead to the
divergence of the second moment of its magnetization ⟨(

∑
i σ̂

i
z)2⟩ = N/f ′′(m0), and

thus its magnetic susceptibility and heat capacity [83]. Eq. (6.14) shows that the
probe decoherence function also depends on the higher moments of the lattice
magnetization, and thus exhibits a critical damping at criticality. Therefore, a
temperature change can be sensed very precisely around the transition by measuring
the probe in the SLD operator basis (6.11). As discussed before, the temperature
estimation precision is quantified by the QFI FQ

β . The greater it is at a given
temperature, the higher the estimation precision. The QFI can be obtained by
inserting the decoherence function (6.14) into the Eq. (6.10)

FQ
β = J2

4
[(1 −m2

0)2f ′′(m0) − 2m2
0]2

(1 −m2
0)4[f ′′(m0)]4

t4/τ4(β)
et2/τ2(β) − 1

+NJ2 m2
0

f ′′(m0)
t2

τ2(β)e
−t2/τ2(β), (6.15)
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see Appendix B.2 for details on the derivation. The optimal temperature sensitivity
is attained at the time t that maximizes the QFI, i.e., Fopt

β = maxt FQ
β at topt

β =
arg maxt FQ

β . The following analysis aims to investigate how the optimal quantum
QFI of the phase probe scales with temperature near the critical point.

In the paramagnetic phase (β < βc, ϵ > 0), where m0 = 0 and f ′′(0) = 1 − β/βc =
ϵ > 0, the QFI simplifies to

FQ
β<βc

= J2

4ϵ2S
(
g̃2t2

Nϵ

)
, S(x) = x2

ex − 1 . (6.16)

Optimal sensitivity is achieved at the time t that maximizes the function S, which
yields the numerical values Fopt

β≤βc
≈ 0.162J2/ϵ2 at (g̃topt

β )2 ≈ 1.594Nϵ.

In the ferromagnetic phase (β > βc, ϵ < 0) near the critical temperature, the
magnetization is also small, m0 ≈

√
−3ϵ ≪ 1, and we have f ′′(m0) ≈ −2ϵ. Hence,

to leading order in the temperature deviation ϵ,

FQ
β>βc

≈ J2

ϵ2
S

(
− g̃2t2

2Nϵ

)
. (6.17)

This analysis reveals consistent scaling behavior for the optimal QFI and the mea-
surement time near the critical point. Specifically, the critical exponents are as
follows: the optimal QFI diverges as Fopt

β ∝ ϵ−2, and the optimal time to measure
the probe scales as topt

β ∝ |ϵ|1/2 as ϵ → 0 in the thermodynamic limit.

For finite N , however, an exact computation of the probe decoherence factor
Dt(β)—without relying on the continuum approximation in Eq. (6.14)—yields
a QFI that remains finite across all temperatures.

To better understand the performance of phase probe method, we compare it to an
alternative estimation scheme based on equilibrium thermometry, where the focus is
on directly probing the local magnetization of a single lattice spin. In this scheme,
one measures σ̂i

z at a random lattice site i and estimates the temperature based on
statistical analysis of repeated measurements. The temperature sensitivity in this
approach is quantified by the FI in Eq. (6.5), which depends on the probabilities
of the magnetization outcomes ±1. In the thermodynamic limit, the probabilities
for these outcomes are given by p± = (1 ± m0)/2. Consequently, the FI of this
measurement, referred to as the local FI, has the following form

F (lc)
β = (∂βm0)2

1 −m2
0

ϵ→0−−→
ϵ<0

−3J2

4ϵ . (6.18)
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Fig. 6.3.: The optimal QFI of the phase probe (maximized in Eq. (6.15) with respect to time)
and local FI (6.18) for direct lattice spin measurement are shown as functions
of the relative temperature deviation ϵ from the critical point. We consider the
probe-lattice coupling ℏg/J = 0.4 and lattice coupling J = 1/4 in arbitrary energy
units.

At temperatures above the critical point, the average magnetization vanishes (m0 =
0) leading to a local FI of zero. This indicates that this scheme is ineffective for
estimating high temperatures in such sample system. In contrast, just below the
critical point, the FI diverges as |ϵ|−1 albeit more slowly than the QFI of the phase
probe.

The comparison between the local FI and the optimal phase probe QFI Fopt
β near

the phase transition is shown in Fig. 6.3. While both approaches involve measuring
a single spin degree of freedom, the phase probe’s interaction with the entire lattice
allows it to sense correlated thermal fluctuations around the mean magnetization m0

via the dephasing function (6.14). This results in substantially enhanced temperature
sensitivity. In the subsequent sections, we will identify a related but less significant
benefit of the phase probe in the context of the Ising lattice.

6.3.2 2D Ising model at zero field

The Curie-Weiss model, as a simplified version of the Ising model, provides an
analytical solution for temperature sensitivity and its behavior near the critical point
in the thermodynamic limit. We now shift our focus to phase thermometry for a
finite ferromagnetic Ising lattice in the absence of an external field, as described
by the Hamiltonian (6.12) with h = 0 and J > 0. Rather than assuming the probe
interacts with all sample spins, we consider the case where the probe couples only
to a subset of the system consisting of a local n-spin cluster. Additionally, this cluster
is treated as the probe for equilibrium thermometry. We could compare the optimal
phase probe QFI with the FI of the local cluster probe under these conditions.
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Fig. 6.4.: (a) Optimal QFI of the phase probe (optimized over time) interacting with spin
clusters of varying size n in a 20 × 20 Ising lattice, as a function of inverse
temperature relative to the critical point (vertical dashed line). (b) local FI from
Eq. (6.20) associated to a direct local measurement of the configuration of the n
cluster spins. (c) Ratio of optimal probe QFI and direct local FI close to the critical
point. We use the probe-cluster coupling strength ℏg/J = 0.4 and set J = 1/4 (in
arbitrary reference units).

When the probe is coupled to an n-spin cluster, the resulting decoherence function
is expressed as

Dt(β) =
∑
b′

∑
b′′

p(b′, b′′)

 e−itΓ′·b′
. (6.19)

The binary array b describes the spin configuration of the sample system, where each
binary value bi ∈ 0, 1 represents the spin state at the i-th lattice site; refer to Chapter
5 for further discussion. We partition b into b =

(
b′, b′′

)
, where b′ corresponds to the

configuration of the n-spin cluster interacting with the probe, and b′′ corresponds
to the configuration of the remaining N − n spins. The 1 × n adjacency matrix
Γ′ encodes the probe-cluster interaction, which simplifies in the uniform coupling
model to Γ′ = g(1, 1, . . . , 1).

To compute Eq. (6.19) and sample the thermally occupied spin configurations, we
carried out a Monte Carlo simulation on a lattice of size 20 × 20 (N = 400) with
periodic boundary conditions. The probability p(b) of each spin configuration was
simulated by the relative frequency over 1.2 × 107 instances. Using the decoherence
function of the phase probe (6.19), we computed the QFI (6.10) at arbitrary times
and determined its maximum value Fopt

β = maxt FQ
β (t) with respect to time.

Figure 6.4(a) presents simulation results for the maximum QFI in relative units as
a function of the inverse temperature β, for various cluster sizes n with which the
probe interacts. The cluster sizes n correspond to the total number of spins within a
circle centered on a lattice point, with radii r = 1,

√
2, 2, and

√
5 times the lattice

spacing, respectively (refer to Fig. 6.7 for the case of r = 2). The inverse temperature
β is scaled relative to the critical value βc = ln (1 +

√
2)/2J for the 2D Ising model
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Fig. 6.5.: The scaling of the optimal probe QFI with the size n of the lattice spin cluster,
based on the parameters in Fig. 6.4. The rightmost data points represent n = 21,
with smaller cluster sizes obtained by sequentially removing outer spins. Scaling
is compared at the critical point, at 10 % above (β = 0.9βc), and at 10 % below
the critical temperature. Solid lines represent linear fits on a double-logarithmic
scale, with slopes of 0.73, 0.71, and 0.49, respectively.

in the thermodynamic limit [168], which aligns with the QFI peaks observed in this
20 × 20 simulation. The sharp transitions around β ∼ 1.2βc arise from numerical
instabilities in the Monte Carlo algorithm near the phase transition point, where
spontaneous symmetry breaking occurs. The phenomenon can be attributed to the
fact that, below the phase transition point, a zero-field Ising system with a finite size
may still randomly select one of the two opposing ferromagnetic states, a behavior
that arises due to its finite nature [11, 83].

Moreover, we observed sublinear scaling of the optimal QFI with cluster size n, fol-
lowing n0.73, n0.71, and n0.49 at criticality and 10 % above and below it, respectively,
as shown in Fig. 6.5. This sublinear behavior reflects the strong correlations among
the cluster spins. Strong correlations reduce the marginal information gain because
they create redundancy: spins share fluctuations and do not contribute independent
pieces of information.

In an alternative scheme, temperature estimation relies on direct measurement
of the local cluster configuration b′ in the Ising lattice, thermally distributed with
marginal probability pn(b′) =

∑
b′′ p(b′, b′′). The temperature sensitivity of this n-bit

measurement is determined by the local FI, expressed as

F (lc)
β =

∑
b′

1
pn(b′)

[
∂pn(b′)
∂β

]2

=
∑
b′

1
pn(b′)

∑
b′′

E(b)p(b)

2

− ⟨Ĥs⟩2. (6.20)

We sampled results from our Monte Carlo simulation for moderate cluster sizes
n ≲ 30. Fig. 6.4(b) shows these results for the same temperature range and
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cluster sizes as before. A peak is again observed at the phase transition, with a
less steep decay into the paramagnetic phase. As expected, the local FI for this
n-bit measurement exceeds the QFI of the phase probe, but near the critical point,
dtheir ratio increases only sublinearly with n, as shown in Fig. 6.4(c). Deep in the
ferromagnetic phase, the strong alignment (correlation) of lattice spins allows the
phase probe to capture nearly all temperature information within the cluster. In
contrast, in the paramagnetic phase, broken correlations lead to a larger disparity
between the two measurements.

The results presented above are exact but obtained numerically. Next, we introduce
approximate analytical models for sensitivity based on the widely used mean-field
theory (MFT) [11] and a high-temperature expansion (HTE) of the Gibbs state
[196]. These models provide accurate predictions for temperatures deep in the
ferromagnetic and paramagnetic phases, respectively, but fail to capture the critical
behavior observed in our exact numerical simulations.

Mean-field approximation In this theory, thermal fluctuations are assumed to be
relatively small and can be partially neglected [11]. Under this assumption, the
spin operator σ̂i

z is expressed as the sum of its mean value and a fluctuation term.
Thermal fluctuations, represented by the second-order term, are disregarded. As a
result, the system Hamiltonian (6.12) with h = 0 simplifies to a decoupled form

Ĥ(MFT)
s ≈ −J

∑
⟨i,j⟩

m0
(
σ̂i

z + σ̂j
z −m0

)
= NJqm2

0
2 − Jqm0

N∑
i=1

σ̂i
z, (6.21)

where m0 is the mean value and q is the number of nearest neighbors per spin (q = 4
here). The Hamiltonian describes spins that no longer interact directly with each
other but instead feel an effective mean field hMFT = Jqm0, which simply reflects
the average alignment of all their neighbors. In thermal equilibrium, the thermal
occupation probability is given by

p(b) = e−2Jqm0β
∑

i
bi

(1 + e−2Jqm0β)N
. (6.22)

The mean magnetization per spin is given by the self-consistency equation m0 =
tanh [Jqm0β]. This approach also predicts a critical temperature of Jβc = 1/q =
0.25, which is higher than the exact value Jβc = 0.44 obtained from our simula-
tion.
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Using the approximation, the decoherence function (6.19) of the phase probe can
be calculated

Dt(β) =
[
1 − 1 − e−igt

1 + e2Jqm0β

]n

≈ e(1−cos gt−i sin gt)np1 , (6.23)

with the single-spin excitation probability p1 = 1/(1 + e2Jqm0β). The approximation
holds for cluster sizes n > 10 in the ferromagnetic phase. From this, we arrive at an
analytic expression for the QFI,

F (MFT)
β = J2q2n2 (m0 + β∂βm0)2

4 cosh4(Jqm0β)
e−2γ(1−p1)

[
sin2(gt) + (1 − cos gt)2)

1 − e−2γ(1−p1)

]
. (6.24)

The derivative ∂βm0 diverges at the (overestimated) critical temperature, leading to
a divergence in the approximated QFI. Beyond this temperature, both the mean-field
magnetization and the approximated QFI drop to zero.

In Fig.6.6(a)-(d), the MFT approximation for the QFI (black solid line) is compared
with exact Monte Carlo simulation results for four different cluster sizes. One
can see that Eq. (6.24) accurately predicts temperature sensitivity for subcritical
temperatures but fails at and above the phase transition, as magnetization vanishes
beyond the critical point. To analyze the QFI in the paramagnetic phase, we employ
a high-temperature expansion [196].

High-temperature expansion

Unlike in MFT, where thermal fluctuations are neglected, they dominate at high
temperatures in the paramagnetic phase, causing the lattice spins to orient randomly.
To analyze the properties of such systems, it is common to expand the relevant
physical quantities in terms of the inverse temperature, β ≪ 1/J . Here, we expand
the thermal occupation probability and partition function up to second order in
tanh βJ , see derivation details in Appendix B.3. Again, we obtain the decoherence
function (6.19) for the phase probe, having the form

Dt(β) = cosn(gt)
{

1 − tanh(βJ) tan2(gt)

×
[
K12 − tanh(βJ)

(
K22 +K23 − tan2(gt)K24

)]}
, (6.25)

where K12 denote the number of intracluster pair bonds, K22 counts the number of
pair bond doublets with two spins inside and one mutual spin outside the cluster,
K23 counts doublets of intra-cluster pair bonds with one mutual spin, and K24 =
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Fig. 6.6.: Optimal QFI of the phase probe as a function of inverse temperature relative to
the critical point (vertical dashed line), extending the results in Fig. 6.4(a). We
separate the four cases corresponding to different cluster sizes n into different
diagrams (a)-(d), comparing the exact Monte-Carlo simulation data to the approx-
imate predictions of the mean-field theory (solid lines) and the high-temperature
expansion (dashed).

K12(K12 − 1)/2 −K23 counts doublets of intra-cluster pair bonds with no mutual
spin, as illustrated in Fig. 6.7. Furthermore, the QFI of the phase probe is given by

F (HTE)
β = J2Λ2(t) tan4(gt) cos2n(gt)

1 −
[
JβΛ(t) tan2(gt) − 1

]2 cos2n(gt)
, (6.26)

Λ(t) = K12 + 2Jβ
[
K22 +K23 −K24 tan2(gt)

]
.

To derive this compact expression, we approximate tanh (Jβ) ≈ Jβ. This shows that
the phase probe extracts temperature information through correlations involving up
to four lattice spins. In Fig. 6.6, the dashed lines represent the high-temperature
expansion (HTE) (6.26) of the QFI, which aligns with the exact results for β ≪ βc

in the paramagnetic phase.

From the above observations, we conclude that neither analytical approximation
of the QFI accurately captures the true critical behavior or the peak value of the
phase probe’s temperature sensitivity. The MFT fails due to the emergence of strong
long-range thermal fluctuations, while the HTE fails because of the development
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Fig. 6.7.: Construction of pair bond doublets in the Ising lattice. The cluster C of spins
interacting with the probe (dark blue) are contained in a circle. Exemplary
red lines symbolize pair bonds due to the Ising interaction between any two
neighbouring lattice spins. From left to right, each marked doublet of pair bonds
represents one possible contribution that is counted by the numbers K22, K23,
K24, respectively. In the depicted configuration there are n = 13 cluster spins,
K12 = 16 intra-cluster bonds, and one obtains (K22,K23,K24) = (8, 34, 86).

of long-range multi-spin correlations in the critical Ising lattice. Furthermore, the
finite peak value of the QFI cannot be captured by continuous models describing the
phase transition in the thermodynamic limit, highlighting the need for numerical
simulations.

6.4 Conclusion
In this chapter, we formulated the framework for phase thermometry, which lever-
ages the measurement of the phase of a probe interacting with a sample system
to estimate its temperature. Using this framework, we analyzed the thermometric
performance in the 2D Ising lattice model, focusing particularly on the system’s
behavior near its phase transition point, as quantified by the QFI. We began with the
Curie-Weiss model as an instructive example, where the phase probe uniformly cou-
ples to all spins in the system. In this scenario, we derived an analytical expression
for the QFI in the thermodynamic limit. Our analysis revealed that the temperature
estimation precision achieved using a single phase probe diverges at the critical
point and significantly surpasses that of direct energy measurements on a single spin
within the sample. Moreover, we demonstrated that direct energy measurement
becomes inefficient in the high-temperature regime.

For the 2D Ising model, we numerically calculated the exact QFI. Instead of coupling
the phase probe to all spins, we examined its interaction with local spin clusters
of varying sizes. For comparison, we also considered direct measurements of lo-
cal clusters to estimate the temperature. The results showed that as cluster size
increases, the direct measurement scheme outperforms the single-phase-probe ap-
proach. However, in both methods, temperature sensitivity peaks at the critical point.
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Additionally, we employed the mean-field approximation and high-temperature ex-
pansion to approximate the QFI in the 2D Ising model. These methods were shown
to yield accurate results deep within the ferromagnetic and paramagnetic phases,
respectively, neither accurately described the critical behavior or the peak value of
the phase probe’s temperature sensitivity. Therefore, it would be valuable to develop
a analytical method that goes beyond these approximations and accurately captures
the QFI at criticality.

Future research could involve in enhancing phase thermometry by optimizing time-
dependent couplings and investigating the use of phase probes for temperature
estimation in finite Heisenberg-type spin systems. On the experimental side, promis-
ing routes include the use of trapped ions and Rydberg atom arrays, where spin–spin
interactions can be engineered to emulate Ising or Heisenberg models with tunable
parameters, and where coherent phase control of probe qubits is already well estab-
lished. Similarly, superconducting qubit platforms and solid-state spin defects, such
as nitrogen-vacancy centers in diamond, offer natural candidates for implementing
local probe–cluster couplings and phase-sensitive readout. Ultracold atomic gases
in optical lattices also provide a versatile setting in which both global and local
probe couplings can be realized and controlled with high precision. Demonstrating
phase-based thermometry in these platforms would not only validate the theoret-
ical framework presented here but also open new opportunities for noninvasive
temperature sensing in strongly correlated quantum systems.
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Conclusion 7
In this thesis, we aimed to investigate non-Markovian behaviors in a range of physical
systems by integrating established methods. Furthermore, we explored the potential
of these dynamic models to improve the precision of temperature measurements
and aid in quantum memory detection.

To summarize, we have first examined the dynamics of few-level giant atoms coupled
to SAWs, focusing on two-level and Λ-type three-level systems in Chapter 3. We
began by deriving the exact solution for the non-Markovian dynamics of two-level
giant atoms at zero temperature, using it as a benchmark to evaluate conventional
methods for modeling open quantum systems. By comparing these methods to the
exact solution, we assessed their ability to capture non-Markovian effects arising from
time-delayed self-interactions, as opposed to those resulting from strong coupling
or structured environments. From this comparison, we identified the most effective
method and applied it to study the finite-temperature dynamics of giant atoms,
revealing that non-Markovian effects remain robust against thermal fluctuations.
Additionally, we extended our analysis to three-level giant atoms, with a particular
focus on spontaneous emission. In this case, we demonstrated that the memory
effect in three-level giant atoms can be utilized to control spontaneous emission
through the interference of multiple emission pathways.

Building on our solution of non-Markovian dynamics in two- and three-level giant
atom systems, we applied these results to quantum memory detection in Chapter 4.
We proposed a novel approach based on the classical memory concept, reformulating
it as a convex optimization problem. Moreover, we introduced a metric to quantify
the deviation between the quantum memory required for a process and its classical
memory counterpart. We showed that this approach can be extended to high-
dimensional systems beyond qubits or two-level atom systems. In this study, we
demonstrated the detection of quantum memory within the non-Markovian dynamics
of two- and three-level giant atoms, finding that neither the spontaneous emission
from two-level nor three-level systems at zero temperature could be described by
classical memory.

In Chapter 5, we introduced a spin-lattice model to study non-Markovian pure
dephasing in central spins embedded in finite spin baths. Using this model, we
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initially examined the dynamics of a single spin interacting with two types of spin
baths: uncorrelated and correlated. Our analysis revealed that the single spin
could exhibit non-Markovian behavior in both cases. Specifically, for the correlated
thermal bath, we showed that the initial coherence decays more rapidly at lower
temperatures. The model was further applied to study the entanglement dynamics
of two spins in the presence of a spin bath through two case studies. In the first
case, we considered a 2D spin lattice with entangled spins interacting with a time-
evolving environment. We analyzed both nearly Markovian and non-Markovian
dephasing effects. Our observed that non-Markovian dephasing accelerated the loss
of entanglement. However, by implementing a random reset mechanism, we were
able to preserve the entanglement in a steady state. Additionally, we introduced a
weak three-body phase interaction to effectively reduce the impact of dephasing. In
the second case, we examined two nuclear spins in an organic molecule interacting
with a thermal spin bath at finite temperatures, where the organic molecule was
subjected to a magnetic field. We investigated the effects of bath correlations and
thermal fluctuations on the decay of two-spin entanglement. At higher magnetic
fields, our results showed both correlated and uncorrelated baths exhibited similar
entanglement decay behaviors across different temperatures. However, when the
magnetic field weakened and coupling effects became more dominant, the correlated
bath caused a significantly faster initial decay at low temperatures.

In Chapter 6, we applied the spin-lattice model to study non-Markovian phase
thermometry, a non-invasive technique where a quantum spin probe interacts with
a system, such as a two-dimensional Ising spin lattice, to estimate its temperature
through dephasing dynamics. We analyzed the thermometric performance near the
phase transition, using the QFI to measure precision. For the Curie-Weiss model,
we derived an analytical expression for QFI in the thermodynamic limit and found
that temperature estimation improves significantly at the critical point compared
to direct energy measurements, especially at lower temperatures. In the 2D Ising
model, we numerically calculated the exact QFI and compared local spin cluster
measurements to single-phase-probe measurements, showing that larger clusters
outperform the phase probe as cluster size increases. Temperature sensitivity peaked
at the critical point in both methods. We also used mean-field and high-temperature
approximations, which accurately described the system away from the critical point
but missed the peak sensitivity at criticality.

Each chapter discussed the open problems. We also hope that the findings and
approaches presented in this thesis will contribute to future research in the field.
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Appendix to Chapter 4 A
In this appendix, we provide proofs for the technical results from Chapter 4.

A.1 Quantum memory detection

A.1.1 Basic concepts
To characterize and detect quantum memory in dynamical processes, we make use
of the concept of the classical future of a channel and it’s corresponding dual cone.
Before we discuss the details about these mathematical objects, it might be helpful
to briefly review the concept of convex cones. We are especially interested in cones
which are subsets of the real Hilbert space Lh(Cd) of complex hermitian d × d –
matrices equipped with the Hilbert-Schmidt inner product (A,B) := tr(AB). A
subset K ∈ Lh(Cd) is called a convex cone if c1k1 + c2k2 ∈ K for all k1, k2 ∈ K and
c1, c2 ∈ R+.

For an arbitrary (not necessarily convex) subset C ∈ Lh(Cd), the dual cone denoted
by C∗ is defined as

C∗ = {X ∈ Lh(Cd) : tr(XY ) ≥ 0 for all Y ∈ C}. (A.1)

One important example for a convex cone are the positive semidefinite matrices
Pd ⊂ Lh(Cd) defined by hermitian matrices whose eigenvalues are all nonnegative.
It is a well known fact, see for instance Ref. [18], that the cone Pd is self-dual, i.e.
P∗d = Pd

The term quantum channel refers to maps C : Lh(Cd) → Lh(Cd′) that are com-
pletely positive and trace-preserving. Via the Choi isomorphism C 7→ CAB =
1
d2
∑d−1

i,j=0 |i⟩⟨j| ⊗ C [|i⟩⟨j|], there is a correspondence between quantum channels C
and bipartite quantum states CAB that fulfill trB(CAB) = 11A

d . We denote the set of
quantum channels C : Lh(Cd) → Lh(Cd) as Cd.

A.1.2 The classical future and its properties
An important set for the characterisation of quantum memory is the classical future
of a quantum channel.
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Definition 1 Let E : L(Cd) → L(Cd) be a quantum channel. Then the classical future
F [E ] is defined as the set of channels R : L(Cd) → L(Cd) that can be decomposed as

R =
L∑

i=1
KiIi (A.2)

where L ∈ N, Ki : L(Cd) → L(Cd) are quantum channels for i ∈ {1, . . . , L} and
Ii : L(Cd) → L(Cd) is an instrument decomposition of E .

The classical future possesses an invariance property under specific unitary trans-
formations and Markovian evolutions. This will be demonstrated step by step in in
what follows.

Proposition 1 Let E ,R : L(Cd) → L(Cd) be two quantum channels and let R be in
the classical future of E , i.e. R ∈ F [E ]. Furthermore, let M,N : L(Cd) → L(Cd) be
some channels and let U : L(Cd) → L(Cd) be a unitary channel. Then, it holds that
MGN is in the classical future of UEN , i.e. MGN ∈ F [UEN ]. Especially, in the case
that M and N are unitary, this property expresses a certain unitary equivalence of the
classical future of quantum channels.

Proof 1 We assume that R ∈ F [E ]. Then by definition of the classical future, there
exists an L ∈ N, quantum channels {Ki}L

i=1 and an instrument decomposition {Ii}L
i=1

of E such that

R =
L∑

i=1
KiIi.

For the channel MGN , one obtains

MRN =
L∑

i=1
MKiIiN

=
L∑

i=1
MKiU−1︸ ︷︷ ︸

=:K̃i

◦ UIiN︸ ︷︷ ︸
=:Ĩi

=
L∑

i=1
K̃iĨi

where {Ĩi}L
i=1 is easily seen to be an instrument decomposition of UEN and K̃i are

channels.
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Fig. A.1.: Geometric construction in the proof of the classical description of the qubit
dephasing dynamics. The complex numbers α(t1) and α(t2) are confined to the
unit disk. For every complex number z on the unit disk, there exists at least
one number w such that |w| = 1

2 as well as |z − w| = 1
2 . The number w is an

intersection point of the circle with radius 1
2 around 0 and the circle with radius

1
2 around z. For α(t1) we call this number γ and for α(t2) we call it δ.

We use an example to illustrate the concept of classical memory and classical futures
as a proper generalisation of Markovian dynamics is given by the dephasing qubit
dynamics Dα(t) defined by

Dα(t)[|0⟩⟨0|] = |0⟩⟨0| (A.3)

Dα(t)|1⟩⟨1|] = |1⟩⟨1| (A.4)

Dα(t)[|0⟩⟨1|] = α(t)|0⟩⟨0| (A.5)

Dα(t)[|1⟩⟨0|] = α(t)∗|1⟩⟨0| (A.6)

where is any function such that |α(t)| ≤ 1 for all t so that Dα(t) is completely positive
for all times.

Proposition 2 The two point qubit dephasing dynamics (Dα(t1),Dα(t2)) with t1 ≤ t2

is Markovian if and only if
|α(t2)| ≤ |α(t1)|. (A.7)

Otherwise, the dynamics exhibits a non-monotonic decay, indicating non-Markovianity.
This dynamics can be implemented with classical memory in the sense that Dα(t2) ∈
F [Dα(t1)] for all functions α(t) such that |α(t)| ≤ 1 and for all time points t1 and t2.
In particular, the size L of the instrument can be chosen as L = 2.
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Proof 2 For the Markovianity, consider the map Kα(t2, t1) that satisfies Dα(t2) =
Kα(t2, t1)Dα(t1). It is straightforward to see that Kα(t2, t1) must be given by the action

Kα(t2, t1)[|0⟩⟨0|] = |0⟩⟨0| (A.8)

Kα(t2, t1)[|1⟩⟨1|] = |1⟩⟨1| (A.9)

Kα(t2, t1)[|0⟩⟨1|] = α(t2)
α(t1) |0⟩⟨1| (A.10)

Kα(t2, t1)[|1⟩⟨0|] = α(t2)∗

α(t1)∗ |1⟩⟨0| (A.11)

such that Kα(t2, t1) is completely positive if and only if |α(t2)| ≤ |α(t1)|. otherwise, we
will show that it is always possible to decompose Dα(t2) as

Dα(t2) =
2∑

i=1
Ki

α(t2, t1)Ii
α(t1) (A.12)

with channels Ki
α(t2, t1) and completely positive maps Ii

α(t1) such that Dα(t1) =
I1

α(t1) + I2
α(t1). The Choi matrices of the channels and instrument elements are on

their support, that is spanned by |00⟩ and |11⟩, explicitly given by

I1
α(t2) =

 1
2 γ

γ∗ 1
2

 I1
α(t2) =

 1
2 α(t1) − γ

α(t1)∗ − γ∗ 1
2

 (A.13)

and

K1
α(t2, t1) =

 1 δ
γ

δ∗

γ∗ 1

 K2
α(t2, t1) =

 1 α(t2)−δ
α(t1)−γ

α(t2)∗−δ∗

α(t1)∗−γ∗ 1

 (A.14)

and all 2 × 2 matrices are with respect to the subspace with basis elements |00⟩ and
|11⟩. It can be straightforwardly checked that the instrument and the channels satisfy
Eq. (A.12). The complex numbers γ and δ are chosen to obey |γ| = |δ| = 1 and
|α(t1) − γ| = |α(t2) − δ| = 1. A simple geometric argument reveals that such numbers
γ and δ always exists for α(t1) and α(t2) on the complex unit disk, see Figure A.1. In
this way, the maps are all completely positive which shows that Dα(t2) ∈ F [Dα(t1)].

Therefore, the dephasing dynamics Dα(t) is an example for a process that shows
non-Markovianity that solely arises from classical memory effects.

The following theorem gives characterizes the classical future of a channel. Especially,
if the Hilbert space dimension d is finite, there is a fixed bound dependent on d
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on the amount of classical memory that is needed to implement a channel in the
classical future.

Theorem 1 The classical future F [E ] of a quantum channel E : L(Cd) → L(Cd) is a
compact and convex set. Furthermore, if for a channel R it holds that R ∈ F [E ], then
one has

R =
L∑

i=1
KiIi (A.15)

with L ≤ d4(d4 + 1) for some set of channels {Ki}L
i=1 and an instrument {Ii}L

i=1 such
that

∑L
i=1 Ii = E .

Proof 3 We start by proving convexity. Let R1 and R2 be quantum channels that are
in the classical future F [E ] of the channel E . Then, these channels admit decompositions
of the form

R1 =
L1∑
i=1

Ki
1Ii

1 (A.16)

R2 =
L2∑

j=1
Kj

2Ij
2 (A.17)

where Kj
l are quantum channels for all l, j and Ij

l are completely positive maps such
that

∑L1
i=1 Ii

1 = E1 as well as
∑L2

j=1 Ij
2 = E2 and L1, L2 ∈ N. Let now R be a convex

combination, i.e., R = λR1 + (1 − λ)R2 for some λ ∈ [0, 1]. Then we get

R =
L1∑
i=1

Ki
1 ◦ λIi

1 +
L2∑

j=1
Kj

2 ◦ (1 − λ)Ij
2 (A.18)

which shows that R is in the classical future of E since {λIi
1}L1

i=1 ∪ {(1 − λ)Ij
2}L2

j=1 is
an instrument decomposition of E . Hence, F [E ] is a convex set.

To show compactness and the bound on the number of instrument elements, notice first
that F [E ] is a subset of the set Cd of all channels C : L(Cd) → L(Cd) which is compact
and hence bounded. As F [E ] is a subset of a bounded set, it is certainly bounded and
hence it suffices to prove that F [E ] is closed. The first step for showing this, is to notice
that the classical future can be equivalently defined via

F [E ] =
⋃

n∈N
Fn[E ] (A.19)
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where the sets Fn[E ] describe subsets of the classical future that are defined as

Fn[E ] := {R : R =
n∑

i=1
KiIi,Ki are channels ,

{Ii}n
i=1 is instrument decomposition of E}. (A.20)

In other words, the sets Fn[E ] contain elements in the classical future that can be
obtained by instruments of size n. In the following, we will show that Fn[E ] = Fn+1[E ]
if n ≥ d4(d4 + 1). First, Fn[E ] is compact for each n as it is closed and bounded. Fn[E ]
is closed as it is the image of the continuous map Fn : Cd × · · · × Cd︸ ︷︷ ︸

n times

×Id,n(E) → Cd

that is defined as

Fn(K1, . . . ,Kn, {Ii}n
i=1) :=

n∑
i=1

KiIi. (A.21)

Since the domain Cd × · · · × Cd × Id,n(E) is closed and continuous maps map closed
sets to closed sets, also Fn[E ] is closed and hence compact. Since Fn[E ] is a compact
set embedded in a finite-dimensional space, it’s convex hull conv(Fn[E ]) is a compact
convex set, which can be proven by Carathéodory’s theorem [72]. By the Krein-Milman
theorem [125], conv(Fn[E ]) is the convex hull of its extreme points which comprise
a subset of Fn[E ]. Furthermore, by Carathéodory’s theorem [72], every element of
conv(Fn[E ]), and thus every element of Fn[E ], is a convex combination of at most
d4 + 1 extreme points. Now, the question is how the extreme points within Fn[E ] can
be characterised. First, it is easy to see that a necessary condition for R ∈ Fn(E) being
extremal is the condition that the corresponding channels Ki for i = 1, . . . , n as well
as the instrument {Ii}n

i=1 in the decomposition (A.2) of R have to be extremal, too.
To unravel this requirement further, we have to discuss the extremality of instruments
discussed in Refs. [51, 172].

Extremality of an instrument {Ii}n
i=1 with

∑N
i=1 Ii = E means that for all decompo-

sitions Ii = pIi
1 + (1 − p)Ii

2, where {Ii
1}n

i=1 and {Ii
2}n

i=1 are instruments such that∑N
i=1 Ii

1 =
∑N

i=1 Ii
2 = E and where p ∈ (0, 1), it holds that Ii

1 = Ii
2 for all i. In the

following, we will show that the non-zero elements of an extremal instrument have
to form a linearly independent set. Let us assume the opposite statement, that there
exists an instrument {Ii}n

i=1 with a subset of non-zero instrument elements {Ii}n′
i=1

such that there exists a non-zero vector α ∈ Rn′
such that

∑n′
i=1 αiIi = 0. This equality

would also hold in the Choi picture in the sense that
∑n′

i=1 αiI
i = 0 where Ii are the
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positive semidefinite operators given by the Choi operators of Ii. We can now define the
operators

Ii
1 = (1 + ϵαi)Ii (A.22)

Ii
2 = (1 − ϵαi)Ii (A.23)

for some ϵ > 0 such that Ii
1 and Ii

2 are positive semidefinite for all i = 1, . . . , n′. Such
an ϵ exists and can for instance be chosen as

ϵ = max{r : 1 − |rαi| ≥ 0 for all i}. (A.24)

One can see that {Ii
1}n′

i=1 and {Ii
2}n′

i=1 are distinct instruments that sum up to E and that
the instrument {Ii}n′

i=1 can be decomposed as via Ii = 1
2(Ii

1 + Ii
2) for all i = 1, . . . , n′.

But this means that {Ii
1}n

i=1 is not extremal implying a contradiction. Therefore, we
have that the non-zero elements of an extremal instrument are linearly independent.

It follows that extremal instruments {Ii}n
i=1 can be represented with at most d4 elements

and together with Carathéodory’s theorem, every channel R ∈ Fn[E ] for all n ∈ N can
be decomposed as

R =
d4+1∑
j=1

pjRj =
d4+1∑
j=1

d4∑
i=1

pj Ki
jIi

j =
d4(d4+1)∑

i=1
KiIi. (A.25)

where {Ki}i =
⋃

j=1,...,d4+1{Kl
j}d4

l=1, {Ii}i =
⋃

j=1,...,d4+1{pj I l
j}4

l=1 and {pj}d4+1
j=1 is

a probability distribution. The maps Ki
j are all extremal channels and {Ii

j}d2
i=1 are

extremal instruments for all j ∈ {1, . . . , d4 + 1}. It follows that Fn[E ] = Fn+1[E ] if
n ≥ d4(d4 + 1) so that

F [E ] =
⋃

n=1,...,d4(d4+1)
Fn[E ] = Fd4(d4+1)[E ] (A.26)

such that F [E ] is compact which completes the proof.

A.1.3 SDP relaxations of the classical future

By studying classical futures of quantum channels, quantitative statements about
the presence of quantum memory effects in a dynamical process may be deduced.
Consider an evolution of quantum mechanical system given by a family E(t) of
quantum channels, parametrised by the time t ∈ R+, and pick two time points t1
and t2 such that t1 < t2. If it holds that E(t2) ∈ F [E(t1)], the two point dynamics
(E(t1), E(t2)), is in accordance with a classical description of potentially emerging
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memory effects. Otherwise if E(t2) ̸∈ F [E(t1)], the dynamics shows the presence of
quantum memory.

An important insight for the characterisation of the classical future F [E ] of a channel
E can be derived from the Choi representation. Technically, the characterisation is
based on the form of Choi operators of compositions of quantum maps that is well
known, see e.g. Ref. [39, 236], and is described by the following Proposition. For
the sake of completeness, a proof of this well known result is added below.

Proposition 3 Let C : L(Cd) → L(Cd′) and E : L(Cd′) → L(Cd′′) be maps with Choi
operators CAD = J [C] and ED′B = J [D], respectively. Then, the Choi operator J [EC]
of the composition EC : L(Cd) → L(Cd′′) is computed as

J [EC] = DD′⟨ϕ+|CAD ⊗ ED′B|ϕ+⟩DD′
(A.27)

where |ϕ+⟩DD′ = 1√
d′

∑d′−1
i=0 |ii⟩ is a maximally entangled state.

Proof 4 The maps C and D can be described via their action on operators |i⟩⟨j| as

C [|i⟩⟨j|] =
d′−1∑
k,j=0

Cij,kl|k⟩⟨l| (A.28)

E [|i⟩⟨j|] =
d′′−1∑
k,j=0

Eij,kl|k⟩⟨l| (A.29)

Based on those decompositions, the Choi operator J [EC] of the composition EC reads

J [EC] = 1
d

d−1∑
i,j=0

|i⟩⟨j| ⊗ E [C[|i⟩⟨j|]] (A.30)

= 1
d

d−1∑
i,j=0

d′−1∑
k,l=0

d′′−1∑
m,n=0

Cij,klEkl,mn|i⟩⟨j| ⊗ |m⟩⟨n| (A.31)

=
d−1∑

i,j=0

d′−1∑
k,l=0

d′−1∑
r,s=0

d′′−1∑
m,n=0

Cij,klErs,mn⟨ϕ+|kr⟩⟨rs|ϕ+⟩

×(|i⟩⟨j| ⊗ |m⟩⟨n|) (A.32)

= DD′⟨ϕ+|

 d−1∑
i,j=0

d′−1∑
k,l=0

Cij,kl|i⟩⟨j|A ⊗ |k⟩⟨l|D
 (A.33)

⊗

 d′−1∑
r,s=0

d′′−1∑
m,n=0

Ers,mn|r⟩⟨s|D′ ⊗ |m⟩⟨n|B
 |ϕ+⟩DD′

(A.34)

= DD′⟨ϕ+|CAD ⊗ ED′B|ϕ+⟩DD′
(A.35)
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where the identity ⟨ϕ+|ij⟩ = 1√
d
δij has been used for the third equality.

Using Proposition 3, the following criterion for membership in the classical future
may be formulated.

Proposition 4 Let E ,R be channels on a d-dimensional quantum system such that
R ∈ F [E ]. Then there exists an operator XADD′B ∈ L(Cd ⊗Cd ⊗Cd ⊗Cd) of the form

X =
L∑

i=1
IAD

i ⊗KD′B
i (A.36)

such that R = DD′⟨ϕ+|XADD′B|ϕ+⟩DD′
where R is the Choi matrix of R and where

|ϕ+⟩DD′ = 1√
d

∑d−1
i=0 |ii⟩. The matrices IAD

i are bipartite positive semidefinite operators

satisfying
∑L

i=1 I
AD
i = E and KD′B

i are bipartite positive semidefinite operators such
that trB(KD′B

i ) = 11d
d for all i ∈ {1, . . . , L}.

Especially, the operator XADD′B is positive semidefinite, separable in the decomposition
AD|D′B and fulfills

trB(XADD′B) = EAD ⊗ 11d

d
. (A.37)

Proof 5 Let R ∈ F [E ]. This means we can decompose R as

R =
L∑

i=1
KiIi

with channels Ki and an instrument decomposition {Ii}L
i=1 of E . The Choi operator

R = J [R] can then, by linearity of the Choi isomorphism, decomposed as

R =
L∑

i=1
J [KiIi] =

L∑
i=1

DD′⟨ϕ+|IAD
i ⊗KD′B

i |ϕ+⟩DD′
(A.38)

where the second equality follows from Proposition 3. Now for the operator XADD′B

given by

XADD′B =
L∑

i=1
IAD

i ⊗KD′B
i

it holds that

trB(XADD′B) =
L∑

i=1
IAD

i ⊗ trB(KD′B
i ) =

L∑
i=1

IAD
i ⊗ 11d

d
= EAD ⊗ 11d

d
. (A.39)
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Proposition 4 gives rise to a necessary criterion that a channel R belongs to the clas-
sical future of another channel E , that is formulated in form of a certain separability
property. Inverting the logic, a violation of this necessary condition directly certifies
the presence of quantum memory within the dynamics. The criterion described by
Proposition 4 can thus be used to detect and quantify the presence of quantum mem-
ory. However, this detection criterion is equivalent to characterisation of separable
quantum states that in general is known to be NP-hard [93].

Definition 2 Let E be a quantum channel. The PPT-relaxation FPPT[E ] of the clas-
sical future F [E ] is defined by the set of channels G for which there exists a positive
semidefinite operator XADD′B such that

(XADD′B)TAD
≽ 0 (A.40)

RAB = DD′⟨ϕ+|XADD′B|ϕ+⟩DD′
(A.41)

trB(XADD′B) = EAD ⊗ 11d

d
(A.42)

where RAB and EAD are the Choi operators of R and E , respectively.

The set FPPT[E ] is an outer approximation of the classical future in the sense that
F [E ] ⊂ FPPT[E ].

To still make predictions about the presence of quantum memory, we make use
of the PPT criterion which provides an outer approximation of the set of positive
semidefinite separable operators.

A.1.4 Witnesses of quantum memory

As a witness of quantum memory, we consider observables whose value can detect
the presence of quantum memory. Before, we have argued that quantum memory
is present if the channel E(t2) does not lie in the classical future of the channel
E(t1) for an earlier time t1 ≤ t2. Given those time points, information about the
process can be extracted by state preparations at t = 0, measurements at t = t1

and measurements at t = t2. Using the Choi representation of quantum channels,
witnesses of quantum memory can be defined as follows.

Definition 3 A pair of hermitian observables WAB
1 ,WAD

2 ∈ L(Cd ⊗ Cd) is a witness
of quantum memory if it holds that

tr(WAB
1 EAB

1 ) + tr(W 2
ADE

AD
2 ) ≥ 0 (A.43)
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for all Choi matrices EAB
1 and EAD

2 of channels E1, E2 : L(Cd) → L(Cd) such that
E2 ∈ F [E1].

An important subset of quantum memory witnesses, constructed from the PPT
relaxation of the classical future, is characterized by the following Theorem.

Theorem 2 Let WAB
1 ,WAD

2 ∈ L(Cd ⊗ Cd) be a pair of hermitian observables such
that there exists positive operators QABCD and FABCD such that

WAB
1 ⊗ 11CD + PB↔DD′(WAD

2 ⊗ ΦBC
+ )P †B↔DD′ = QADD′B + (FADD′B)TD′B . (A.44)

Then the pair WAB
1 ,WAD

2 is a witness of quantum memory.

Proof 6 Let E1 and E2 be a pair of channels such that E2 ∈ F [E1]. By Proposition
4 there exists a positive operator XABCD such that trB(XADD′B) = EAD

1 ⊗ 11D′

d and
EAB

2 = DD′⟨ϕ+|XADD′B|ϕ+⟩DD′
. Now, a straightforward calculation reveals

tr
(
WAD

1 EAD
1

)
+ tr

(
WAB

2 EAB
2

)
(A.45)

= tr(WAD
1 ⊗ 11D′ EAD

1 ⊗ 11D′

d
) + tr(WAB

2
DD′⟨ϕ+|XADD′B|ϕ+⟩DD′) (A.46)

= tr(WAD
1 ⊗ 11D′ trD(XADD′B)) + tr(PB↔DD′(WAD

2 ⊗ ΦBC
+ )P †B↔DD′ X

ADD′B)
(A.47)

= tr((WAD
1 ⊗ 11D′B + PB↔DD′(WAD

2 ⊗ ΦBC
+ )P †B↔DD′)XADD′B) (A.48)

= tr((QADD′B + (FADD′B)TD′B)XADD′B) (A.49)

= tr(QADD′BXADD′B) + tr(FADD′B(XADD′B)TD′B) ≥ 0 (A.50)

showing that WAB
1 and WAD

2 are a witness of quantum memory.

The memory witnesses defined above in 3 are associated to the Choi operators E1

and E2 of quantum channels E1 and E2. One might ask how these witnesses are
measured in practice. To answer this question, notice that the observables Wl can
be expanded in some local basis via Wl =

∑d−1
i,j=0w

l
ij σ̂i ⊗ σ̂j . This leads to the

equation
tr(WlEl) =

∑
ij

wl
ij tr(El(σ̂T

i )σ̂j) (A.51)

and allows to measure Wl ”on the channel El” by preparing suitable states, acting
on them with El and finally performing a suitable measurement.

To illustrate, let us consider the example of a qubit system and the observable W =
σ̂x⊗σ̂z. To measureW with respect to a Choi matrixE of a qubit channel E , it suffices
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to prepare the eigenstates |+⟩⟨+| and |−⟩⟨−|, let the system evolve and finally
measure in the Z-basis. The obtained probabilities can be post-processed to get the
expectation value tr(WE) = ⟨1|E [|+⟩⟨+|]|1⟩ + ⟨0|E [|−⟩⟨−|]|0⟩ − ⟨0|E [|+⟩⟨+|]|0⟩ −
⟨1|E [|−⟩⟨−|]|1⟩.

A.2 Quantum memory detection in giant atom
dynamics

In this part, we will provide the proofs of quantum memory detection criteria in the
specific dynamics of two and three-level artificial giant atoms.

A.2.1 Two-level giant atom dynamics

Based on the Choi state of the dynamical map in Eq. (4.12), we can investigate the
properties of the dynamical map. The distinction between Markovianity, classical
memory and quantum memory for the two-level system can be characterised as
follows.

Theorem 3 The two-point dynamics (E(t1), E(t2)) of the two-level system with E(t) as
given in Eq. (4.7)-(4.10) can be implemented with classical memory if and only if

|G(t1)| ≥ |G(t2)| (A.52)

with G(t) defined in Eq. (4.11). Furthermore, if (E(t1), E(t2)) is classical, it is even
Markovian (CP-divisible) in the sense that there exists a channel K(t2, t1) such that

E(t2) = K(t2, t1)E(t1) (A.53)

Proof 7 For the first direction assume that |G(t1)| ≥ |G(t2)|. Then the Choi matrix K
of the map K(t2, t1) takes the form

K = 1
2



|G(t2)|2
|G(t1)|2 0 0 G∗(t2)

G∗(t1)

0 |G(t1)|2−|G(t2)|2
|G(t1)|2 0 0

0 0 0 0

G(t2)
G(t1) 0 0 1


(A.54)
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which is the Choi matrix of a quantum channel since |G(t1)| ≥ |G(t2)|. Hence,
(E(t1), E(t2)) is CP-divisible which clearly implies that it can be implemented with
classical memory.

For the other direction, assume that (E(t1), E(t2)) can be implemented with classical
memory, i.e., E(t2) ∈ F [E(t1)]. This means that there is a subchannel decomposition
I l(t1) of E(t1) and channels K(t2, t1)l such that

E(t2) =
∑

l

Kl(t2, t1)I l(t1) (A.55)

Assume now that I(t1) is the Choi operator of a subchannel I(t1) of E(t1), i.e., 0 ≤
I(t1) ≤ E(t1) where E(t1) is the Choi operator of E(t1). Furthermore assume that
there is a channel N (t2, t1) such that R(t2) := N (t2, t1)I(t1) is a subchannel of E(t2).
From the action (4.7)-(4.10) of E(t) it is easy to see that the operators |g⟩⟨e|, |e⟩⟨g|
and |e⟩⟨e| are eigenvectors of R(t2) and I(t1) which implies that they must also be
eigenvectors of the channel N (t2, t1). Furthermore, since the operators I(t1)[|g⟩⟨g|]
and R(t2)[|g⟩⟨g|] live on the subspace spanned by |g⟩⟨g| and |e⟩⟨e|, it has to hold true
that N (t2, t1)[|g⟩⟨g|] is also part of this subspace. Taking the above considerations into
account, the Choi operator N(t2, t1) of the channel N (t2, t1) must be of the form

N(t2, t1) = 1
2



ngg,gg 0 0 nge,ge

0 ngg,ee 0 0

0 0 0 0

neg,eg 0 0 1


. (A.56)

From this, one obtains the equality

⟨e|R(t2)[|g⟩⟨g|]|e⟩ = ⟨e|I(t1)[|g⟩⟨g|]|e⟩ + ngg,ee⟨g|I(t1)[|g⟩⟨g|]|g⟩︸ ︷︷ ︸
≥0

(A.57)

so that
⟨e|I(t1)[|g⟩⟨g|]|e⟩ ≤ ⟨e|R(t2)[|g⟩⟨g|]|e⟩. (A.58)

Together with Eq. (A.55), Eq. (A.58) implies that

⟨e|E(t1)[|g⟩⟨g|]|e⟩ ≤ ⟨e|E(t2)[|g⟩⟨g|]|e⟩ (A.59)

which is equivalent to
|G(t1)| ≥ |G(t2)|. (A.60)
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A.2.2 Three-level giant atom dynamics

The quantum dynamical map governing the three-level giant atom dynamics is
obtained from Eqs. (4.14)-(4.22), and its Choi state is given in (4.23). The presence
of quantum memory for such a quantum process can then be characterised as follows.

Theorem 4 The two-point dynamics (E(t1), E(t2)) with E(t) as given in Eq. (4.14)-
(4.22) can be implemented with classical memory if and only if

S(t2) ≥ S(t1) (A.61)

S(t1) + |G(t1)|2 ≥ S(t2) + |G(t2)|2. (A.62)

For the proof of Theorem 4 we need the following technical proposition.

Proposition 5 Let E ,R : L(C3) → L(C3) be completely positive maps with corre-
sponding Choi operators E = J (E) and G = J (R) that are both elements of the
subspace of matrices M parametrised as

M =



a 0 0 0 b 0 c d e

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

b∗ 0 0 0 f 0 g h j

0 0 0 0 0 0 0 0 0

c∗ 0 0 0 g∗ 0 k l m

d∗ 0 0 0 h∗ 0 l∗ n p

e∗ 0 0 0 j∗ 0 m∗ p∗ r



. (A.63)

If there exists a completely positive and trace-preserving map K : L(C3) → L(C3) such
that

R = KE , (A.64)
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then the inequalities

kR ≥ kE (A.65)

nR ≥ nE (A.66)

hold where kR is the k-component of the Choi matrixR according to the parametrisation
(A.63).

Proof 8 We first show that the Choi operator K = J (K) is also parametrised as
in Eq. (A.63). To see this, notice that from Eq. (A.63) one can read of that the
operators |g⟩⟨g|, |s⟩⟨s|, |g⟩⟨s| and |s⟩⟨g| are all eigenvectors of the maps E and G with
eigenvalues aE/G, fE/G, bE/G and b∗E/G, respectively. Consequently these operators are
also eigenvectors of K, already giving rise to the correct parametrisation of the four
upper left 3 × 3 matrix blocks of K. Next, consider R[|g⟩⟨e|] that via Eq. (A.63) and
(A.64) is computed as

R[|g⟩⟨e|] = KE [|g⟩⟨e|] = cEK[|g⟩⟨s|] + dEK[|g⟩⟨g|] + eEK[|g⟩⟨e|] (A.67)

= cEaK |g⟩⟨g| + dEbK |g⟩⟨s| + eEK[|g⟩⟨e|] (A.68)

= cR|g⟩⟨g| + dR|g⟩⟨s| + eR|g⟩⟨e| (A.69)

which shows that there exists numbers cK , dK and eK such that

K[|g⟩⟨e|] = cK |g⟩⟨g| + dK |g⟩⟨s| + eK |g⟩⟨e|. (A.70)

Hence, K has also correct the parametrisation for the upper right and lower left 3 × 3
blocks. By analogous reasoning for the decomposition of K[|g⟩⟨s|], one can conclude
that K is of the form (A.63).

Furthermore, K is assumed to be trace-preserving which implies that aK = fK = 1 and
cK = hK = 0. From that and Eq. (A.64), kE and kR are related via

kR = kE + rEkK . (A.71)

If rE = 0, we get that kR = kE . Otherwise if rE > 0, we have that

kK = kR − kE

rE
(A.72)

and since K is completely positive, we have kK ≥ 0 and hence kR ≥ kE . By similar
reasoning, one also obtains the inequality hR ≥ hE .
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Appendix to Chapter 5 and 6 B
This appendix presents the magnetization plot for the Curie-Weiss model along with
its interpretation, which aids in understanding Chapter 5 and Chapter 6. Additionally,
it provides detailed derivations of key quantities related to the probe QFI, which
quantifies the precision of temperature estimation using a phase probe, as well as
the decoherence function in the HTE of the Ising model discussed in Chapter 6.

B.1 Magnetization in Curie-Weiss model
In the Curie-Weiss model, described by the Hamiltonian (5.14), the system under-
goes a phase transition between a disordered paramagnetic phase and an ordered
ferromagnetic phase as the temperature varies, as shown in Fig. B.1. At high tem-
peratures (Jβ < Jβc), thermal fluctuations dominate over spin-spin interactions,
preventing long-range order and causing the spins to orient randomly. In this regime,
the system remains in the paramagnetic phase, with the magnetization m0 approach-
ing zero. At the critical temperature (Jβc = 1), the system reaches a phase transition
point characterized by strong spin correlations and critical fluctuations. Here, the
magnetization undergoes a rapid but continuous change, indicating the emergence
of ordering, though it remains relatively small. Below the critical temperature
(Jβ > Jβc), spin-spin interactions become dominant, leading to spontaneous align-
ment of spins and the onset of ferromagnetic order. In this phase, the system exhibits
a nonzero magnetization even in the absence of an external field, a phenomenon
known as spontaneous magnetization.

B.2 QFI derivation for Curie-Weiss model
To derive the expression (6.15) for the QFI of the phase probe in the Curie-Weiss
model, we start from the approximate decoherence factor Dt(β) in the thermody-
namic limit, as given in (6.14). To obtain the QFI using (6.10), we need to compute
the derivative of Dt(β) with respect to β,

∂βDt(β) = e−ig̃tm0−g̃2t2/[2Nf ′′(m0)]
(

−ig̃t∂m0
∂β

+ g̃2t2

2Nf ′′(m0)2
∂f ′′(m0)
∂β

)
. (B.1)
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Fig. B.1.: Magnetization in Curie-Weiss model in the absence of magnetic field.

From this we obtain the terms

|∂βDt(β)|2 = e−g̃2t2/[Nf ′′(m0)]
(
g̃2t2

(
∂m0
∂β

)2
+ g̃4t4

4N2f ′′(m0)4

(
∂f ′′(m0)
∂β

)2)
,

Dt(β)∗∂βD = e−g̃2t2/[Nf ′′(m0)]
(

−ig̃t∂m0
∂β

+ g̃2t2

2Nf ′′(m0)
∂f ′′(m0)
∂β

)
,

Dt(β)∂βD
∗ = e−g̃2t2/[Nf ′′(m0)]

(
ig̃t

∂m0
∂β

+ g̃2t2

2Nf ′′(m0)
∂f ′′(m0)
∂β

)
,

|Dt(β)|2 = e−g̃2t2/[Nf ′′(m0)]. (B.2)

Now, making use of the fact that f ′′(m0) = 1/(1 − m2
0) − Jβ, we can take the

derivative of the magnetization m0 with respect to β in the self-consistency equation
(5.19) at h = 0 and get

∂m0
∂β

=
[
1 − tanh2 (Jβm0)

]
︸ ︷︷ ︸

=1−m2
0

(
Jm0 + Jβ

∂m0
∂β

)

⇒ ∂m0
∂β

= Jm0(1 −m2
0)

1 − Jβ(1 −m2
0)

= Jm0
f ′′(m0) . (B.3)
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Plugging all these expressions into Eq. (6.10) yields

FQ
β (t) = e−g̃2t2/[Nf ′′(m0)]g̃2t2

(
∂m0
∂β

)2
+ e−g̃2t2/[Nf ′′(m0)]

1 − e−g̃2t2/[Nf ′′(m0)]
g̃4t4

4N2f ′′(m0)4

×
(
∂f ′′(m0)
∂β

)2

= e−g̃2t2/[Nf ′′(m0)]J
2m2

0g̃
2t2

f ′′(m0)2 + e−g̃2t2/[Nf ′′(m0)]

1 − e−g̃2t2/[Nf ′′(m0)]

×
J2g̃4t4

[
(1 −m2

0)2f ′′(m0) − 2m2
0
]2

4N2(1 −m2
0)4f ′′(m0)6

= J2

4

[
(1 −m2

0)2f ′′(m0) − 2m2
0
]2

(1 −m0)4[f ′′(m0)]4
t4/τ4(β)

et2/τ2(β) − 1

+ NJ2 m2
0

f ′′(m0)
t2

τ2(β)e
−t2/τ2(β), (B.4)

where τ(β) =
√
Nf ′′(m0)/g̃ sets the coherence decay time scale. The last equation

is stated in (6.15).

B.3 Derivation in high temperature expansion
At high temperature, we can expand the partition function to the second order in
tanh (βJ) as

Z = tr
{
e

β
∑

⟨ij⟩ Jσ̂i
z⊗σ̂j

z

}
(B.5)

= tr

∏
⟨ij⟩

[
cosh (βJ) + sinh (βJ)σ̂i

z ⊗ σ̂j
z

]
≈ tr

coshK(βJ)
[
1 + tanh(βJ)

∑
⟨ij⟩

σ̂i
z ⊗ σ̂j

z

+ tanh2(βJ)
∑

⟨ij⟩<⟨kl⟩
(σ̂i

z ⊗ σ̂j
z)(σ̂k

z ⊗ σ̂l
z)
]

= 2N coshK(βJ),

where the K is the total number of pair bonds (i.e., interacting spin pairs) in the
lattice. The double sum over pair bonds in the fourth line counts each pair only
once. To obtain the final form, notice that the first- and second-order terms in
tanh(βJ) in the third and fourth line vanish when taking the trace, since there
are always at least two distinct spins contributing a factor tr{σ̂i

z} = 0. Here, the
first non-vanishing contribution would come from the fourth-order summation over
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products of four pair bonds forming a closed loop between four adjacent spins [196]:
⟨ij⟩, ⟨jk⟩, ⟨kℓ⟩, ⟨ℓi⟩.

The phase probe’s decoherence function (6.19) expands as

Dt(β) = 1
Z

tr
{
e

β
∑

⟨ij⟩ Jσ̂i
z⊗σ̂j

ze−igtẐn

}
(B.6)

≈ 1
Z

coshK(βJ)
[
tr
{
e−igtẐn

}
+ tanh(βJ)

∑
⟨ij⟩

tr
{

(σ̂i
z ⊗ σ̂j

z)e−igtẐn

}

+ tanh2(βJ)
∑

⟨ij⟩<⟨kl⟩
tr
{

(σ̂i
z ⊗ σ̂j

z)(σ̂k
z ⊗ σ̂l

z)e−igtẐn

}]
,

with the moments of the n-site cluster’s magnetization Ẑ =
∑n

i=1 σ̂
i
z. Here, the first-

and second-order terms in tanh(βJ) no longer vanish due to the additional unitary
generated by the cluster magnetization Ẑn. Writing

e−igtẐn = cosn(gt)
n∏

m=1
[1 − i tan(gt)σ̂m

z ] , (B.7)

we see that the first-order term in the third line of (B.6) adds a term ∝ tan2(gt) for
every pair bond ⟨ij⟩ whose both spins are contained in the cluster. Let K12 denote
the number of such intra-cluster pair bonds. For the second-order term in the fourth
line of (B.6), non-vanishing contributions can come from doublets of pair bonds
with at least two spins inside the cluster, as illustrated in Fig. 6.7: K22 counts the
number of pair bond doublets with two spins inside and one mutual spin outside
the cluster, K23 counts doublets of intra-cluster pair bonds with one mutual spin,
and K24 = K12(K12 − 1)/2 −K23 counts doublets of intra-cluster pair bonds with
no mutual spin. We arrive at

Dt(β) = cosn(gt)
{

1 − tanh(βJ) tan2(gt)

×
[
K12 − tanh(βJ)

(
K22 +K23 − tan2(gt)K24

)]}
.
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